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Extended abstract 

We introduce and study a certain class of quadratic algebras, which are nonhomogeneous in 
general, together with the distinguish set of mutually commuting elements inside of each, the 
so-called Dunkl elements. We describe relations among the Dunkl elements in the case of a family 
of quadratic algebras corresponding to a certain splitting of the universal classical Yang-Baxter 
relations into two three term relations. This result is a further extension and generalization of 
analogous results obtained in [45, 117] and [76]. As an application we describe explicitly the 
set of relations among the Gaudin elements in the group ring of the symmetric group, cf. [108]. 
We also study relations among the Dunkl elements in the case of (nonhomogeneous) quadratic 
algebras related with the universal dynamical classical Yang-Baxter relations. Some relations 
of results obtained in papers [45, 72, 75] with those obtained in [54] are pointed out. We 
also identify a subalgebra generated by the generators corresponding to the simple roots in the 
extended Fomin-Kirillov algebra with the DAHA, see Section 4.3. 

The set of generators of algebras in question, naturally corresponds to the set of edges of the 
complete graph K n (to the set of edges and loops of the complete graph with (simple) loops K n in 
dynamical and equivariant cases). More generally, starting from any subgraph T of the complete 
graph with simple loops I\ n we define a (graded) subalgebra 3 T^\t) of the (graded) algebra 
3 Tn\K n ) [70]. In the case of loop-less graphs T C K n we state conjecture , Conjecture 4.15 
in the main text, which relates the Hilbert polynomial of the abelian quotient 3Ti°\T) ab of the 
algebra 3T^\t) and the chromatic polynomial of the graph T we are started with 12 . We check 

1 We expect that a similar conjecture is true for any finite (oriented) matroid M. Namely, one (A.K.) can 
define an analogue of the three term relations algebra 3T^ a \M) for any (oriented) matroid M. We expect that 
the abelian quotient 3T^°\A4) ab of the algebra 3 H 0 \M) is isomorphic to the Orlik-Terao algebra [114], denoted 
by OT(A4) (known also as even version of the Orlik-Solomon algebra, denoted by OS + (A4) ) associated with 
matroid M [28]. Moreover, the anticommutative quotient of the odd version of the algebra 3T < '°\M), as we 
expect, is isomorphic to the Orlik Solomon algebra OS(Af) associated with matroid M, see, e.g., [11, 49]. In 
particular, 

Hilb(3T (0) (M) ab , t) = f r(>1) Tutte(.M; 1 + t~ x , 0). 

We expect that the Tutte polynomial of a matroid, Tutte(.M, x, y), is related with the Betti polynomial of a matroid 
M. Replacing relations u?j = 0, Vi,j, in the definition of the algebra 3T^°\V) by relations rtf,- = qij, 

( i,j ) £ E( F), where {qij}(i,j)eE(r), Qij = <lji, is a collection of central elements, give rise to a quantization of 
the Orlik-Terao algebra OT(T). It seems an interesting task to clarify combinatorial/geometric significance of 
noncommutative versions of Orlik-Terao algebras (as well as Orlik-Solomon ones) defined as follows: DT(T) := 
3T(°)(T), its “quantization” 3T ( - q \r) ab and A'-theoretic analogue 3T( q \F,/3) ab , cf. Definition 3.1, in the theory 
of hyperplane arrangements. Note that a small modification of arguments in [89] as were used for the proof of our 
Conjecture 4.15, gives rise to a theorem that the algebra 3T n (T) ab is isomorphic to the Orlik-Terao algebra OT(T) 
studied in [126]. 

2 In the case of simple graphs our Conjecture 4.15 has been proved in [89]. 
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our conjecture for the complete graphs K n and the complete bipartite graphs K n ,m ■ Besides, in 
the case of complete multipartite graph K n we identify the commutative subalgebra in the 
algebra 3 T^\K ni ^„ >nr ), N = n\ + ■ • ■ + n r , generated by the elements 


(N) . 
j,k 


% {0 


(N) 

Nj-i+ 1 ’ 



1 < j < r, 1 < kj < rij, Nj := 


n\ H-I -rij, 


N 0 = 0, 


with the cohomology ring H*(iFl ni} ___ tnr , Z) of the partial flag variety Tl ni ,...,n r • In other words, 
the set of (additive) Dunkl elements { 9^ +1 ,..., 6^ } plays a role of the Chern roots of the tau¬ 
tological vector bundles j = 1,. .., r, over the partial flag variety •7-7 ni ,...,ri r , see Section 4.1.2 
for details. In a similar fashion, the set of multiplicative Dunkl elements {©^ i+i; ■ ■ • > ©tv^} 
plays a role of the K-theoretic version of Chern roots of the tautological vector bundle over 
the partial flag variety Tl n 1 ,...,n T - As a byproduct for a given set of weights l = {tij}i<i<j< r we 
compute the Tutte polynomial T(Kn 1 ,...,n k ,x,y) of the ^-weighted complete multipartite graph 
Kn\,...,n k , see Section 4, Definition 4.4 and Theorem 4.3. More generally, we introduce universal 
Tutte polynomial 


T n ({qij},x,y ) £Z[{qij}][x,y\ 

in such a way that for any collection of non-negative integers m = and a subgraph 

T C K„ m ' ) of the weighted complete graph on n labeled vertices with each edge (i-'j) G 
appears with multiplicity rriij . the specialization 

y m ij — j 

Qij —> 0 if edge (i,j) ^ T, q t] —> [niij] y := - _ - if edge ( i,j) €T 

of the universal Tutte polynomial is equal to the Tutte polynomial of graph T multiplied by 
(x — 1) K (©, see Section 4.1.2, Theorem 4.24, and comments and examples , for details. 

We also introduce and study a family of (super) 6-term relations algebras, and suggest 
a definition of “multiparameter quantum deformation” of the algebra of the curvature of 2-forms 
of the Hermitian linear bundles over the complete flag variety Tl n . This algebra can be treated 
as a natural generalization of the (multiparameter) quantum cohomology ring QH*(J-l n ), see 
Section 4.2. In a similar fashion as in the case of three term relations algebras, for any sub¬ 
graph T C K n , one (A.K.) can also define an algebra 6T©i(T) and projection * * 3 

Ch: 6T (0) (T )—> 3T©)(T). 

Note that subalgebra A(T) := Q[$i,..., 9 n ] C 6T©)(T) afe generated by additive Dunkl elements 
Qi = u ij 

(ij)eB(r) 

is closely related with problems have been studied in [118, 129], ..., and [137] in the case T = K n , 
see Section 4.2.2. We want to draw attention of the reader to the following problems related 
with arithmetic Schubert 4 and Grothendieck calculi: 

(i) Describe (natural) quotient 6Tl(T) of the algebra 6T©i(T) such that the natural epi- 
morphism pr: A(T) —> A(Tj turns out to be isomorphism, where we denote by A(T) 
a subalgebra of 6Tl(T) generated over Q by additive Dunkl elements. 

J We treat this map as an algebraic version of the homomorphism which sends the curvature of a Hermitian 

vector bundle over a smooth algebraic variety to its cohomology class, as well as a splitting of classical Yang Baxter 

relations (that is six term relations) in a couple of three term relations. 

4 See for example [137] and the literature quoted therein. 
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(ii) It is not difficult to see [72] that multiplicative Dunkl elements {0,:}i<i<n also mutu¬ 
ally commute in the algebra 6 T^\ cf. Section 3.2. Problem we are interested in is to 
describe commutative subalgebras generated by multiplicative Dunkl elements in the alge¬ 
bras 6Tt(r) and 6T0)(T) ab . In the latter case one will come to the TT-theoretic version of 
algebras studied in [118], .... 

Yet another objective of our paper 0 is to describe several combinatorial properties of some 
special elements in the associative quasi-classical Yang-Baxter algebras [72], including among 
others, the so-called Coxeter element and the longest element. In the case of Coxeter element 
we relate the corresponding reduced polynomials introduced in [133, Exercise 6.C5(c)], and 
independently in [72], cf. [70], with the /3-Grothendieck polynomials [42] for some special per¬ 
mutations 7r^, rt ' 1 ■ More generally, we identify the /1-Grothendieck polynomial (X n ) with 

a certain weighted sum running over the set of fc-dissections of a convex (n + k + l)-gon. In 
particular we show that the specialization 6^,(1) of the /3-Grothendieck polynomial 0-''2, (X n ) 

n _ n \ 

counts the number of k-dissections of a convex {n + k + l)-gon according to the number of diago¬ 
nals involved. When the number of diagonals in a fc-dissection is the maximal possible (equals 
to n(2k — 1) — 1), we recover the well-known fact that the number of fc-triangulations of a convex 
(n + k + l)-gon is equal to the value of a certain Catalan-Hankel determinant, see, e.g., [129]. In 
Section 5.4.2 we study multiparameter generalizations of reduced polynomials associated with 
Coxeter elements. 

We also show that for a certain 5-parameters family of vexillary permutations, the speciali¬ 
zation Xi = 1, Vi > 1, of the corresponding /3-Schubert polynomials &w\x n ) turns out to be 
coincide either with the Fuss-Narayana polynomials and their generalizations, or with a (q , /3)~ 
deformation of VSASM or that of CSTCPP numbers, see Corollary 5.33B. As examples we show 
that 

(a) the reduced polynomial corresponding to a monomial x^x^j coun ts the number of (n, m)- 
Delannoy paths according to the number of IV.E-steps, see Lemma 5.81; 

(b) if {3 = 0, the reduced polynomial corresponding to monomial (xi 2 X 23 ) n x^ 4 , n > k, counts 
the number of n up, n down permutations in the symmetric group §2ra+fc+i> see Proposi¬ 
tion 5.82; see also Conjecture 5.83. 

We also point out on a conjectural connection between the sets of maximal compatible se¬ 
quences for the permutation o+^n, 2,0 and that < 7 ^ 271 + 1 , 2,0 from one side, and the set of VSASM(n) 
and that of CSTCPP(n) correspondingly, from the other, see Comments 5.48 for details. Finally, 
in Sections 5.1.1 and 5.4.1 we introduce and study a multiparameter generalization of reduced 
polynomials considered in [133, Exercise 6.C5(c)], as well as that of the Catalan, Narayana and 
(small) Schroder numbers. 

In the case of the longest element we relate the corresponding reduced polynomial with the 
Ehrhart polynomial of the Chan-Robbins-Yuen polytope, see Section 5.3. More generally, we 
relate the ( t , /3)-reduced polynomial corresponding to monomial 

71—1 71—2 / 71 \ 

II x Z+i II II Xjk J j ^ Z> 0 , 7 j . 

j =1 3= 2 \k=j +2 / 

5 This part of our paper had its origin in the study/computation of relations among the additive and multiplica¬ 
tive Dunkl elements in the quadratic algebras we are interested in, as well as the author’s attempts to construct 
a monomial basis in the algebra 3and find its Hilbert series for n > 6 . As far as I’m aware these problems 
are still widely open. 




6 


A.N. Kirillov 


with positive f-deformations of the Kostant partition function and that of the Ehrhart polynomial 
of some flow polytopes, see Section 5.3. 

In Section 5.4 we investigate reduced polynomials associated with certain monomials in the 
algebra (ACYB)“ 6 (/3), known also as Gelfand-Varchenko algebra [67, 72], and study its combina¬ 
torial properties. Our main objective in Section 5.4.2 is to study reduced polynomials for Coxeter 
element treated in a certain multiparameter deformation of the (noncommutative) quadratic al¬ 
gebra ACYB n (a;, j3). Namely, to each dissection of a convex (n + 2)-gon we associate a certain 
weight and consider the generating function of all dissections of (n + 2)-gon selected taken with 
that weight. One can show that the reduced polynomial corresponding to the Coxeter element 
in the deformed algebra is equal to that generating function. We show that certain specializa¬ 
tions of that reduced polynomial coincide, among others, with the Grothendieck polynomials 
corresponding to the permutation 1 X Wq 1 ^ € S n , the Lagrange inversion formula, as well as 
give rise to combinatorial (i.e., positive expressions) multiparameters deformations of Catalan 
and Fuss-Catalan, Motzkin, Riordan and Fine numbers, Schroder numbers and Schroder trees. 
We expect (work in progress) a similar connections between Schubert and Grothendieck poly¬ 
nomials associated with the Richardson permutations l fc x w q" k \ fc-dissections of a convex 
(n + k + l)-gon investigated in the present paper, and A:-dimensional Lagrange-Good inversion 
formula studied from combinatorial point of view, e.g., in [22, 50]. 


1 Introduction 


The Dunkl operators have been introduced in the later part of 80’s of the last century by Charles 
Dunkl [35, 36] as a powerful mean to study of harmonic and orthogonal polynomials related with 
finite Coxeter groups. In the present paper we don’t need the definition of Dunkl operators for 
arbitrary (finite) Coxeter groups, see, e.g., [35], but only for the special case of the symmetric 
group S n . 


Definition 1.1. Let P n = C[xi,...,x n ] be the ring of polynomials in variables xi,...,x n . 
The type A n _\ (additive) rational Dunkl operators D\,..., D n are the differential-difference 
operators of the following form 


A 



+E 


1 S ij 

Xi — Xj ’ 


( 1 . 1 ) 


Here s^, 1 < i < j < n, denotes the exchange (or permutation) operator, namely, 


$ij \J) (^T) • • • i ®ti ■ • • > •Ej > ■ ■ ■ i %n) = J (.2-1) . . . , Xj , . . . , Xi, . . . , X n ), 

- stands for the derivative w.r.t. the variable Xi, A E C is a parameter. 

The key property of the Dunkl operators is the following result. 

Theorem 1.2 (C. Dunkl [35]). For any finite Coxeter group {W, S), where S = {si,...,s/} 
denotes the set of simple reflections, the Dunkl operators Di := D Si and Dj := D Sj pairwise 
commute: DiPj = DjDi, 1 < i,j < l. 

Another fundamental property of the Dunkl operators which finds a wide variety of applica¬ 
tions in the theory of integrable systems, see, e.g., [56], is the following statement: the operator 

E(a ) 2 

2=1 

“essentially” coincides with the Hamiltonian of the rational Calogero-Moser model related to 
the finite Coxeter group (W, S ). 
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Definition 1.3. Truncated (additive) Dunkl operator (or the Dunkl operator at critical level), 
denoted by Vi, i = 1,..., l, is an operator of the form (1.1) with parameter A = 0. 

For example, the type A n _i rational truncated Dunkl operator has the following form 

DiT—■ 

/ np . _ rp . 

. , . *^7 

Clearly the truncated Dunkl operators generate a commutative algebra. The important 
property of the truncated Dunkl operators is the following result discovered and proved by 
C. Dunkl [36]; see also [8] for a more recent proof. 

Theorem 1.4 (C. Dunkl [36], Yu. Bazlov [8]). For any finite Coxeter group (IF, S) the algebra 
over Q generated by the truncated Dunkl operators T>\,T>i is canonically isomorphic to the 
coinvariant algebra Aw of the Coxeter group (IF, S ). 

Recall that for a finite crystallographic Coxeter group (IF, S ) the coinvariant algebra Aw is 
isomorphic to the cohomology ring H*(G/B,Q) of the flag variety G/B, where G stands for the 
Lie group corresponding to the crystallographic Coxeter group (IF, S ) we started with. 

Example 1.5. In the case when IF = § n is the symmetric group, Theorem 1.4 states that 
the algebra over Q generated by the truncated Dunkl operators D t = V * , i = 1,... , n, is 

. . . J-’i uCj 

canonically isomorphic to the cohomology ring of the full flag variety J-l n of type A n _i 

®[D 1 ,...,V n \^Q[x 1 ,...,x n ]/J n , (1.2) 

where J n denotes the ideal generated by the elementary symmetric polynomials {ek(X n ), 1 < 
k < n}. 

Recall that the elementary symmetric polynomials ei(X n ), i = 1,..., n, are defined through 
the generating function 

n n 

1 + e i(X n )f = JJ(1 + tXi), 
i=l 2—1 

where we set X n := {x \,..., x n ). It is well-known that in the case IF = § n , the isomorphism (1.2) 
can be defined over the ring of integers Z. 

Theorem 1.4 by C. Dunkl has raised a number of natural questions: 

(A) What is the algebra generated by the truncated 

• trigonometric, 

• elliptic, 

• super, matrix, ..., 

(a) additive Dunkl operators? 

(b) Ruijsenaars-Schneider-Macdonald operators? 

(c) Gaudin operators? 

(B) Describe commutative subalgebra generated by the Jucys-Murphy elements in 

• the group ring of the symmetric group; 

• the Hecke algebra; 

• the Brauer algebra, BMW algebra, .... 
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(C) Does there exist an analogue of Theorem 1.4 for 

• classical and quantum equivariant cohomology and equivariant A'-theory rings of the 
partial flag varieties? 

• chomology and A'-theory rings of affine flag varieties? 

• diagonal coinvariant algebras of finite Coxeter groups? 

• complex reflection groups? 

The present paper is an extended introduction to a few items from Section 5 of [72] . 

The main purpose of my paper “On some quadratic algebras, II” is to give some partial 
answers on the above questions basically in the case of the symmetric group § n . 

The purpose of the present paper is to draw attention to an interesting class of nonho- 
mogeneous quadratic algebras closely connected (still mysteriously!) with different branches of 
Mathematics such as classical and quantum Schubert and Grothendieck calculi, low-dimensional 
topology, classical, basic and elliptic hypergeometric functions, algebraic combinatorics and 
graph theory, integrable systems, etc. 

What we try to explain in [72] is that upon passing to a suitable representation of the quadratic 
algebra in question, the subjects mentioned above, are a manifestation of certain general prop¬ 
erties of that quadratic algebra. 

From this point of view, we treat the commutative subalgebra generated (over a universal 
Lazard ring L n [88]) by the additive (resp. multiplicative) truncated Dunkl elements in the 
algebra 3 T n (/3), see Definition 3.1, as universal cohomology (resp. universal K-theory ) ring of 
the complete flag variety Tl n . The classical or quantum cohomology (resp. the classical or 
quantum A"-theory) rings of the flag variety Tl n are certain quotients of that universal ring. 

For example, in [74] we have computed relations among the (truncated) Dunkl elements 
{9i, i = 1,..., n} in the elliptic representation of the algebra 3 T n (f3 = 0). We expect that the 
commutative subalgebra obtained is isomorphic to elliptic cohomology ring (not defined yet, but 
see [48, 52]) of the flag variety Tl n . 

Another example from [72]. Consider the algebra 3 T n ((3 = 0). One can prove [72] the 
following identities in the algebra 3T n (/3 = 0): 

(A) summation formula 



(B) duality transformation formula, let m < n, then 



One can check that upon passing to the elliptic representation of the algebra 3 T n (f3 = 0), 
see Section 3.1 or [74], for the definition of elliptic representation, the above identities (A) 
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and (B) finally end up correspondingly, to be the summation formula and the N = 1 case of 
the duality transformation formula for multiple elliptic hypergeometric series (of type A n -\). 
see, e.g., [63] or Appendix A.6 for the explicit forms of the latter. After passing to the so-called 
Fay representation [72], the identities (A) and (B) become correspondingly to be the summation 
formula and duality transformation formula for the Riemann theta functions of genus g > 0 [72] . 
These formulas in the case g > 2 seems to be new. 

Worthy to mention that the relation (A) above can be treated as a “non-commutative ana¬ 
logue” of the well-known recurrence relation among the Catalan numbers. The study of “de¬ 
scended relations” in the quadratic algebras in question was originally motivated by the author 
attempts to construct a monomial basis in the algebra 3 Tn \ and compute Hilb(3T®,t) for 
n > 6. These problems are still widely open, but gives rise the author to discovery of several 
interesting connections with 

• classical and quantum Schubert and Grothendieck calculi, 

• combinatorics of reduced decomposition of some special elements in the symmetric group, 

• combinatorics of generalized Chan-Robbins-Yuen polytopes, 

• relations among the Dunkl and Gaudin elements, 

• computation of Tutte and chromatic polynomials of the weighted complete multipartite 
graphs, etc. 

A few words about the content of the present paper. Example 1.5 can be viewed as an 
illustration of the main problems we are treated in Sections 2 and 3 of the present paper, 
namely the following ones. 

• Let {uij, 1 < i,j < n} be a set of generators of a certain algebra over a commutative 
ring K. The first problem we are interested in is to describe “a natural set of relations” 
among the generators {uij}i<i,j< n which implies the pair-wise commutativity of dynamical 
Dunkl elements 

n 

Oi = 0- n ' ) =: Uij, 1 < i < n. 

3 = 1 

• Should this be the case then we are interested in to describe the algebra generated by 
“the integrals of motions”, i.e., to describe the quotient of the algebra of polynomials 
K[yi ,..., y n ] by the two-sided ideal J n generated by non-zero polynomials F(y \,..., y n ) 
such that F(0i,... ,6 n ) = 0 in the algebra over ring K generated by the elements 

{ U /: j } \ ■ 

• We are looking for a set of additional relations which imply that the elementary symmetric 
polynomials ek(Y n ), 1 < k < n, belong to the set of integrals of motions. In other words, 
the value of elementary symmetric polynomials ek(yi, • • ■ , y n ), 1 < k < n, on the Dunkl 
elements o[ n \..., 9^ do not depend on the variables {u t j, 1 < i / j < n}. If so, one 
can defined deformation of elementary symmetric polynomials, and make use of it and the 
Jacobi-Trudi formula, to define deformed Schur functions, for example. We try to realize 
this program in Sections 2 and 3. 

In Section 2, see Definition 2.3, we introduce the so-called dynamical classical Yang-Baxter 
algebra as “a natural quadratic algebra” in which the Dunkl elements form a pair-wise commuting 
family. It is the study of the algebra generated by the (truncated) Dunkl elements that is the 
main objective of our investigation in [72] and the present paper. In Section 2.1 we describe few 
representations of the dynamical classical Yang-Baxter algebra DCYB n related with 
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• quantum cohomology QH*(J r l n ) of the complete flag variety Fl n , cf. [41]; 

• quantum equivariant cohomology QHf, nx Q*{T* Tl n ) of the cotangent bundle T*Fl n to the 
complete flag variety, cf. [54]; 

• Dunkl-Gaudin and Dunkl-Uglov representations, cf. [108, 138]. 

In Section 3, see Definition 3.1, we introduce the algebra 3 HT n ((3), which seems to be the 
most general (noncommutative) deformation of the (even) Orlik-Solomon algebra of type A n - 1 , 
such that it’s still possible to describe relations among the Dunkl elements, see Theorem 3.8. As 
an application we describe explicitly a set of relations among the (additive) Gaudin/Dunkl ele¬ 
ments, cf. [108]. It should be stressed at this place that we treat the Gaudin elements/operators 
(either additive or multiplicative) as images of the universal Dunkl elements/operators (addi¬ 
tive or multiplicative) in the Gaudin representation of the algebra 3HT n {fS). There are seve¬ 
ral other important representations of that algebra, for example, the Calogero-Moser, Bruhat, 
Buchstaber-Felder-Veselov (elliptic), Fay trisecant (r-functions), adjoint, and so on, considered 
(among others) in [72]. Specific properties of a representation chosen 6 * (e.g., Gaudin representa¬ 
tion) imply some additional relations among the images of the universal Dunkl elements (e.g., 
Gaudin elements) should to be unveiled. 

We start Section 3 with definition of algebra 3 T n (/3) and its “Hecke” 3HT n (f3) and “elliptic” 
3MT n (f3) quotients. In particular we define an elliptic representation of the algebra 3T n (0) [74], 
and show how the well-known elliptic solutions of the quantum Yang-Baxter equation due to 
A. Belavin and V. Drinfeld, see, e.g., [9], S. Shibukawa and K. Ueno [130], and G. Felder and 
V. Pasquier [40], can be plug in to our construction, see Section 3.1. At the end of Section 3.1.1 
we point out on a mysterious (at least for the author) appearance of the Euler numbers and 
“traces” of the Brauer algebra in the equivariant Pieri rules hold for the algebra 3TM n (/3,q,ip) 
stated in Theorem 3.8. 

In Section 3.2 we introduce a multiplicative analogue of the Dunkl elements {0j G 3 T n (f3), 
1 < j < 77 .} and describe the commutative subalgebra in the algebra 3T n (/3) generated by mul¬ 
tiplicative Dunkl elements [76]. The latter commutative subalgebra turns out to be isomorphic 
to the quantum equivariant A'-theory of the complete flag variety Tl n [76]. 

In Section 3.3 we describe relations among the truncated Dunkl-Gaudin elements. In this 
case the quantum parameters qij = p 1 -, where parameters {pij = {zi — Zj)~ l , 1 < i < j < n} 
satisfy the both Arnold and Plricker relations. This observation has made it possible to describe 
a set of additional rational relations among the Dunkl-Gaudin elements, cf. [108]. 

In Section 3.4 we introduce an equivariant version of multiplicative Dunkl elements, called 
shifted Dunkl elements in our paper, and describe (some) relations among the latter. This result 
is a generalization of that obtained in Section 3.1 and [76]. However we don’t know any geometric 
interpretation of the commutative subalgebra generated by shifted Dunkl elements. 

In Section 4.1 for any subgraph V C K n of the complete graph K n we introduce' [70, 72], 
algebras 3T„(r) and 3T®(r) which can be seen as analogues of algebras 3 T n and 3T,i°^ corre¬ 
spondingly 8 . 

6 For example, in the cases of either Calogero-Moser or Bruhat representations one has an additional constraint, 
namely, it), = 0 for all i j. In the case of Gaudin representation one has an additional constraint vfj = Pij, 
where the (quantum) parameters {pij = f , i j }, satisfy simultaneously the Arnold and Pliicker relations, see 
Section 2, II. Therefore, the (small) quantum cohomology ring of the type A n -1 full flag variety Tin and the Bethe 
subalgebra(s) (i.e., the subalgebra generated by Gaudin elements in the algebra 3HT n (0)) correspond to different 
specializations of “ quantum parameters’ ’ {qij := u^} of the universal cohomology ring (i.e., the subalgebra/ring 
in 3HT n (0) generated by (universal) Dunkl elements). For more details and examples, see Section 2.1 and [72]. 

'Independently the algebra 3Ti°'(r) has been studied in [16], where the reader can find some examples and 
conjectures. 

8 To avoid confusions, it must be emphasized that the defining relations for algebras 3T , „(F) and 3T n (T)^ may 
have more then three terms. 
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We want to point out in the Introduction, cf. footnote 1, that an analog of the algebras 3 T n 
and 3Tn\ 3 HT n , etc. treated in the present paper, can be defined for any (oriented or not) 
matroid A4. We denote these algebras as 3T(A4) and 3T^ 3 \A4). One can show (A.K.) that the 
abelianization of the algebra 3 T^(Ai), denoted by 3T^ 3 \M.) ab , is isomorphic to the Gelfand- 
Varchenko algebra corresponding to a matroid A4, whereas the algebra 3T^ m0 ^(A4) is isomor¬ 
phic to the (even) Orlik-Solomon algebra OS + (.M) of a matroid A4. 9 We consider and treat the 
algebras 3 T(JA), 3 HT(JA), ..., as equivariant noncommutative (or quantum ) versions of the 
(even) Orlik-Solomon algebras associated with matroid (including hyperplane, graphic, ... ar¬ 
rangements) . However a meaning of a quantum deformation of the (even or odd) Orlik-Solomon 
algebra suggested in the present paper, is missing, even for the braid arrangement of type A n . 
Generalizations of the Gelfand-Varchenko algebra has been suggested and studied in [67, 72] 
and in the present paper under the name quasi-associative Yang-Baxter algebra, see Section 5. 

In the present paper we basically study the abelian quotient of the algebra 3T^\t), where 
graph T has no loops and multiple edges, since we expect some applications of our approach to 
the theory of chromatic polynomials of planar graphs, in particular to the complete multipartite 
graphs K ni ,...,n r and the grid graphs G rn . n . 10 Our main results hold for the complete multipartite, 
cyclic and line graphs. In particular we compute their chromatic and Tutte polynomials, see 
Proposition 4.19 and Theorem 4.24. As a byproduct we compute the Tutte polynomial of the £- 
weighted complete multipartite graph Kn l \.... n , r where £ = {£ij}i<i<j< r , is a collection of weights, 
i.e., a set of non-negative integers. 

More generally, for a set of variables {{ Qij}i<i<j<n, x, y} we define universal Tutte polynomial 
T n ({qij}, x, y) G Z [qij\[x,y\ such that for any collection of non-negative integers {m l j}i<: l< j< n 
and a subgraph T C Krfl 1 ' 1 of the complete graph K n with each edge (i,j) comes with multiplic¬ 
ity niij, the specialization 

y m ij _ \ 

Qij —> 0 if edge (i,j) £ T, q tJ —> [mfly ■= y _ 1 if edge (i,j) G T 

of the universal Tutte polynomial T n ({qjj}, x, y) is equal to the Tutte polynomial of graph T 
multiplied by the factor (t — l) K i r i; 


(x — l) K( ' r iTutte(T, x, y) 


T n {{qij},x,y) 


Qij —° if T 
Qij=[ m ij]y i f (ij)er 


Here and after ac(T) demotes the number of connected components of a graph T. In other words, 
one can treat the universal Tutte polynomial T n ({q t j}. x, y) as a “reproducing kernel” for the 
Tutte polynomials of all (loop-less) graphs with the number of vertices not exceeded n. 

We also state Conjecture 4.15 that for any loopless graph T (possibly with multiple edges) 

/n'j (ib , 

the algebra 3Tjp| (T) is isomorphic to the even Orlik-Solomon algebra OS + (Mr) of the graphic 
arrangement associated with graph T in question 11 . 

At the end we emphasize that the case of the complete graph T = K n reproduces the results 
of the present paper and those of [72], i.e., the case of the full flag variety Tl n . The case of 
the complete multipartite graph T = K rn ..... nr reproduces the analogue of results stated in the 
present paper for the case of full flag variety Fl n , to the case of the partial flag variety J : ni ,...,n r , 
see [72] for details. 

9 For a definition and basic properties of the Orlik-Solomon algebra corresponding to a matroid, see, e.g., 
[49, 65]. 

ll) See http://reference.wolfram.com/language/ref/GridGraph.html for a definition of grid graph G m<n . 

11 For simple graphs, i.e., without loops and multiple edges, this conjecture has been proved in [89]. 
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In Section 4.1.4 we sketch how to generalize our constructions and some of our results to the 
case of the Lie algebras of classical types 12 . 

In Section 4.2 we briefly overview our results concerning yet another interesting family of 
quadratic algebras, namely the six-term relations algebras 6 T n , 6and related ones. These 
algebras also contain a distinguished set of mutually commuting elements called Dunkl elements 
{9i, i = 1,..., n} given by 0,; = ^ r^-, see Definition 4.48. 

In Section 4.2.2 we introduce and study the algebra 6T* in greater detail. In particular we 
introduce a “quantum deformation” of the algebra generated by the curvature of 2-forms of of 
the Hermitian linear bundles over the flag variety J~l n , cf. [118]. 

In Section 4.2.3 we state our results concerning the classical Yang-Baxter algebra CYB n and 
the 6-term relation algebra 6 T n . In particular we give formulas for the Hilbert series of these 
algebras. These formulas have been obtained independently in [7] The paper just mentioned, 
contains a description of a basis in the algebra 6 T n , and much more. 

In Section 4.2.4 we introduce a super analog of the algebra 6 T n , denoted by 6T n>m , and 
compute its Hilbert series. 

Finally, in Section 4.3 we introduce extended nil-three term relations algebra 3T n and describe 
a subalgebra inside of it which is isomorphic to the double affine Hecke algebra of type A n -\, 
cf. [24], 

In Section 5 we describe several combinatorial properties of some special elements in the 
associative quasi-classical Yang-Baxter algebra 13 , denoted by ACYB n . The main results in 
that direction were motivated and obtained as a by-product, in the process of the study of the 
the structure of the algebra 3 HT n (/3). More specifically, the main results of Section 5 were 
obtained in the course of “hunting for descendant relations” in the algebra mentioned, which is 
an important problem to be solved to construct a basis in the nil-quotient algebra 3 T^\ This 
problem is still widely-open. 

The results of Section 5.1, see Proposition 5.4, items (1)—(5), are more or less well-known 
among the specialists in the subject, while those of the item (6) seem to be new. Namely, 
we show that the polynomial Q n (xij = U) from [133, Exercise 6.08(c)], essentially coincides 
with the /3-deformation [42] of the Lascoux-Schiitzenberger Grothendieck polynomial [86] for 
some particular permutation. The results of Proposition 5.4(6), point out on a deep connection 
between reduced forms of monomials in the algebra ACYB n and the Schubert and Grothendieck 
calculi. This observation was the starting point for the study of some combinatorial properties of 
certain specializations of the Schubert, the /3-Grothendieck [43] and the double /3-Grothendieck 
polynomials in Section 5.2. One of the main results of Section 5.2 can be stated as follows. 

Theorem 1.6. 

(1) Let w 6 S n be a permutation, consider the specialization x\ := q, Xj = 1, Vz > 2, of the 
f3-Grothendieck polynomial <&w\x n ). Then 

fcw{q,P+ 1) := ®w\xi = q, Xi = 1, Vi > 2) G N[q,l + /3}. 

In other words, the polynomial IZ w (q, fi) has non-negative integer coefficients 14 . 

For late use we define polynomials 

9M<?,/3) ■.= q 1 - wW 'Rw(q,fi). 

12 One can define an analogue of the algebra 3for the root system of BC n and CfC n - types as well, but we 
are omitted these cases in the present paper. 

12 The algebra ACYB n can be treated as “one-half” of the algebra 3T n {P). It appears that the basic relations 
among the Dunkl elements, which do not mutually commute anymore, are still valid, see Lemma 5.3. 

14 For a more general result see Appendix A.l, Corollary A.7. 
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(2) Let w £ § n be a permutation, consider the specialization Xi := q, yi = t, V i > 1, of the 
double fl-Grothendieck polynomial &w\x n ,Y n ). Then 


V \xi ■= q, Vi ■= t, Vi > 1) £ N [q,t,/ 3 ]. 


(3) Let w be a permutation, then 


= 9=ti x ^(0,/5). 


Note that TZ W ( l,/3) = TZ w -i (1, fl), but 1Z w (t, /3) lZ w -i(t, fl), in general. 

For the reader convenience we collect some basic definitions and results concerning the fl- 
Grothendieck polynomials in Appendix A.l. 

Let us observe that 93^(1,1) = (5^(1), where (5^(1) denotes the specialization x% := 1, Vi > 1, 
of the Schubert polynomial 6 w (X n ) corresponding to permutation w. Therefore, (1,1) is 
equal to the number of compatible sequences [13] (or pipe dreams , see, e.g., [129]) corresponding 
to permutation w. 


Problem 1.7. Let w £ S n be a permutation and l := i{w) be its length. Denote by CS (w) = {a = 
(ai < a 2 < ■ ■ ■ < ai) £ N z } the set of compatible sequences [13] corresponding to permutation w. 


• Define statistics r(a) on the set of all compatible sequences CS n := 
way that 


U CS (w) in a such 

W£§n 


J2 q ai P r{a) =K w (q,P). 

aeCS(iu) 


• Find a geometric interpretation, and investigate combinatorial and algebra-geometric pro¬ 
perties of polynomials &w\x n ), where for a permutation w £ § n we denoted by & [Xu) 
the fd-Schubert polynomial defined as follows 

l:=£(w) 

e<»(x„)= P r ' a) II 

aECS(w) i= 1 


We expect that polynomial (5^(1) coincides with the Hilbert polynomial of a certain graded 
commutative ring naturally associated to permutation w. 

Remark 1.8. It should be mentioned that, in general, the principal specialization 

:=<T\Vi> 1) 

of the (f3 — l)-Grothendieck polynomial may have negative coefficients. 

Our main objective in Section 5.2 is to study the polynomials 9\ w (q,/3) for a special class of 
permutations in the symmetric group §oo- Namely, in Section 5.2 we study some combinatorial 
properties of polynomials 91 roA /3) for the five parameters family of vexillary permutations 
which have the shape A := \ ntP) b = ijp{n — i + l) + b,i = 1,.. ., n + 1) and flag <f> := <fik, r = 
(k + r(i- 1), i = 1 ,... ,n + 1). 

This class of permutations is notable for many reasons, including that the specialized value of 
the Schubert polynomial ^(1) admits a nice product formula 1 ' 5 , see Theorem 5.29. Moreover, 

15 One can prove a product formula for the principal specialization B roA Xi := q 1 ^ 1 , Vi > 1) of the correspon¬ 
ding Schubert polynomial. We don’t need a such formula in the present paper. 
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we describe also some interesting connections of polynomials 91 roA 0 (( 7 , /5) with plane partitions, 
the Fuss-Catalan numbers 16 and Fuss-Narayana polynomials, fc-triangulations and A;-dissections 
of a convex polygon, as well as a connection with two families of ASM. For example, let A = (b n ) 
and <f> = ( k n ) be rectangular shape partitions, then the polynomial ‘0\ ZUx ^(q, f3) defines a (q,/3)- 
deformation of the number of (ordinary) plane partitions 1 ' sitting in the box bx kxn. It seems 
an interesting problem to find an algebra-geometric interpretation of polynomials 9\ w (q,/3) in 
the general case. 


Question 1.9. Let a and b be mutually prime positive integers. Does there exist a family of 
permutations w a ,b E § ''ab{a+b ) such that the specialization Xi = 1, Vi of the Schubert polyno¬ 
mial &w a b is equal to the rational Catalan number C a ^ ? That is 




1 fa + b 
a + b\ a 


Many of the computations in Section 5.2 are based on the following determinantal formula 
for /3-Grothendieck polynomials corresponding to grassmannian permutations, cf. [84]. 

Theorem 1.10 (see Comments 5.37(b)). Ifw = cr\ is the grassmannian permutation with shape 
A = (A ..., A n ) and a unique descent at position n, then 18 


(A) <8W(X n ) = DET\h[%(X n )\ 


DET \x^ j+n i (l + Px i y~ 1 


l<ij<72 


1<£ ,j<n 


n (®* - xj) 


where X n = (x*, x \,..., x n ), and for any set of variables X, 


<i(V) = E C „ 1 )k»-(= + «(V)/3“, 

a =0 V ° / 

and hk(X) denotes the complete symmetric polynomial of degree k in the variables from the 
set X. 


(B) e ax (X,Y) 


DET 


Xj+n-j 

n (%i + Va + Pxiy a )(l + fixi)!- 1 


a =1 


l<ij<n 


n (xi - xj) 

l<i<j<n 


16 We define the (generalized) Fuss-Catalan numbers to be FC^f\b) := { np ^f b ) ■ Connection of 

the Fuss-Catalan numbers with the p-ballot numbers BaL(m,n) := ,1 ~ m r+ 1 O l +™+ 1 ') anc j numbers 

R n {a,b) ■= a f bn can 136 described as follows 

FCL p) (6) j* R n (b + l,p) = Bal p _i(n, (n - 1 )p + b). 


17 Let A be a partition. An ordinary plane partition (plane partition for short)bounded by d and shape A is 
a filling of the shape A by the numbers from the set {0,1,..., d} in such a way that the numbers along columns 
and rows are weakly decreasing. A reverse plane partition bounded by d and shape A is a filling of the shape A 
by the numbers from the set {0,1,..., d} in such a way that the numbers along columns and rows are weakly 
increasing. 

18 The equality 


<*(-K) = 


DET 


Xj+n—j 


(1 + /3xi 


p- 1 ! 


I l<i,j<n 


n (*i - xj 

1 <i<j <n 


has been proved independently in [107]. 
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In Sections 5.2.2 and 5.4.2 we study connections of Grothendieck polynomial associated with 
the Richardson permutation w^ = l k x Wq ' k \ /c-dissections of a convex (n + k + l)-gon, 
generalized reduced polynomial corresponding to a certain monomial in the algebra ACYB n 
and the Lagrange inversion formula. In the case of generalized Richardson permutation Wn,p 
corresponding to the fc-shifted dominant permutations associated with the Young diagram 

Ap, n := p(n—l,n—2 ,..., 1), namely, Wn.& = 1 k xw^ p,n \ we treat only the case k = 1, see also [39]. 
In the case k > 2 one conies to a task to count and find a lattice path type interpretation for 
the number of k-pgulations of a convex n -gon that is the number of partitioning of a convex 
n -gon on parts which are all equal to a convex (p + 2)-gon, by a (maximal) family of diagonals 
such that each diagonal has at most k internal intersections with the members of a family of 
diagonals selected. 

In Section 5.3 we give a partial answer on Question 6.08(d) by R. Stanley [133]. In particular, 
we relate the reduced polynomial corresponding to monomial 


n —2 


( x 12 ' ' ' x n— l,n n ) | | x jki 

j =2 k=j +2 


0>j £ Z>q, 


Vj, 


with the Ehrhart polynomial of the generalized Chan-Robbins-Yuen polytope, if = • ■ ■ = 
a n = m + 1, cf. [101], with a t-deformation of the Kostant partition function of type A n _i and 
the Ehrhart polynomials of some flow polytopes, cf. [103]. 

In Section 5.4 we investigate certain specializations of the reduced polynomials corresponding 
to monomials of the form 


l 12 


■ X, 


71 — 1 , 71 ’ 


m,j £ Z> 0 , 


Vj. 


First of all we observe that the corresponding specialized reduced polynomial appears to be 
a piece-wise polynomial function of parameters m = (mi,. .. ,m n ) £ (M>o) n , denoted by P m . 
It is an interesting problem to compute the Laplace transform of that piece-wise polynomial 
function. In the present paper we compute the value of the function P m in the dominant 
chamber C n = (mi > m 2 > ■ ■ ■ > m n > 0), and give a combinatorial interpretation of the values 
of that function in points ( n , m) and (n, m,k), n > m > k. 

For the reader convenience, in Appendices A.1-A.6 we collect some useful auxiliary informa¬ 
tion about the subjects we are treated in the present paper. 

Almost all results in Section 5 state that some two specific sets have the same number of 
elements. Our proofs of these results are pure algebraic. It is an interesting problem to find 
bijective proofs of results from Section 5 which generalize and extend remarkable bijective proofs 
presented in [103, 129, 135, 142] to the cases of 

• the /3-Grothendieck polynomials, 

• the (small) Schroder numbers, 

• ^-dissections of a convex (n + k + l)-gon, 

• special values of reduced polynomials. 

We are planning to treat and present these bijections in separate publication(s). 

We expect that the reduced polynomials corresponding to the higher-order powers of the 
Coxeter elements also admit an interesting combinatorial interpretation(s). Some preliminary 
results in this direction are discussed in Comments 5.67. 

At the end of introduction I want to add a few remarks. 

(a) After a suitable modification of the algebra 3 HT n , see [75], and the case j3 / 0 in [72], 
one can compute the set of relations among the (additive) Dunkl elements (defined in Section 2, 
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equation (2.1)). In the case (3 = 0 and qij = 1 < i < j < n, where <5 aj b is the Kronecker 

delta symbol, the commutative algebra generated by additive Dunkl elements (2.3) appears to 
be “almost” isomorphic to the equivariant quantum cohomology ring of the flag variety Tl n , 
see [75] for details. Using the multiplicative version of Dunkl elements, see Section 3.2, one can 
extend the results from [75] to the case of equivariant quantum A-theory of the flag variety J-l n , 
see [72]. 

(b) As it was pointed out previously, one can define an analogue of the algebra 3T,i°' for any 
(oriented) matroid M n , and state a conjecture which connects the Hilbert polynomial of the 
algebra 3Tn°\(M. n ) ab ,t ) and the chromatic polynomial of matroid M n . We expect that algebra 
3T^~ 1) (M n ) ab is isomorphic to the Gelfand- Varchenko algebra associated with matroid M.. It 
is an interesting problem to find a combinatorial meaning of the algebra 3Tn^\M. n ) for (3 = 0 
and (3 / 0. 

(c) Let R be a (graded) ring (to be specified later) and S r n 2 be the free associative algebra 

over R with the set of generators {uij, 1 < i,j < n}. In the subsequent text we will distinguish 
the set of generators {uu}i<i< n from that and set 

X{ .— Ua, i — 1, . . . , Tl. 

A guiding idea to choose definitions and perform constructions in the present paper is to 
impose a set of relations lZ n among the generators {xi}\<i< n and that {u t j\ which 
ensure the mutual commutativity of the following elements 

Tl 

#| n) ■= 0i = Xi + ^2 u iji i = 
jA* 

in the algebra iF n 2 /TZ n , as well as to have a good chance to describe/compute 

• “Integral of motions”, that is finding a big enough set of algebraically independent polyno¬ 
mials (quite possibly that polynomials are trigonometric or elliptic ones) I& (yi, ■ ■ ■, Vn) £ R[Y n ) 
such that 

I^{9^\...,e^)eR[X n ], V a, 

in other words, the latter specialization of any integral of motion has to be independent of the 
all generators 

• Give a presentation of the algebra I n generated by the integral of motions that is to find 

a set of defining relations among the elements 6 \,..., 9 n , and describe a ii-basis in the 

algebra X n . 

• Generalized Littlewood-Richardson and Murnaghan-Nakayama problems. Given an inte¬ 
gral of motion I^"' 1 ( Y m ) and an integer n > m, find an explicit positive (if possible) expression 
in the quotient algebra R n i/TZ n of the element 


For example in the case of the 3-term relations algebra 3(as well as its equivariant, quantum, 
etc. versions) the generalized Littlewood-Richardson problem is to find a positive expression in 
the algebra 3T^ for the element ..., 9m ^), where ©^(W,) stands for the Schubert 

polynomial corresponding to a permutation w 6 § n . 

Generalized Murnaghan-Nakayama problem consists in finding a combinatorial expression 

in the algebra 3 Tn 0 ' 1 for the element XX 

2—1 
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Partial results concerning these problems have been obtained as far as we aware in [45, 70, 
72, 73, 104, 117]. 

• “Partition functions”. Assume that the (graded) algebra X n generated over R by the 
elements 9\,... ,Q n has finite dimension/rank, and the (non zero) maximal degree component 
Iml-x. of that algebra has dimension/rank one and generated by an element ui. For any element 
g £ F n 2 let us denote by Res u (g) an element in R such that 


g = Res^ (g)u, 


(n) 


where we denote by g the image of element g in the component X\ 

We define partition function associated with the algebra X n as follows 


Z{X n ) = Res u , ( exp ( ^ 


Mam, 


(n) 


where {q a } is a set of parameters which is consistent in one-to-one correspondence with a basis 
{} chosen. 

We are interesting in to find a closed formula for the partition function Z(X n ) as well as that 
for a small partition function 

Z [0 \x n ) := Res w f exp f ^ XijUij j j , 


where {Kj}\<i.j<n stands for a set of parameters. One can show [68] that the partition func¬ 
tion Z(X n ) associated with algebra 3 Tf! satisfies the famous Witten-Dijkraaf-Verlinde-Verlinde 
equations. 

As a preliminary steps to perform our guiding idea we 


(i) investigate properties of the abelianization of the algebra J- n i /TZ n . Some unexpected 
connections with the theory of hyperplane arrangements and graph theory are discovered; 

(ii) investigate a variety of descendent relations coming from the defining relations. Some 
polynomials with interesting combinatorial properties are naturally appear. 

To keep the size of the present paper reasonable, several new results are presented as exercises. 

We conclude Introduction by a short historical remark. As far as we aware, the commu¬ 
tative version of 3-term relations which provided the framework for a definition of the FK 
algebra £ n [45] and a plethora of its generalizations, have been frequently used implicitly in 
the theory of elliptic functions and related topics, starting at least from the middle of the 19th 
century, see, e.g., [141] for references, and up to now, and for sure will be used for ever. The 
key point is that the Kronecker sigma function 


a z (w) 


a(z~w)0'( 0) 
a(z)a(—w) 


where u{z) denotes the Weierstrass sigma function, satisfies the quadratic three terms addition 
formula or functional equation discovered, as far as we aware, by K. Weierstrass. In fact this 
functional equation is really equivalent 19 to the famous Jacobi-Riemann three term relation of 
degree four between the Riemann theta functions 6{x). In the rational degeneration of theta 
functions, the three term relation between Kronecker sigma functions turns to the famous three 
term Jacobi identity which can be treated as an associative analogue of the Jacobi identity in 
the theory of Lie algebras. 

19 We refer the reader to a nice written paper by Tom H. Koornwinder [79] for more historical information. 
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To our best knowledge, in an abstract form that is as a set of defining relations in a certain 
algebra, an anticommutative version of three term relations had been appeared in a remarkable 
paper by V.I. Arnold [3]. Nowadays these relations are known as Arnold relations. These 
relations and its various generalizations play fundamental role in the theory of arrangements, 
see, e.g., [113], in topology, combinatorics and many other branches of Mathematics. 

In commutative set up abstract form of 3-term relations has been invented by O. Mathieu [96]. 
In the context of the braided Hopf algebras (of type A) 3-term relations like algebras (as some 
examples of the Nichols algebras) have appeared in papers by A. Milinski and H.-J. Schneider 
(2000), N. Andruskiewitsch (2002), S. Madjid (2004), I. Heckenberger (2005) and many others 20 . 

It is well-known that the Nichols algebra associated with the symmetric group § n and trivial 
conjugacy class is a quotient of the algebra FK n . It is still an open problem to prove (or disprove) 
that these two algebras are isomorphic. 


2 Dunkl elements 

Having in mind to fulfill conditions suggested by our guiding line mentioned in Introduction as 
far as it could be done till now, we are led to introduce the following algebras 21 . 

Definition 2.1 (additive Dunkl elements). The (additive) Dunkl elements 9j, i = 1 ,...,n, in 
the algebra F n are defined to be 

n 

0i=Xi + ^2uij. ( 2 . 1 ) 

3 = 1 

We are interested in to find “natural relations” among the generators such that 

the Dunkl elements (2.1) are pair-wise commute. One of the natural conditions which is the 
commonly accepted in the theory of integrable systems, is 

• locality conditions: 

(a) [xi,Xj\ = 0 if z/j, 

(b) UijUki = UkiUij if i^j, k / l and {i, j} 0 {k, 1} = 0. (2.2) 


Lemma 2.2. Assume that elements {utj} satisfy the locality condition (2.1). If i ^ j, then 


[9i, Oj} = 

Xi H - ^ ^ 'U'iki 'U'ij “1“ 'Uji 

+ 

r n - 

'U'ij i ^ ^ X k 




L k= 1 J 


T ^ [ 'UJijkj 


where 


'UJijk — [ihj i 'U'ik T U'jk] T t/ 7 /c] T T [^h./c,T?] A [^"/c■ ^ij\ ■ (2.3) 

Therefore in order to ensure that the Dunkl elements form a pair-wise commuting family, it’s 
natural to assume that the following conditions hold 

20 We refer the reader to the site https://en.wikipedia.org/wiki/Nichols_algebra for basic definitions and 
results concerning Nichols’ algebras and references on vast literature treated different aspects of the theory of 
Nichols’ algebras and braided Hopf algebras. 

21 Surprisingly enough, in many cases to find relations among the elements 0 \,..., 9 n there is no need to require 
that the elements {A}i<i<»i are pairwise commute. 
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• unitarity: 


[uij + Uji, Uki} = 0 = [uij + Uji,Xk] for all distinct i, j, k, l, 
i.e., the elements + Uji are central. 


(2.4) 


• “conservation laws”: 


^ ^ Xfc, Uij 
_k=\ 


= 0 


for all i. j, 


n 

i.e., the element E := x k is central, 
k= 1 


(2.5) 


• unitary dynamical classical Yang-Baxter relations: 

[uij,u ik + u jk ] + [u ik , Uj k ] + [xi, u jk ] + [u ik , Xj] + [x k , } = 0, (2.6) 

if i, j, k are pair-wise distinct. 

Definition 2.3 (dynamical six term relations algebra 6 DT n ). We denote by 6 DT n (and fre¬ 
quently will use also notation DCYB„) the quotient of the algebra T n by the two-sided ideal 
generated by relations (2.2)-(2.6). 

Clearly, the Dunkl elements (2.1) generate a commutative subalgebra inside of the alge- 

n n 

bra 6 DT n , and the sum x i belongs to the center of the algebra 6 DT n . 

i= 1 i=l 

Remark 2.4. Occasionally we will call the Dunkl elements of the form (2.1) by dynamical 
Dunkl elements to distinguish the latter from truncated Dunkl elements, corresponding to the 
case Xi = 0, V i. 


2.1 Some representations of the algebra 6 DT n 

2.1.1 Dynamical Dunkl elements and equivariant quantum cohomology 

(I) ( cf. [41]). Given a set q\,..., q n -i of mutually commuting parameters, define 
i-i 

Qij= n qa if iK j’ 

a=i 

and set qij = qji in the case i > j. Clearly, that if i < j < k, then qijqjk = qik- 

Let z\,..., z n be a set of (mutually commuting) variables. Denote by P n := Z[zi,..., z n \ the 
corresponding ring of polynomials. We consider the variable Zi, i = 1 ,n, also as the operator 
acting on the ring of polynomials P n by multiplication on the variable Zj. 

Let Sjj € § n be the transposition that swaps the letters i and j and fixes the all other letters 
k ^ i,j. We consider the transposition Sij also as the operator which acts on the ring P n by 
interchanging z* and Zj, and fixes all other variables. We denote by 

n _ 1 Yi pi _ pi 

Uij — , Ui .— Uii-\~ i, 

Zi - Zj 

the divided difference operators corresponding to the transposition s^j and the simple transpo¬ 
sition Si := Sij .|_i correspondingly. Finally we define operator (cf. [41]) 

d(ij) := di ■ ■ ■ dj-idjdj-i ■■■d l if i < j. 

The operators don, 1 < i < j < n, satisfy (among other things) the following set of relations 
(cf. [41]) 
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[zj, d {ik)] = 0 if j i [i, k\, %), J2 z a 


= 0 , 


• [<%), d(ki)\ = S jk [zj, % Z )] + Su[d( kj ), Zi] if % < j, k < l. 

Therefore, if we set = qijd(ij) if i < j, and Uij = — Uji if i > j, then for a triple i < j < k 
we will have 


[Uij, U ik + Ujk\ T \Uik , Ujk] T \Zi, Ujfc] + \Uiki z j\ T \ z k • Ujk\ 

QijQjk[^(ij) j ^(jk)\ T Qik[d(ik)i z j\ 0. 

Thus the elements {zi, i = 1,... ,nj and {uij- 1 < i < j < n} define a representation of the 
algebra DCYB n , and therefore the Dunkl elements 

'- = T 'y ^ Uij = Zi 'y ^ qjid(ji) + ^ ^ Qij^(ij) 

j^i j<i j>i 

form a pairwise commuting family of operators acting on the ring of polynomials 
Z[gi,.. ,,q n _i][zi,.. .,z n \, 

cf. [41], This representation has been used in [41] to construct the small quantum cohomology 
ring of the complete flag variety of type i. 

(II) Consider degenerate affine Hecke algebra Sj n generated by the central element h, the 
elements of the symmetric group 8 n , and the mutually commuting elements y±,... ,y n , subject 
to relations 


SiVi Vi+lSi — h, 1 A i < 71 , — yjSi, j ^ t, j + 1, 

where Si stand for the simple transposition that swaps only indices i and i + 1. For i < j, let 
Sij = Si - ■ ■ Sj-iSjSj-i ■ ■ ■ Si denotes the permutation that swaps only indices i and j. It is an 
easy exercise to show that 

• [yj, Sik] = h[sij , Sjk] if i < j < k, 

* Ui^ik SikVk h flSifc yi Sjk if i k. 

i<j<k 

Finally, consider a set of mutually commuting parameters {pij, 1 < i / j < n, pij + Pji = 0}, 
subject to the constraints 


PijPjk — PikPij T PjkPik T hpik , i < j < k. 

Comments 2.5. If parameters {pij} are invertible, and satisfy relations 


PijPjk = PikPij + PjkPik + PPik, i < j <k, 


then one can rewrite the above displayed relations in the following form 


1 + 


A 

Pik 



1 <i<j<k<n. 


Therefore there exist parameters {gi,. .., q n } such that 1 +/3/pij = qi/qj , 1 < i < j < n. In other 
words, p^ = q ^l j q . , 1 < i < j < n- However in general, there are many other types of solutions, 
for example, solutions related to the Heaviside function 22 H(x), namely, = H(xi — Xj), 
Xi G M, V i, and its discrete analogue, see Example (HI) below. In the both cases /3 = —1; see 
also Comments 2.12 for other examples. 

22 See https://en.Wikipedia.org/wiki/Heaviside_step_function. 
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To continue presentation of Example (II), define elements Uij = PijSij, 1 < i ^ j < n. 
Lemma 2.6 (dynamical classical Yang- Baxter relations). 

[uij, Uik Y Uj k ] Y [u ik , Ujk] Y [u ik , Vj} = 0, 1 < i < j < k < n. (2.7) 

Indeed, 


Uij Uj k — Uik' Uljj Y V jk U-ik Y hpik^ij Sj k , Ujk^ij — ^ij Uik Y Uik-Ujk Y hpi k Sj k Sij , 

and moreover, [ yj , u lk ] = hp ik [sij, s jk ). 

Therefore, the elements 

Oj = Hi - h Ujj Y h Uij, i = l,...,n, 
j<i i<j 

form a mutually commuting set of elements in the algebra Z[{pi?}] <8>z fin- 
Theorem 2.7. Define matrix M n = (mi,j)i<i,j<n as follows 




u Zi ifi = j , 
< —h— pij if i < j , 
Pij if i > j. 


Then 

n 

DET \M n (u; 0i,..., 9 n )\ = \\{u- yj ). 

3=1 


Moreover, let us set qij := h 2 (pij + P 2 j) = h 2 qiqj{qi — qj) 2 , i < j, then 
efc(0i, ...,0 n ) = e^\yi ,.. .,y n ), 1 < k < n, 


where e k (xi ,..., x n ) and ef*\x \,..., x n ) denote correspondingly the classical and multiparameter 
quantum [45] elementary polynomials 23 . 


Let’s stress that the elements yt and 8j do not commute in the algebra fi n , but the symmetric 
functions of y\,..., y n , i.e., the center of the algebra fi n , do. 

A few remarks in order. First of all, u 2 j = p 2 j are central elements. Secondly, in the case 
h = 0 and yi = 0, V i, the equality 


DET \M n (u;xi,... ,x n )\ = u n 

describes the set of polynomial relations among the Dunkl-Gaudin elements (with the following 
choice of parameters p^ = (qi — qj)" * 1 are taken). And our final remark is that according to [54, 
Section 8], the quotient ring 


/ n 

T~Ll : = Q[yi) ■ • • > 2 /nf n <s> Q[ 6 » 1 ,... ,0„] <g )Q[h\j / M n (u;di ,... ,0 n ) = JJ(u - yj) 

' 3 = 1 

23 For the reader convenience we remind [45] a definition of the quantum elementary polynomial e£( xi ,..., x n )■ 
Let q := {qij}i<i<j< n be a collection of “quantum parameters”, then 

e 

= J2 e fc-2K^7uj)Il^a.ja ) 

i 1 <i 1 <-<i £ <n a=1 

where I = (ii,..., if), J = (j i,... ,jf) should be distinct elements of the set {1,..., n}, and Xj^jj denotes set of 
variables x a for which the subscript a is neither one of im nor one of the j m . 
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is isomorphic to the quantum equivariant cohomology ring of the cotangent bundle T*Tl n of 
the complete flag variety of type A n - 1 , namely, 


Ul = QH^„ xC * (T*Fl n ) 


with the following choice of quantum parameters: Qi := hqt+i/qi, i = 1 ,... ,n — 1. 

On the other hand, in [75] we computed the so-called multiparameter deformation of the 
equivariant cohomology ring of the complete flag variety of type A n _\. 


A deformation defined in [75] depends on parameters {qij, 1 < i < j < n} without any 
constraints are imposed. For the special choice of parameters 


qij 


.2 Qi Qj 

{qi - qj ) 2 


the multiparameter deformation of the equivariant cohomology ring of the type A n _i com¬ 
plete flag variety Tl n constructed in [75], is isomorphic to the ring Tin- 


Comments 2.8. Let us fix a set of independent parameters {gi,..., q n } and define new pa¬ 
rameters 


qij := hpij(pij + h) = h 1 


qidj 


{qi - qj f 


l < i < j < n, 


where 


Pij = 


qj 


qi - qj 


i < j. 


We set deg(gjj) = 2, &eg{pij) = 1, deg(/i) = 1. 

The new parameters {qij}i<i<j< n , do not free anymore, but satisfy rather complicated alge¬ 
braic relations. We display some of these relations soon, having in mind a question: is there 
some intrinsic meaning of the algebraic variety defined by the set of defining relations among 
the “quantum parameters” {g^}? 

Let us denote by A n , t h the quotient ring of the ring of polynomials Q[/i][xjj, 1 < i < j < n] 
modulo the ideal generating by polynomials f{xij ) such that the specialization Xij = qij of 
a polynomial f{xij ), namely f{qij), is equal to zero. The algebra A Ht h has a natural filtration, 
and we denote by A n = gr A n , : h the corresponding associated graded algebra. 

To describe (a part of) relations among the parameters {q^} let us observe that parame¬ 
ters {pij} and {qij} are related by the following identity 

qijQjk - qik{qij + qjk) + h 2 q ik = 2PijP ik Pj k {p ik + h) if i < j < k. 


Using this identity we can find the following relations among parameters in question 

qijQjk + QijQik + h A q 2 ik q 2 jk ~ 2 qijqikQjk{Qij + Qjk + Qik) 

2 h qi k {qijqj k T qijqik T qj k qik) 8//,g 7 ;j,' qi k QjkPik , 


( 2 . 8 ) 


if 1 < i < j < k < n. 

Finally, we come to a relation of degree 8 among the “quantum parameters” {qij} 

(l.h.s. of (2.8)) 2 = 64 h 2 q 2 jqf k q 2 j k , 1 < i < j < k < n. 

There are also higher degree relations among the parameters {qij} some of whose in degree 16 
follow from the deformed Pliicker relation between parameters {pij}- 

111 h 

-—-1-1-, 

PikPjl PijPkl PilPjk PijPjkPkl 


i < j < k < l. 
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However, we don’t know how to describe the algebra A n j x generated by quantum parameters 
{qij}i<i<j<n even for n = 4. 

The algebra A n = gr (An,h) is isomorphic to the quotient algebra of Q [x t j , 1 < i < j < n] 
modulo the ideal generated by the set of relations between “quantum parameters” 



which correspond to the Dunkl-Gaudin elements {#i}i<i<n, see Section 3.2 below for details. In 
this case the parameters {q,j} satisfy the following relations 

"b dij dik "b ^diAi-iHi-jk (dij T djk "b djk ) 

which correspond to the relations (2.8) in the special case h = 0. One can find a set of relations 
in degrees 6, 7 and 8, namely for a given pair-wise distinct integers 1 < i,j, k, l < n, one has 

• one relation in degree 6 


—2 -2 -2 , -2 -2 -2 , -2 -2 -2 , -2 -2 -2 
QijQikQu + VijQjkQji + qikQjkQki + dudjidki 

3 3 3 \dki Qij dji Qik djk Qu 

+ 8 qijqikQiiqjkQjiqki = 


• three relations in degree 7 

qikiqijQilQkl qijQilQjk T qijdjkdkl QuQjkQkl) 

^dijdikdjkdkl {djk "b Qjl T dkl) i dij 7 ildjl ( djk "b dkl) > 


• one relation in degree 8 


—2 -2 -2 -2 , -2 -2 -2 -2 , -2 -2 -2 -2 

QijQuqjkQki + qijqikQjiQki + dikdudjkdji 


‘^dijdikdiidjkdjidki{dijdki "b q ik qji T quqjk)i 


However we don’t know does the list of relations displayed above, contains the all independent 
relations among the elements {q t] }i<i<j< n in degrees 6, 7 and 8, even for n = 4. In degrees > 9 
and n> 5 some independent relations should appear. 

Notice that the parameters {p t j = J iq ' , i < j) satisfy the so-called Gelfand-Varchenko 

^ J Qi Qj J 

relations, see, e.g., [67] 

PijPjk — PikPij T PjkPik T hpik, % j k. 
whereas parameters {p^ = q X _ q . , * < j} satisfy the so-called Arnold relations 

PijPjk PikPij "b PjkPiki i j k. 

Project 2.9. Find Hilbert series HilbQ4 n ,t) for n > 4. 24 

24 This is a particular case of more general problem we are interested in. Namely, let {f a £ R[a:i,..., aj n ]}i<a<w 
be a collection of linear forms, and k > 2 be an integer. Denote by I({f a }) the ideal in the ring of polynomials 
R[si,..., zn] generated by polynomials <f>(zi,..., zn) such that 

Hfr k ,---,fN k )= o. 

Compute the Hilbert series (polynomial?) of the quotient algebra R[«i,..., zn}/ 
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For example, Hilb(*43,t) = 

Finally, if we set qi := exp (hzi) and take the limit lim , as a result we obtain the 

Dunkl-Gaudin parameter m • = > 1 , 2 . 

J IZi Zj) 


(III) Consider the following representation of the degenerate affine Hecke algebra S) n on the 
ring of polynomials P n = Q[xi,..., x n \: 


• the symmetric group § n acts on P n by means of operators 


Si = 1 + {Xi+I - x t - h)di , * = 1,..., n — 1, 


• Hi acts on the ring P n by multiplication on the variable xf. yfif(x )) = Xif(x ), / E P n . 
Clearly, 

ViSl ~ Vi+iSi = h and - 1) = (s* - l)y i+ i + rc i+ i - Xj - h. 


In the subsequent discussion we will identify the operator of multiplication by the variable Xi, 
namely the operator m, with x l . 

This time define u Vj = Pij(si — 1), if i < j and set Uij = —Uji if i > j, where parameters {pij} 
satisfy the same conditions as in the previous example. 

Lemma 2.10. The elements {iiij, 1 < i < j < n}, satisfy the dynamical classical Yang-Baxter 
relations displayed in Lemma 2.6, equation (2.7). 

Therefore, the Dunkl elements 

6i := Xj + y ^Ujj, i = l,...,n, 

j 

form a commutative set of elements. 


Theorem 2.11 ([54]). Define matrix M n = (mij)i<ij< n as follows 

'u-Zi + Yjhpij if i = j, 
m iJ (u-z 1 ,...,z n ) = _ h _ p .. lfl<h 

,Pij ifi>j- 

Then 

n 

DET \M n (u-,9i,.. . ,0 n )| = JJ(u - Xj). 

3 =1 

Comments 2.12. Let us list a few more representations of the dynamical classical Yang-Baxter 
relations. 


• Trigonometric Calogero-Moser representation. Let i < j, define 

X ' 

Uij = ———( Sij - e), e = 0 or 1, 

Xi — Xj 

Sjj (Xj) — Xj , Sij(Xj) — Xi , Sij(Xk) — Xfc , V k i,j. 
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Mixed representation: 


A; 


A,; A 7 Xj : CC'i 


(Sij - e), e = 0 or 1, s*j(A fc ) = A fe , V fc. 


We set Uij = —Uji, if i > j. In all cases we define Dunkl elements to be Oi = u Vj . 
Note that operators 

A i + Aj Xi + I, 


Aj Ay Xj 

satisfy the three term relations: r^r^ = + rj^r^k, and r^r^ = r t jrj k + r^TjU: and thus 

satisfy the classical Yang-Baxter relations. 


2.1.2 Step functions and the Dunkl—Uglov representations 
of the degenerate affine Hecke algebras [138] 

Consider step functions 7p: M —> {0,1} 

{ 1 if x > 0, 

— ’ v( x ) = 

0 if x < 0, 

For any two real numbers x,; and Xj set p = ? 7 =t ( x% — Xj). 

Lemma 2.13. The functions rjij satisfy the following relations 

4 + 4 = 1 + > (^y) 2 = 4’ 

44 = + 44 - 4> 

where 5 X) y denotes the Kronecker delta function. 

To introduce the Dunkl-Uglov operators [138] we need a few more definitions and notation. 
To start with, denote by Af the finite difference operators: Af(f)(xi,... ,x n ) = /(... , Xj ± 
1,...). Let as before, {sij- 1 < i / j < n, s^ = Sji}, denotes the set of transpositions in 
the symmetric group § n . Recall that Sij(xi ) = Xj, Sij(x k ) = x k , V k i,j. Finally define 
Dunkl-Uglov operators df : M n —> to be 

d t = A t + Y A'-...r, - Y Vpij + Y 4- S b- 

j<i j<i j>i 

To simplify notation, set uf- := gpij if i < j, and A± = Af + S XijXj . 

j<i 

Lemma 2.14. The operators {uf. 1 < i < j < n} satisfy the following relations 


1 if x > 0, 
0 if x < 0. 


[4’4 


+ 4 ] 


+ K444 u tk>Y 6 *» 


j<i 


= 0 


if i < j < k. 


From now on we assume that Xj gZ, Vi, that is, we will work with the restriction of the all 
operators defined at beginning of Example 2.28(c), to the subset Z n C M n . It is easy to see that 
under the assumptions Xi G Z, Vi, we will have 

44 = (4 ^ <W4- 

Moreover, using relations (2.12), (2.13) one can prove that 


(2.9) 
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Lemma 2.15. 


K'A +A J .]=0, 

Nfc, = ki E ,i<j< k. 


j<i 


Corollary 2.16. 


The operators {ufj, 1 < i < j < k < n}, and A f, i = 1 satisfy the dynamical 

classical Yang-Baxter relations 

[ u tj, u tk + u %\ + kk u %\ + k] = 0 if i<j<k. 


• The operators {s* := 1 < i < n, and A±, 1 < j < n} gwe rise to two representations 

of the degenerate affine Hecke algebra S) n . In particular, the Dunkl-Uglov operators are 
mutually commute: [df,d±] = 0 [138]. 


2.1.3 Extended Kohno—Drinfeld algebra and Yangian Dunkl Gaudin elements 

Definition 2.17. Extended Kohno-Drinfeld algebra is an associative algebra over Q[/J] gene¬ 
rated by the elements {z \,..., z n } and {'Vij}\<i^j< n subject to the set of relations 

(i) The elements {yij{i<i^j<n satisfy the Kohno-Drinfeld relations 

• Uij = Vji, [: Uij,ykl ] = 0 if i, j, k, l are distinct, 

• [Vij,Vik + Vjk\ = 0 = [yij + y ik ,yjk ] if * < j < k. 

(ii) The elements z±,... ,z n generate the free associative algebra T n . 

(iii) Crossing relations: 

• fa, Vjk\ = 0 if i + j, k, [zi, zj] = P[yij,Zi\ if i / j. 

To define the (Yangian) Dunkl-Gaudin elements, cf. [54], let us consider a set of elements 
{Pij}i<ijtj<n subject to relations 

• Pij +Pji = P, \pij,Uki] = 0 = \pij,z k ] for all i, j, k, 

• PijPjk = PikiPjk - Pji) if i<j<k. 

Let us set u^j = PijPij, i j, and define the (Yangian) Dunkl-Gaudin elements as follows 
0% = Zi + ^2 Uij, i = 1,... ,n. 

Proposition 2.18 (cf. [54, Lemma 3.5]). The elements 9 \,..., 6 n form a mutually commuting 
family. 

Indeed, let i < j, then 


\0 {, Of — \zj , zf T f3[zi , Ijij} T Pij [ yij , Zj -f- Zj ] 

T ^ ^ (jPikPjk \Vij 4“ yikiPjkl 4“ PikPji\fJij > Pik 4“ Pjk\ ) = 0. 

k^i,j 


A representation of the extended Kohno-Drinfeld algebra has been constructed in [54], namely 
one can take 


v — T^ T^ 1 ) — T ^ — v 
~ y JO 


Zi 




!^_ r niX) _ i \ 

2 ± a a ’ 
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Pij ■= 


Qi - Qj ’ 


j, 


where q \,..., q n stands for a set of mutually commuting quantum parameters, and { T- 'f } i<ij< n 

J ^6Z> 0 

denotes the set of generators of the Yangian Y(q l n ), see, e.g., [106]. 

A proof that the elements {zi}i<i< n and {yij}i<i^j< n satisfy the extended Kohno-Drinfeld 
algebra relations is based on the following relations, see, e.g., [54, Section 3], 



- 6, k T^ , 


i,j, k,l = l,...,n, s€ Z> 0 . 


2.2 “Compatible” Dunkl elements, Manin matrices and algebras 
related with weighted complete graphs rK n 

Let us consider a collection of generators {u[°\ 1 < hj < n, a = l,...,r}, subject to the 
following relations 

• either the unitarity (the case of sign “+”) or the symmetry relations (the case of sign ” ) 25 

u if ± u j? = °> LA (2.10) 


local 3-term relations: 


(a) (a) 

hj U jk 


(a) a) 
l)k U ki 


v ... I i l.. u. . (a) (a) n 

uh u:,: + = o, 


i, j, k are distinct, 1 < a < r. 


( 2 . 11 ) 


We define global 3-term relations algebra 3T^ as “compatible product” of the local 3-term 
relations algebras. Namely, we require that the elements 

U := ^2 A a u\f, 1 < i, j < n, 

a=l 


satisfy the global 3-term relations 

+ uj»u™ = 0 

for all values of parameters {A* 6l, 1 < a < r}. 

It is easy to check that our request is equivalent to a validity of the following sets of relations 
among the generators } 

(a) local 3-term relations: uff u< jl + u ^k u ^ki + u ti u ij' > = 

(b) 6-term crossing relations: 


(a) (/9) . (/9) (a) . (a) (/3) (a) . (a) (/9) . (/3) (a) n 

U ij U jk + U ij U )k + U k,i U ij U ki + U jk U ki + U jk U ki = °> 


i , j , k are distinct, a / (5. 

25 More generally one can impose the (/-symmetry conditions 
Uij + quji = 0, 1 < i < j < n 

and ask about relations among the local Dunkl elements to ensure the commutativity of the global ones. As 
one might expect, the matrix Q := (9 (“A i< a <r- composed from the local Dunkl elements should be a g-Manin 

matrix. See, e.g., [25], or https://en.wikipedia.org/wiki/Manin.matrix for a definition and basic properties 
of the latter. 
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Now let us consider local Dunkl elements 


a(<*) ._ ,.(<*) 

- 2^ u ij ’ 


j = l,...,n, a = l,...,r. 


It follows from the local 3-term relations (2.11) that for a fixed a E [1, r] the local Dunkl elements 
{#• } i <i<n either mutually commute (the sign or pairwise anticommute (the sign 

l<o:<r 

Similarly, the global 3-term relations imply that the global Dunkl elements 


:=A 1 9< 1) + ... + A r «|’'>=^f7, 

j¥=i 


(A) 

ij > 


i = 1, ■ 


, n. 


also either mutually commute (the case “+”) or pairwise anticommute (the case ”). 

Now we are looking for a set of relations among the local Dunkl elements which is a conse¬ 
quence of the commutativity (anticommutativity) of the global Dunkl elements. It is quite clear 
that if i < j, then 





a= 1 


1 <a<b<r 


and the commutativity (or anticommutativity) of the global Dunkl elements for all (Ai,..., A r ) E 
M r is equivalent to the following set of relations 

. [ 0{°) ! ^°)] ± = o, 

• ^ a ' l ]± = 0, a < b and i < j, where by definition we set [a, b\± := ab^ba. 

In other words, the matrix 0 n := (0.“^) i< a <r should be either a Manin matrix (the case “+”), 

or its super analogue (the case “—”). Clearly enough that a similar construction can be applied 
to the algebras studied in Section 2, I III, and thus it produces some interesting examples 
of the Manin matrices. It is an interesting problem to describe the algebra generated by the 
local Dunkl elements i<a<7- and a commutative subalgebra generated by the global Dunkl 

elements inside the former. It is also an interesting question whether or not the coefficients 

n 

Ci,..., C n of the column characteristic polynomial Det co1 \ O n — tl n \ = ^2 Ckt n ~ k of the Manin 

k =0 

matrix 0 n generate a commutative subalgebra? For a definition of the column determinant of 
a matrix, see, e.g., [25]. 

However a close look at this problem and the question posed needs an additional treatment 
and has been omitted from the content of the present paper. 

Here we are looking for a “natural conditions” to be imposed on the set of generators 
{ufA i< a < r in order to ensure that the local Dunkl elements satisfy the commutativity (or 

anticommutativity) relations: 

[0^°\ ± = 0, for all 1 < i < j < n, 1 < a, /3 < r. 

The “natural conditions” we have in mind are 


locality relations: 
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twisted classical Yang-Baxter relations : 

+ h ( M?] ± + kTKg’L =». 

if i, j, k, l are distinct and 1 < a, ft < r. 


(2.13) 


Finally we define a multiple analogue of the three term relations algebra, denoted by 
3T ± (riv n ), to be the quotient of the global 3-term relations algebra 3 T± r modulo the two- 
sided ideal generated by the left hand sides of relations (2.12), (2.13) and that of the following 
relations 

• i u if ) 2 = °> = °> for a11 

The outputs of this construction are 

• commutative (or anticommutative) quadratic algebra 3T (=t l(riT n ) generated by the ele¬ 
ments K ( f} !<*<;<„, 

• a family of nr either mutually commuting (the case “+”), or pair-wise anticommuting (the 
case “—”) local Dunkl elements } i= . 

a=l ,... ,r 

We expect that the subalgebra generated by local Dunkl elements in the algebra 3 T + (rK n ) is 

closely related (isomorphic for r = 2) with the coinvariant algebra of the diagonal action of the 

r (1) (t-)-i ( j ) 

symmetric group S n on the ring of polynomials Q|X„ ',..., Xn \, where Xn stands for the set 
of variables {x± \ ..., Xn ' ) }. The algebra 3T“ (2A' n ) antl has been studied in [72] and [12]. In the 
present paper we state only our old conjecture. 

Conjecture 2.19 (A.N. Kirillov, 2000). 

Hilb(3T-(3A' n ) anti ,t) = (1 + t) n (l + nt) n ~ 2 , 

where for any algebra A we denote by A antl the quotient of algebra A by the two-sided ideal 
generated by the set of anticommutators {ab + ba \ (a, b) E A x A}. 

According to observation of M. Haiman [55], the number 2 n (n + l) n ~ 2 is thought of as being 
equal to the dimension of the space of triple coinvariants of the symmetric group S n . 


2.3 Miscellany 

2.3.1 Non-unitary dynamical classical Yang Baxter algebra DCYB n 

Let A n be the quotient of the algebra 3n by the two-sided ideal generated by the relations (2.2), 
(2.5) and (2.6). Consider elements 


— %i T ^ ) Ui a 

a^i 


and 0j = —Xj + ^2 Ubj, 1 < i < j < n. 


Clearly, if i < j. then 


[9i,0j] + [xi,Xj] = 


^2x k , 


u. 


IJ 


lk=\ 


T ^ " iVikj , 


where the elements Wij k , i < j, have been defined in Lemma 2.2, equation (2.3). 
Therefore the elements 0i and Qj commute in the algebra A n . 
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In the case when Xj = 0 for alii = 1,..., n, the relations 


Wijk ■= [' Uij,u ik + u jk ] + [u ik , Ujk ] =0 if i, j, k are all distinct, 

are well-known as the non-unitary classical Yang-Baxter relations. Note that for a given triple 
of pair-wise distinct (i, j, k) one has in fact 6 relations. These six relations imply that [0i, 6j\ = 0. 
However, in general, 


[°u &j\ 


^ ^ Uji 


/o. 


Dynamical classical Yang—Baxter algebra DCYB„. In order to ensure the commuta¬ 
tivity relations among the Dunkl elements (2.1), i.e., [0i,0j\ = 0 for all i, j, let us remark that 
if i 7 ^ j, then 


[OOj] 


[Xi + Uij , Xj + Uji ] + [Xi + Xj , Uij ] + 


n 

Uij , ^ ^ %k 
k= 1 


n 

T ^ ( [ujj + rijfc, Ujk] T [rijfc, Uji] T [xj, Ujk] T [uik , Xj] [x^,, u. L j ]. 

k=l 


Definition 2.20. Define dynamical non-unitary classical Yang-Baxter algebra DNUCYB n to 
be the quotient of the free associative algebra Q({xj, 1 < i < n}, {uy}i<i^j< n ) by the two-sided 
ideal generated by the following set of relations 

• zero curvature conditions: 


[x* + Uij,Xj + Uji] = 0, 1 <i^ j <n, 


(2.14) 


conservation laws conditions: 


u 


•ij, 


H Xk 


= 0 for all i ^ j , k. 


k= i 

crossing relations: 

[xi + Xj,Uij] = 0 , i^j. 


• twisted dynamical classical Yang-Baxter relations: 

\uij T Ujfc, Ujk] T [ujfc, Uji] + [xj, Ujk] T [ujfc, Xj] T [x/j, Uij] — 0, 
i , j , k are distinct. 

It is easy to see that the twisted classical Yang-Baxter relations 

[u^ + u ik , Ujk] + [ u^, Uji] = 0, i, j, k are distinct, (2.15) 

for a fixed triple of distinct indices i, j, k contain in fact 3 different relations whereas the 
non-unitary classical Yang-Baxter relations 

[u^ + u ik , Ujk] + [uij,Uik\, i,j, k are distinct, 

contain 6 different relations for a fixed triple of distinct indices i, j, k. 
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Definition 2.21. 

• Define dynamical classical Yang-Baxter algebra DCYB n to be the quotient of the algebra 
DNUCYB n by the two-sided ideal generated by the elements 

[' u ik > u ij + Uji] for all i ^ j. 

k^=i,j 


• Define classical Yang-Baxter algebra CYB n to be the quotient of the dynamical classical 
Yang-Baxter algebra DCYB n by the set of relations 

Xi = 0 for i = 1,..., n. 


Example 2.22. Define 


% 


Pij(zi, ...,z n )= < 


Zi - Zi 


if 1 < i < j < n, 
if n > i > j > 1. 


Clearly, pij+pji = 1 . Now define operators u^j = PijSij, and the truncated Dunkl operators to be 
Oi = mj, i = 1,... ,n. All these operators act on the field of rational functions Q(^i,..., z n )\ 

the operator Sij = Sji acts as the exchange operator, namely, Sij(zi) = Zj, Sij(zk) = z\., V k ^ i,j , 

(/Zj ) — Z{. 

Note that this time one has 


P12P23 = P13P12 + P23P13 ~ P 13 - 

It is easy to see that the operators [uij, 1 < i / j < n} satisfy relations (3.1), and therefore, 
satisfy the twisted classical Yang-Baxter relations (2.13). As a corollary we obtain that the 
truncated Dunkl operators {Oi, i = 1,... ,n} are pair-wise commute. Now consider the Dunkl 
operator Di = d Zi + hOi, i = 1,... ,n, where h is a parameter. Clearly that [d Zi + d Zj ,Uij\ = 0, 
and therefore [Di, Dj\ = 0, V i,j. It easy to see that 

Si,i+iDi -Dj-j-iSj ^+1 — h, [Di, Sj,j+i ] — 0 ii j ^ 1. 

In such a manner we come to the well-known representation of the degenerate affine Hecke 
algebra Sj n . 


2.3.2 Dunkl and Knizhnik—Zamolodchikov elements 

Assume that V i, Xi = 0, and generators {u t j, 1 < i < j < n} satisfy the locality conditions (2.2) 
and the classical Yang-Baxter relations 


[' Uij,u ik + Ujk\ + [Uik , Ujk] = 0 if 1 < i < j < k < n. 
Let y,z,t\,... ,t n be parameters, consider the rational function 


Ycyb(^; t ) 


Fcyb(z-, t±,... ,t n ) 


E 



tj) u ij 

U)(z - tj)' 


Then 


[Tcyb (z;t), F C yb ( y;t )] =0 and 


Res z=ti F CY B(z-t ) = 0i. 
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Now assume that a set of generators { Cjj . 1 < i ^ j < n} satisfy the locality and symmetry 
(i.e., Cij = Cji) conditions, and the Kohno-Drinfeld relations: 

[cij,c k i\ = 0 if {i,j}D{k,l} = 0 , 

\Cij i Cjh T Cjfe] — 0 — [Cij T Oik, Cjfc], i < j <C k. 


Let y,z,ti,... ,t n be parameters, consider the rational function 


Fkd (z;t) 


Fkb ,..., tn) 


E 

l<£^y<n 


(* 



tj) 


E 


(* 




Then 


[Fkd( 2 :; t), F KD (y; t)] = o and Res 2=t; F K d(-z; *) = KZ, : , 


where 


KZ, = Er 


i=i 


ti tj 


denotes the truncated Knizhnik-Zamolodchikov element. 


2.3.3 Dunkl and Gaudin operators 

(a) Rational Dunkl operators. Consider the quotient of the algebra DCYB n , see Defini¬ 
tion 2.3, by the two-sided ideal generated by elements 


{[xi + Xj,Uij]} and {[x k ,Uij\, k ^ i, j}. 


Clearly the Dunkl elements (2.1) mutually commute. Now let us consider the so-called Calogero- 
Moser representation of the algebra DCYB n on the ring of polynomials R n := M[^i,..., z n \ given 
by 


Xi(p{z)) = A 


dp(z) 

dzi 


Uij(p(z)) = - (1 - Sij)p(z), 

Zi - Zj 


p{z) e R, 


The symmetric group § n acts on the ring R n by means of transpositions Sij 6 § n : Sij(zi) = Zj, 
Sij(zj) = Zi, Sij(z k ) = z k if A; 7 ^ i, j. 

In the Calogero-Moser representation the Dunkl elements 9i becomes the rational Dunkl 
operators [35], see Definition 1.1. Moreover, one has [xk,Uij\ = 0 if k ^ i,j , and 


XiUij — UijXj + 


IJU.J 


Zi ~ Zi 


- ( X} Xj Uij ), 


Zi - Zi 


-(Xi - Xj - Uij ) 


(b) Gaudin operators. The Dunkl-Gaudin representation of the algebra DCYB n is defined 
on the field of rational functions K n := M(gi,..., q n ) and given by 


x i(f (q)) ■= X ^T~’ U H = 3 . /(<?) £ K n , 

OQi Qi Qj 

but this time we assume that w(qt) = qi,Vi G [l,n] and for all w e S n . In the Dunkl-Gaudin 
representation the Dunkl elements becomes the rational Gaudin operators, see, e.g., [108]. More¬ 
over, one has [xk,Uij\ = 0 , if k ^ i,j, and 
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Comments 2.23. It is easy to check that if / £ R[^i,..., z n ], and x t := then the following 
commutation relations are true 

Xif = fxi + Uijf = Sij(f)uij + d ZijZj (f). 

a Zi 

Using these relations it easy to check that in the both cases (a) and (b) the elementary symmetric 
polynomials ek(xi ,..., x n ) commute with the all generators {uij}i<ij< n , and therefore commute 
with the all Dunkl elements {9i}i<i< n - Let us stress that [9i,Xk] / 0 for all 1 <i,k<n. 

Project 2.24. Describe a commutative algebra generated by the Dunkl elements and 

the elementary symmetric polynomials {ek(xi,... , x n )}\<k<n- 

2.3.4 Representation of the algebra 3 T n on the free algebra Z(ti,.. . ,t n ) 

Let F n = Z(ti,..., t n ) be free associative algebra over the ring of integers Z, equipped with the 
action of the symmetric group § n : Sij(U ) = tj, Sij(tk ) = tk, V k yf i, j. 

Define the action of Uij E 3 T n on the set of generators of the algebra F n as follows 

Ui j (t[ : ) — A. kt'i,tj Sj,ktjti. 

The action of generator Ujj on the whole algebra F n is defined by linearity and the twisted 
Leibniz rule: 

Uij( 1) = 0, (a + b) = (a) + Uij(b), Uij(ab) = Uij(a)b + Sij(a)uij(b). 

It is easy to see from (2.14) that 

SijUjk — UikSij , SijUkl — UfclSij if {i, H {k,l{ — 0, Uij T Uji — 0. 

Now let us consider operator 

Uijk •— UijUjk Ujk'Uik ^ik^iji 1 L i ^ j ^ k T 

Lemma 2.25. 


Uijk(ah) Uijk^a'jb SijSjk(a')Uijk(b') : a, b E Fa • 


Lemma 2.26. 


u ijk{ a ) — 0 V a E Fn . 

Indeed, 

u ijk{ti) 'Ujk (^0) li'^jk (U') 'U'ik(j'i)l'j L(UTj) (Idk)lj 0; 

^ ijkidk ) '^ij(ujk(tk)) ’UjkiFikij'k)) 'U’ijidktj) T ~\~ Ujk(tfc)ti 0, 

u ijk(lj ) — (ikjk (tj ) ) U-jk (Urjj (tj) j — Ujj (tj )tk tjjUjk (ti ) — (tjti)tk — 0. 

Therefore Lemma 2.26 follows from Lemma 2.25. 

Let F* t be the quotient of the free algebra F n by the two-sided ideal generated by elements 
tftj — tjtf, 1 < i jz j < n. Since tt? - (t*) = Utj — t?ti, one can define a representation of the 

algebra 3 on that F*. One can also define a representation of the algebra 3 T,i°^ on that Fn\ 
where Fn'* denotes the quotient of the algebra F n by the two-sided ideal generated by elements 
{tj, 1 < i < n}. Note that (ui^Uj^Uij)^) = [Utjti,tk] / 0 i n the algebra Fn \ but the 
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elements Uiju^kUj^Uij, 1 <i<j<k<n, which belong to the kernel of the Calogero-Moser 
representation [72], act trivially both on the algebras Fn^ and that F*. 

Note finally that the algebra Fn^ is Koszul and has Hilbert series Hilb 
whereas the algebra F * is not Koszul for n > 3, and 

Hilb(^,f) “ ^ _ f 2^n-r 

In Appendix A.5 we apply the representation introduced in this section to the study of 
relations in the subalgebra Zn' 1 of the algebra generated by the elements ui :U ,..., u n -\ )n . 
To distinguish the generators {uij} of the algebra 3from the introduced in this section 
operators acting on it, in Appendix A.5 we will use for the latter notation \7 tJ := u^. 


2.3.5 Kernel of Bruhat representation 

Bruhat representations, classical and quantum, of algebras ?>Tn^ and 3 QT n can be seen as a con¬ 
necting link between commutative subalgebras generating by either additive or multiplicative 
Dunkl elements in these algebras, and classical and quantum Schubert and Grothendieck calculi. 

(Ia) Bruhat representation of algebra 3 Tn \ cf. [45]. Define action of Uij G 3on 
the group ring of the symmetric group Z[S n ] as follows: let w G S n , then 

{ wsij if liwsij ) = l(w) + 1 , 

0 otherwise. 


Let us remind that Sij G 8 n denotes the transposition that interchanges i and j and fixes each 
k 7 ^ i,j; for each permutation u G S n , l(u) denotes its length. 

(Ib) Quantum Bruhat representation of algebra 3 QT n , cf. [45]. Let us remind that 
algebra 3 QT n is the quotient of the 3-term relations algebra 3 T n by the two-sided ideal generated 
by the elements 

{ufj, | j - i\ > 2} (J{u? i+1 = ®, * = 1,.. • , n - 1}. 

Define the Z[q] — linear action of Uij G 3 QT n , i < j, on the extended group ring of the symmetric 
group Z[g][S n ] as follows: let w G S n , and qij = qigi+i ■ • • qj-i, i < j, then 


UijW = 


WSi 


nj 

Qij W §ij 

0 


if l(wsij) = l(w) + 1 , 
if l{wsij) =l{w) - l(sij), 
otherwise. 


Let us remind, see, e.g., [92], that in general one has 

f l{w) - 2 aj - 1 if w(i) > w(j), 

Hwsa) = < 

\l(w) + 2 eij + 1 if w(i) < w(j). 

Here eij(w) denotes the number of k such that i < k < j and w(k) lies between w(i) and w(j). 
In particular, l(wsij) = l(w) + 1 iff eij{w ) = 0 and w(i) < w(j)-, l(wsij ) = l(w) — l(sij ) = 
l(w) — 2 (j — i) + 1 iff w(i) > w(j) and = j — i — 1 is the maximal possible. 

(II) Kernel of the Bruhat representation. It is not difficult to see that the following 
elements of degree three and four belong to the kernel of the Bruhat representation: 


(I1A) 


and 


if 1 < i < j < k < n; 









On Some Quadratic Algebras 


35 


(Hb) -l and ^b',z> 

(He) Un'UikUjlU'il , UilUijUklUih ^ik ^il^j k '^ik ? 

UijUikUilUij , UikUilUijUik if 1 <i < j <k <1 <n. 

This observation motivates the following definition. 

Definition 2.27. The reduced 3-term relation algebra 3Tff d is defined to be the quotient of the 
algebra 3by the two-sided ideal generated by the elements displayed in Ila-IIc above. 

Example 2.28. 

Hilb(3Tf d ,f) = (1,3, 4,1), dim(3Tf d ) =9, 

Hilb(3T 4 red , t) = (1, 6,19, 32,19, 6,1), dim (3T 4 red ) = 84, 

Hilb(3T 5 red , t) = (1,10, 55,190, 383,370, 227,102,34, 8,1), dim (3T 5 red ) = 1374. 

We expect that dim(3T ? !) ed bn\_ 1 = 2 (n — 1) if n > 3. 

Theorem 2.29. 

1. The algebra 3 Tff d is finite-dimensional, and its Hilbert polynomial has degree (!)). 

2. The maximal degree (J) component of the algebra 3 Tff d has dimension one and generated 
by any element which is equal to the product (in any order ) of all generators of the algebra 
3 Tf ed . 

3. The subalgebra in 3 Tff d generated by the elements {ui^ + 1 , i = 1,... ,n — 1} is canonically 
isomorphic to the nil-Coxeter algebra NC n . In particular, its Hilbert polynomial is equal 

n . j. n— 1 1 

to [n]j! := n —j—p, and the element n n Ua,a+i of degree (!)) generates the maximal 

3 =1 3 =1 a.=j 

degree component of the algebra 3 Tff d . 

4. The subalgebra over Z generated by the Dunkl elements {6 \,..., 9 n } in the algebra 3 Tff d is 
canonically isomorphic to the cohomology ring H*(fFI. n , Z) of the type A flag variety Tl n . 

A definition of the nil-Coxeter algebra NC n one can find in Section 4.1.1. It is known, see [8] 
or Section 4.1.1, that the subalgebra generated by the elements 1 > * = 1, • • •, n — 1} in the 
whole algebra 3is canonically isomorphic to the nil-Coxeter algebra NC n as well. 

We expect that the kernel of the Bruhat representation of the algebra 3T r l°* is generated by 
all monomials of the form Ui lt j 1 ■ ■ ■ Ui k j k such that the sequence of transpositions t lun ,..., U k j k 
does not correspond to a path in the Bruhat graph of the symmetric group S n . For example if 
1 <i<j<k<l<n, the elements Ui^Ui/Ujj and UjjUijUi t k do belong to the kernel of the 
Bruhat representation. 

Problem 2.30. 

1. The image of the Bruhat representation of the algebra STn' 1 defines a subalgebra 

Im (3 Tf) C End Q (Q[S n ]). 

Does this image isomorphic to the algebra 3 Tff d ? Compute Hilbert polynomials of algebras 
Im(3T,l 0) ) and 3Tff d . 

2. Describe the image(s) of the affine nil-Coxeter algebra NC n , see Section 4.1.1, in the 
algebras 3 Tff d and EndQ(Q[S n ]). 
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2.3.6 The Pulton universal ring [47], multiparameter quantum cohomology 
of flag varieties [45] and the full Kostant—Toda lattice [29, 80] 

Let X n = (aq,..., x n ) be be a set of variables, and 
g ■= g( n ) = {g a [b\ I a > 1 , b > 1 , a + b < n} 


be a set of parameters; we put deg(xj) = 1 and deg(g a [ 6 ]) = b + 1 , and set g'fcfO] := x k , 
k = 1,..., n. For a subset S C [1, n] we denote by X$ the set of variables {xi \ i 6 S}. 

Let t be an auxiliary variable, denote by M = (mij)x<i,j<n the matrix of size n by n with 
the following elements: 

Xi + t if * = j, 

9i[j - i] if j > h 

rrii j = 

M -1 ifi-J = l, 

0 if i — j > 1 . 


Let P n (X n . t) = det|M|. 

Definition 2.31. The Fulton universal ring 7Z n -\ is defined to be the quotient 21 ’ 
Un-i = Z[g< n >] [xi,.. .,x n ]/(P n (X n ,t) - t n ). 

n 

Lemma 2.32. Let P n (X n ,t) = c k( n )t n ~ k , co(n) = 1. Then 

k =o 


Cfc(n) := c fc (n; X n , g {n) ) 


E 

m: =5D0’a + 1 )< n 


j J ba] e fc —m 


a=l 


[Ln]\ 


(J [ia,ia+ja 
1 = 1 


)• 


(2.16) 


where in the summation we assume additionally that the sets [i a , i a +ja] '■= {ia, ia + 1 , •.., i a +ja}, 
a = 1,,s, are pair-wise disjoint. 

It is clear that lZ n -i = Z[gr^ n i][xi,... , x n ]/(c n (l),. .., Cn{n)). One can easily see that the 
coefficients Ck(n) and g m [k] satisfy the following recurrence relations [47]: 


fc-l 

c k (n) = c k (n - 1 ) + ^ g n - a [a]c k -a-i(n -a - 1 ), c 0 (n) = 1, 

a=0 


k -1 

9m[k] = c k+ i(m + k) - c fc+ i(m + k - 1) - ^ g m+ k-a{a\c k -a{m + k 

a =0 


9m [0] •— • 


On the other hand, let {<Uj \ ]<i<j< n be a set of (quantum) parameters, and e^\x n ) be the 
multiparameter quantum elementary polynomial introduced in [45]. We are interested in to 
describe a set of relations between the parameters {gi[j]}i> i,j>i and the quantum parameters 

i+j<n 

{q t j}\<i<j< n which implies that 

Cfc(n) = 4 9) (X re ) for A: = 1,..., n. 

26 If P(t,X n ) = J] fk(X n .)t k , fk{X n ) £ Q[Xn] is a polynomial, we denote by (P(t,X„)) the ideal in the 

fc>i 

polynomial ring Q[X n ] generated by the coefficients {/i, fa, ■ ■ •}• 
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To start with, let us recall the recurrence relations among the quantum elementary polynomials, 
cf. [117]. To do so, consider the generating function 

n 

£n(*»;{5y}l<«i<») = ^ e[ q) (X n )t n ~ k . 

k =0 

Lemma 2.33 ([41, 117]). One has 

{Xn\\_Qij }l<i<jf<n) = (t ^n)^n—1 (^n—1 > l) 

n—1 

+ L QjnEn- 2 (X[ l n -i]\jj\; {q a ,b} i<°-<b<n-i ). 

—: a^3,b^j 

3 =1 

Proposition 2.34. Parameters {5 a [&]} can be expressed polynomially in terms of quantum pa¬ 
rameters {qtj} and variables x \,..., x n , in a such way that 

Cfe(n) = e^\x n ), V k, n. 

Moreover, 

a a+6—1 

• 9a[b] = Qk,a+b FI ( x j ~ x k) + lower degree polynomials in x 

k =1 j=a +1 

• the quantum parameters {% } can be presented as rational functions in terms of variables 
x\,... ,x n and polynomially in terms of parameters {<7 a [fr]} such that the equality Ck(n ) = 
e^ q \x n ) holds for all k, n. 

In other words, the transformation 
{qij}l<i<j<n 4 ^ {llaF]} a + b < n 

~ ' ~ a>l, 6>1 

defines a “birational transformation” between the algebra Z [g^] [X n ]/(P n (X n , t ) — t n ) and mul¬ 
tiparameter quantum deformation of the algebra H*{fFl m Z). 

Example 2.35. Clearly, 

n—1 n— 2 

g n _i[l\ = ^2 q jt n, n> 2 and g n _ 2 [2] = ^ qj n {x n - 1 - Xj), n > 3. 
j =i i=i 

Moreover 

51 [3] = 514 ((*2 - ^l)(.T3 - ®i) + 523 - 512) + 524(513 - 512 ), 

52 [ 3 ] = 515 ((^3 - xi){x A - aq) + 524 + 534 - 512 - 513 ) 

+ 525 (( x 3 - X 2 )(x 4 - X 2 ) + 514 + 534 ~ 5l2 ~ 523) + 535(514 + 524 ~ 5l3 ~ 523)- 

Comments 2.36. The full Kostant-Toda lattice (FKTL for short) has been introduced in the 

end of 70's of the last century by B. Kostant and since that time has been extensively studied 
both in Mathematical and Physical literature. We refer the reader to the original paper by 
B. Kostant [29, 80] for the definition of the FKTL and its basic properties. In the present 
paper we just want to point out on a connection of the Fulton universal ring and hence the 
multiparameter deformation of the cohomology ring of complete flag varieties, and polynomial 
integral of motion of the FKTL. Namely, 

Polynomials c&(n; X n , g^) defined by (2.16) coincide with 
the polynomial integrals of motion of the FKTL. 

It seems an interesting task to clarify a meaning of the FKTL rational integrals of motion 
in the context of the universal Schubert calculus [47] and the algebra 3HT n (0), as well as any 
meaning of universal Schubert or Grothendieck polynomials in the context of the Toda or full 
Kostant-Toda lattices. 
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3 Algebra 3 HT n 

Consider the twisted classical Yang-Baxter relation 
I'^ij Y Uiki Y '^ji\ — 0; 

where i, j, k are distinct. Having in mind applications of the Dunkl elements to combinatorics 
and algebraic geometry, we split the above relation into two relations 

'U'ijV'jk — U jk'Uik Uik.U ji and UjkUij — /./ / k Uj /,-■ UjiUik (3.1) 

and impose the following unitarity constraints 

Uij Y Uji = /3, 

where /? is a central element. Summarizing, we come to the following definition. 

Definition 3.1. Define algebra 3 T n f/3) to be the quotient of the free associative algebra 
Z[f3\(u,ij, 1 <i < j <n) 
by the set of relations 

• locality : UijUu = UkiUij if {i,j} n {k, 1} = 0, 

• 3-term relations, iijjVjk — 'u-ik'u-ij Y Ujj~Uik /Yq/,,, and v.j /,■ u,j — iijju,k Y ajj.'Uj^ 
if 1 < i < j < k < n. 

It is clear that the elements {u t j, Ujk, Uik, l<i<j<k<n} satisfy the classical Yang- 
Baxter relations, and therefore, the elements { 9{ := ^ Uij, 1 = l,...,n} form a mutually 

j¥=i 

commuting set of elements in the algebra 3T n (/3). 

Definition 3.2. We will call 9 1 ,..., 9 n by the (universal) additive Dunkl elements. 

For each pair of indices i < j , we define element q^ := uf 3 — fhiij £ 3 T n (f3). 

Lemma 3.3. 

1. The elements {qij, 1 < i < j < n} satisfy the Kohno-Drinfeld relations (known also as the 
horizontal four term relations ) 

qijQki = qkiqij if {i,j} n {k, 1} = 0, 

[qij, qik Y qjk] = 0, [qtj Y qik, qjk] =0 if i < j < k. 

2. For a triple (i < j < k) define Uijk := Y Ujk■ Then 

u ljk = fi u ijk Y qij Y qik Y qjk- 

3. Deviation from the Yang-Baxter and Coxeter relations: 

UijUjkUjk UjkUikUij [Uik,qij\ Idjk- ^ik], 

'U'ij'U'jk'U'ij ^jk^ij^jk Qij^ik ^ ikQjk • 
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Comments 3.4. It is easy to see that the horizontal 4-term relations listed in Lemma 3.3(1), 
are consequences of the locality conditions among the generators {qij}, together with the com¬ 
mutativity conditions among the Jucys-Murphy elements 

n 

di ■= ^2 qij, i = 2,...,n, 
j=i+ 1 

namely, [di, dj] = 0. In [72] we describe some properties of a commutative subalgebra generated 
by the Jucys-Murphy elements in the (nil 2 ') Kohno-Drinfeld algebra. It is well-known that the 
Jucys-Murphy elements generate a maximal commutative subalgebra in the group ring of the 
symmetric group § n . It is an open problem 

describe defining relations among the Jucys-Murphy ele¬ 
ments in the group ring Z[S n ]. 

Finally we introduce the “Hecke quotient” of the algebra 3T n (0), denoted by 3HT n (/3). 

Definition 3.5. Define algebra 3 HT n ((3) to be the quotient of the algebra 3T n (0) by the set of 
relations 

qijqu = qkiqij for all %, j, k, l. 

In other words we assume that the all elements {qij, 1 < * < j < n} are central in the algebra 
3T n (0). From Lemma 3.3 follows immediately that in the algebra 3 HT n (/3) the elements {uij} 
satisfy the multiplicative (or quantum) Yang-Baxter relations 

u, j u ,k a -j k — Ujk'U j ikVij if i <L j <L k. (3.2) 

To underline the dependence of the algebra 3 HT n (j3) on the central elements q := {qij}, we will 
use for the former the notation 3 Th q \/3) as well. 

Exercises 3.6 (some relations in the algebra 3T+ (0)). 

1. Noncommutative analogue of recurrence relation among the Catalan numbers [70, 72], cf. 
Section 5.1. Let k, n be positive integers, k < n and 1 <ik< n, be a collection 

of pairwise distinct integers. Prove the following identity in the algebra 3Tn Q \(3) 28 

k k -\-1 / n /r —2 

11 U ia,ia+ 1 + e n n j^a+l 

a= 1 r =2 \a=r \a=l 

k 

= P n U ia,ia+1 ~ — Rl\{ik+ 1 } Ui k,ik+ 1)> 

a =1 

where Rj denotes the r.h.s. of the above identity. For example, 

12 23 + 2331 + 31 12 = 0(12- 13 + 23), 

12 23 34 + 23 3441 + 3441 12 + 41 1223 

= 0(12 23 - 14(12 - 13 + 23) + (12 - 13 + 23)34), 

2 'That is the quotient of the Kohno-Drinfeld algebra generated by the elements {qij} by the two-sided ideal 
generated by the elements {Qij}i<i,j<n- 

28 Hint denote the r.h.s. of of the identity stated in item (1) by Rj. One possible proof is based on induction 
and examination of the element Riu{i k+2 } := Ui a. 1 ,i a+2 ^ 1 ~ ^ /Mi a+i.*a i+2 • 
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where we use short notation ij := Uij. See Introduction, summation formula , A, for an 
interpretation of the above formula in the case (3 = 0, qij = 0, V i. j. Note that the above 
formula does not depend on deformation (or quantum) parameters {qij}, in particular it 
also true for the algebras 3T(r) associated with a simple graph T, and gives rise to quantum 
as well as AT-theoretic deformations of the Orlik-Terao algebra of a simple graph, cf. [89]. 

2. Cyclic relations, cf. [45]. Let A, * 2 , ■ ■ ■, ik, 1 < ia < n be a collection of pairwise distinct 
integers. Show that 

k -1 / 
r=l \a- 

For example, 12 13 14 21 + 13 14 12 31 + 14 12 13 41 = -q V2 23 24 - q 13 34 32 - q u 42 43. 
Note that the r.h.s. does not depend on parameter /3. 

3.1 Modified three term relations algebra 3MT n (/3, if) 

Let /3, {q^ = qji, ifij = ifji, 1 < i.j < n}, be a set of mutually commuting elements. 

Definition 3.7. Modified 3-term relation algebra 3 MT n ((3,q,if) is an associative algebra over 
the ring of polynomials Z[/l, qij, ifij] with the set of generators {u^, 1 < i,j < n} subject to the 
set of relations 

• + Uji = /3, UijUki = Uki'Uij if {i, j} n {k, 1} = 0, 

• three term relations: 

UijUjk + UkiUij + Uj k Uki = (3(uij + u ik + Uj k ) if i, j, k are distinct, 



n 

=r+l 



V+l^i 


• uf 3 = !3u uj + qij + ifij if i^j, 

• Uijifkl = UkiUij if {i,j} n {k,l} = 0, 

• exchange relations: Uijifjk = i’ikUij if i, j, k are distinct, 

• elements [3, {qij, 1 < i,j < n} are central. 

It is easy to see that in the algebra 3MT n (/3,q,tp) the generators {u^} satisfy the modified 
Coxeter and modified quantum Yang~Baxter relations, namely 

• modified Coxeter relations: UijUjkUij — UjkUijUjk = (qij — qjk)^ik, 

• modified quantum Yang-Baxter relations: 

UijUikUjk UjkUikUij — (ifjk lfij)ajk 

if i, j, k are distinct. 

Clearly the additive Dunkl elements {0* := * = 1, generate a commutative 

j¥=i 

subalgebra in 3MT n (/3,if). 

It is still possible to describe relations among the additive Dunkl elements [72], cf. [74]. 
However we don’t know any geometric interpretation of the commutative algebra obtained. It is 
not unlikely that this commutative subalgebra is a common generalization of the small quantum 
cohomology and elliptic cohomology (remains to be defined!) of complete flag varieties. 

The algebra 3 MT n (f3 = 0, q = 0, if) has an elliptic representation [72, 74], Namely, 

Uij := a Xi - Xj (Zi Zj)Siji Qij = p(^i ^j)i V *ij = p(~i ^j)t 
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where {Aj, i = 1,..., n} is a set of parameters (e.g., complex numbers), and {z\, ..., z n } is a set 
of variables; s tJ , i < j, denotes the transposition that swaps i on j and fixes all other variables; 


<?x(z) 


9(z - A)0'(O) 

0(z)9( A) 


denotes the Kronecker sigma function; p(z) denotes the Weierstrass P-function. 

“Multiplicative” version of the elliptic representation. Let q be parameter. In this 
place we will use the same symbol 9(x) to denote the “multiplicative” version of the Riemann 
theta function 


9{x) := 9(x;q) = (x;q) 00 (q/x;q) 00 , 

where by definition (x;q)= (x)^ = n (1 — x Q k )- Let us state some well-known properties 

k> o 

of the Riemann theta function: 

• 8(qx; q ) = 9(1/x; q) = ~x~ 1 9(x; q), 

• functional equation: 

x/y9(ux ±l )9(yv ±l ) + 9(uv ±l )9(xy ±l ) = 9(uy ±l )9(xv ±l ), 

where by definition 9(xy ±1 ) := 9(xy)9(xy~ 1 ). 

• Jacobi triple product identity: 

(q;q)oc9(x;q) = ^(-x) n q&). 

nEjj 


One can easily check that after the change of variables 




y : = 


w\ V 2 

A/ 


u : = 


w 

\y? 


1/2 


:= (w\) l /\ 


the functional equation for the Riemann theta function 9(x) takes the following form 
cr\(z) a/j,(w) = (J\^(z)a^w/z) + ax fl (w)ax(z/w), 


where 


' 9(z)9( A" 1 ) 

denotes the (multiplicative) Kronecker sigma function. Therefore, the operators 
Uij(f) ■= VXi/Xjizi/z^Sijif), 

where Sjj denotes the exchange operator which swaps the variables and Zj, namely Sij(zi) = Zj , 
Sij(zj ) = Zi , Sij(z k ) = z k , V k 7 ^ i, j, and Sij acts trivially on dynamical parameters A*, namely, 
Sij( Afc) = Afe, V A:, give rise to a representation of the algebra 3 MT n ((5 = 0, q = 

The 3-term relations among the elements { mj} are consequence (in fact equivalent) to the 
famous Jacobi-Riemann 3-term relation of degree 4 among the theta function 6(z), see, e.g., [141, 
p. 451, Example 5]. In several cases, see Introduction, relations (A) and (B), identities among 
the Riemann theta functions can be rewritten in terms of the elliptic Kronecker sigma functions 
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and turn out to be a consequence of certain relations in the algebra 3 MT n ((3 = 0, q = 0, if’) for 
some integer n, and vice versa 29 . 

The algebra 3 HT n (f3) is the quotient of algebra 3MT n (/3, q,ip) by the two-sided ideal gene¬ 
rated by the elements {ipij}- Therefore the elements {utj} of the algebra 3 HT n (/3) satisfy the 
quantum Yang-Baxter relations UijUikUjk = UjkUikUij, i < j < k, and as a consequence, the 
multiplicative Dunkl elements 

1 n 

@2 — 11 (1 + hu a ,i) 11 (1 hUi^a): i — 1 , . . . , 77 -, ^0,2 = ^2,n+l = 0 

a=i—l a=2+l 

generate a commutative subalgebra in the algebra 3 HT n (/3), see Section 3.1. We emphasize that 
the Dunkl elements Qj, j = 1,..., n, do not pairwise commute in the algebra 3MT n ((3, q, ip), if 
ipij 0 for some i j. One way to construct a multiplicative analog of additive Dunkl elements 
9i := u ij is t° add a new set of mutually commuting generators denoted by {pij, Pij+ Pji = 0, 

1 < i j < n} subject to the crossing relations 

• pij commutes with pi, qki and ipk,i for all i, j, k, l, 

• PijUki = UkiPij if {i,j} O {k, 1} = 0, PijUjk = UjkPik if i, j , k are distinct, 

• pf rj - fipij + ipij = p 2 jk - /3p jk + ipjk for all triples 1 <i < j < k <n. 

Under these assumptions one can check that elements 
Rij ■= Pij + u^, 1 <i < j <n 

satisfy the quantum Yang-Baxter relations 

RijRikRjk RjkRikRij ? ^ Y j < k . 

In the case of elliptic representation defined above, one can take 
Pij ■— T/. ^ ~i U) i 

where p £ C* is a parameter. This solution to the quantum Yang-Baxter equation has been 
discovered in [130]. It can be seen as an operator form of the famous (finite-dimensional) solution 
to QYBE due to A. Belavin and V. Drinfeld [9]. One can go to one step more and add to the 
algebra in question a new set of generators corresponding to the shift operators T ^ q : —> qzi, 

cf. [40]. In this case one can define multiplicative Dunkl elements which are closely related with 
the elliptic Ruijsenaars-Schneider-Macdonald operators. 

3.1.1 Equivariant modified three term relations algebra 

Let h = (/i 2 ,..., h n ) be a set of parameters. We define equivariant modified 3-term relations al¬ 
gebra 3EMT n (/3, h, q, ip) to be the extension of the algebra 3 TM n (f3, q, ip) by the set of mutually 
commuting generators {y\, ... ,y n } subject to the crossing relations 

• DiUjk — UjkUi if i -fi j, k, yiUij — Uijtj-j + hj, yjUij — Uijtji hj, i < j, 

• [Vk, Qij) = 0 = [y k , ipij] for all i, j, k. 

29 It is commonly believed that any identity between the Riemann theta functions is a consequence of the Jacobi- 
Riemann three term relations among the former. However we do not expect that the all hypergeometric type 
identities among the Riemann theta functions can be obtained from certain relations in the algebra 3MT„(/3 = 0, 
q = 0, ip) after applying the elliptic representation of the latter. 
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It is clear that the additive Dunkl elements 9i = Vi + Yl u iji * = 1, - - •, are pair-wise 
commute. For simplicity’s sake, we shall restrict our consideration to the case /3 = 0. 

Theorem 3.8 (generalized Pieri’s rule, cf. [72, 74, 117]). Let 1 < m < n, then 






AC.[l,m], |A|=2r 
BC[l,m]\A,|S|=2s 


E Y * E (-i)'«s(M E 


n 


u 


ta ija. 5 


Ac[l,ml SC[l,m]\A 

L |B|=2s 


IC[l,n]\A, Ir\B=0 (ioi,3<x)€ly-I 

| A| + |.B| + | I\=k l<i a <m<j a <n,\/a 

are distinct 


where for any subset C C [1 ,n] we put Yq := fl Vc, and ee(&c) = e m ({0 c } ce c) stands for the 

ceC 

degree i elementary symmetric polynomial of the elements {9 c }c&C> ^k({9 c }cec) = <5o,fc if k < 0; 
if B C [l,n], |.B| = 2s ; we set 


M B ({lpij) = 


n 


rfia ,3a 5 


LCB, \L\=s 

(J 1 ,...,J«)CB\L > ict<jct,jct€B\L, i a <nV a 


in a similar manner one can define Ms{{qij }); finally we set 

H r (A) = h a2r ( ^2 II max (°i _ °) d a A . 

\(ai,...,a r ._i)cA\{a2 r } j=l / 

It is not difficult to show that 
H M )\ k „= (2r - 1)!!. 

as well as the number of different monomials which appear in H r {{ 1, 2r]) is equal to the Catalan 
number Cat r . For example, 

Hs ([ l , 6]) = he ( h24 + 2/125 + 2/134 + 4/135 + 6/145), 

7/4([11 8]) = /is (/l246 + 2/1247 + 2/l256 + 4:/l257 + 6/l267 + 2/l346 + 4/1347 + 4/l356 
+ 8/1357 + 12/l367 + 6/1456 + I2/1457 + 18/l467 + 24/l567) • 


Exercise 3.9. Write 


flr([l,2r]) = h, 


a 2r 


y 


SjhA 


A:=(ai,... ,a r _i) C[l,2i—1] 

a j>2j 


r— 1 


/ \ < J- 

where := max(aj — 2j + 1,0) and Ha '■= FI h a - Show that 

j =1 a£A 

E ( 4') 2 = Er. 

A:=(a 1 ,...,a r _ 1 )C[l,2r—1] 
aj>2j 

where E r denotes the r-th Euler number, see, e.g., [131, 71000364]. 

Find representation theoretic interpretation of numbers {c j } and the identity (3.3). 


(3.3) 
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Clearly, 

E cj ) = (2r-l)!!. 

A: = (a 1 ,...,a r _ 1 )C[l,2r-l] 

CLj>2j 

Question 3.10. Does there exist a semisimple algebra 21 (r), dim(2l(r)) = E r such that the all 
irreducible representations iof the algebra 21 (r) are in one-to-one correspondence with the set 
V(r) := {A = (ai,..., a r _i) C [1, 2r — 1], aj > 2 j, V j} and dim(7r^) = , ViG 'P(r) ? 

It is worth noting that the Dunkl element 0j, 1 < i < n, doesn’t commute either with r/j, 
j ^ i or any ifki- On the other hand one can check easily that [efc(yi,..., y n ), 9i] = 0, V k, i. 


3.2 Multiplicative Dunkl elements 

Since the elements Uij, Ui k and Uj k , i < j < k, satisfy the classical and quantum Yang-Baxter 
relations (3.1) and (3.2), one can define a multiplicative analogue denoted by 0j, 1 < i < n, of 
the Dunkl elements Namely, to start with, we define elements 

hij .— hij(t) — 1 + tUij , 1 7^ j. 

We consider hij(t ) as an element of the algebra 3 HT n := 3 HT n (j3) <8> t, x, y,...]], where 

we assume that the all parameters {q,j, t. x,y,.. .} are central in the algebra 3HT n . 

Lemma 3.11. 

(la) h ij (x)h ij (y) = hij(x + y + /3xy) + Qijxy, 

(16) hij(x)hji(y ) = hij(x - y) + /3y - qtjxy if i < j. 

It follows from (16) that hij{t)hji(t ) = 1 + (3t — t 2 qij if i < j, and therefore the elements {hij} 
are invertible in the algebra 3HT n . 

( 2 ) hij(x)h jk (y) = hjk{y)h ik {x) + h ik {y)hij(x ) - h ik (x + y + /3xy), 

(3) multiplicative Yang-Baxter relations: 

hijhi k hj k hj k hi k hij if i ^ j h , 


(4) define multiplicative Dunkl elements (in the algebra 3HT n ) as follows 


'j+i 


%~ejw = I n h d ]in'■*■)■ ‘sjs 

\a=j -1 


n. 


Then the multiplicative Dunkl elements pair-wise commute. 

Clearly 

n 

J^[ ©j = 1, Qj = l + t0j+t 2 {---) and 0/ \\ (1 + tp - t 2 qi j) € 3HT n {P). 

j=l i£i,jei 

i<j 

Here for a subset I C [l,n] we use notation 0/ = n ©a- Note, that the element 0/ is 

a£l 

a product of (exactly!) k{n — k ) terms of a form hi a j a , where k := |/|. 

Our main result of this section is a description of relations among the multiplicative Dunkl 
elements. 
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Theorem 3.12 (A.N. Kirillov and T. Maeno [76]). In the algebra 3 HT n (f3) the following rela¬ 
tions hold true 


E ° r II (1 + tp-t 2 qij ) 

JC[l,n] i£I,j£J 

| Z | — fc i<j 


n 

L^J l +t/3 


Here [£] denotes the q-Gaussian polynomial. 

Corollary 3.13. Assume that qij 0 for all 1 < i < j < n. Then the all elements {uij} are 
invertible and ufl = qf^iuij — /3). Now define elements <!>,: 6 3 HT n as follows 

*.-{ri ] 111 

La=j—1 ) La=n 



Then we have 


(1) relationship among Qj and $>j: 


t n - 2 i + 1 e j (t- 1 )\ t= o = {-iy* j , 


(2) the elements {<!>*, 1 < i < n,} generate a commutative subalgebra in the algebra 3HT n , 

(3) for each k = 1,..., n, the following relation in the algebra 3 HT n among the elements {$j} 
holds 

e n =p Kn - k \ 

JC[l,n] i(£l,jel 
\I\=k i<j 

where := JI ^a- 

a£l 

In fact the element 4*,; admits the following “reduced expression” (i.e., one with the minimal 
number of terms involved) which is useful for proofs and applications 






i<j 


-1 




iei 

i<j 


(3.4) 


Let us explain notations. For any (totally) ordered set I = {i\ < *2 < • • • < ik) we denote by I + 
the set / with the opposite order, i.e., 1+ = ( ik > ik -1 > • • • > h ); if I C [l,n], then we set 

I c := [l,n]\I. For any (totally) ordered set I we denote by the ordered product according 

iei 

to the order of the set I. 

Note that the total number of terms in the r.h.s. of (3.4) is equal to i{n — i). 

Finally, from the “reduced expression” (3.4) for the element one can see that 


II 

Hi,iei 

i<j 



nv- u ij ) 




iei 

i<j 


:= $7 E 3 HT n . 


Therefore the identity 


E */ = 

/C[l,n] 

\I\=k 


n—k ) 


is true in the algebra 3 HT n for any set of parameters {qij}. 
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Comments 3.14. In fact from our proof of Theorem 3.8 we can deduce more general statement, 
namely, consider integers m and k such that 1 < k < m < n. Then 


yi &i n (i +tp~t 2 qij ) 

JC[l,m] iE[l,m]\/, j£ J 

\I\=k i<j 


m 

L k J 1 +tp 


E 

Ac[l.n], Sc[l,n] 
\A\ = \B\=r 


UA,B, 


(3.5) 


where, by definition, for two sets A = (i±, ..., i r ) and B = (ji ,..., j r ) the symbol ua,b is equal 

r 

to the (ordered) product Ui a j a . Moreover, the elements of the sets A and B have to satisfy 

a =1 

the following conditions: 

• for each a = 1 ,..., r one has 1 < i a < m < j a < n, and k < r < k(n — k). 

Even more, if r = k. then sets A and B have to satisfy the following additional conditions: 

• B = (ji < < ■ • • < jk)i and the elements of the set A are pair-wise distinct. 

In the case f3 = 0 and r = k, i.e., in the case of additive (truncated) Dunkl elements, the 
above statement, also known as the quantum Pieri formula, has been stated as conjecture in [45], 
and has been proved later in [117]. 

Corollary 3.15 ([76]). In the case when (3 = 0 and qij = qiSj-i t i, the algebra overZ[q \,..., q n -i] 
generated by the multiplicative Dunkl elements {0* and @, rl , 1 < i < n} is canonically isomor¬ 
phic to the quantum K-theory of the complete flag variety Tl n of type A n _ i. 

It is still an open problem to describe explicitly the set of monomials {ua,b} which appear in 
the r.h.s. of (3.5) when r > k. 


3.3 Truncated Gaudin operators 

Let {pij , 1 < i j < n} be a set of mutually commuting parameters. We assume that parame¬ 
ters {pij}i<i<j<n are invertible and satisfy the Arnold relations 

1 1 1 . . , 

— =- 1 -, i<J,k. 

Pik Pij Pjk 

For example one can take pij = (Zi — Zj ) _1 , where z = (zi,..., z n ) E (C\0) n . 

Definition 3.16. Truncated (rational) Gaudin operator corresponding to the set of parame¬ 
ters {pij} is defined to be 

Gi = y1 <i<n, 

where Sij denotes the exchange operator which switches variables Xi and xj, and fixes parame¬ 
ters {pij}. 

We consider the Gaudin operator Gi as an element of the group ring }] [§ n ], call this 

element Gi E }] [G T1 ], i = 1,... ,n, by Gaudin element and denoted it by dj' 1 . 

It is easy to see that the elements Uij := pfjsij, 1 < i j < n, define a representation of the 
algebra 3 HT n (fl) with parameters ft = 0 and q %3 = u 1 - = p\-. 

Therefore one can consider the (truncated) Gaudin elements as a special case of the (trun¬ 
cated) Dunkl elements. Now one can rewrite the relations among the Dunkl elements, as well 
as the quantum Pieri formula [45, 117], in terms of the Gaudin elements. 
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The key observation which allows to rewrite the quantum Pieri formula as a certain relation 
among the Gaudin elements, is the following one: parameters } satisfy the Pliicker relations 

-=-1-if i < j < k < l. 

PikPjl PijPkl PilPjk 

(n) 

To describe relations among the Gaudin elements 6\ , i = 1,..., n, we need a bit of notation. 
Let {pij} be a set of invertible parameters as before, i a < j a , a = 1,..., r. Define polynomials 
in the variables h = (h \,..., h n ) 


s~i( n ) 

'" T m,k,r 


(h, {Pij }) 


£ ttT S 

7C[l,n—1] IIP™ Jc[l,n] 

\I\=r | I\-\-m=\J\ + k 


Ln-\IUJ\\ 
\n — m — \I\J 


hj, 


where 


hj = 


£ 


KCJ, LCJ 
\k\=\l\,kc\l=0 


n 

j£j\(KUL) 


n 


vl. 


i la ’ 


k a GK, l a €.L 


(3.6) 


and summation runs over subsets K = {fci < &2 < • • • < k r } and L = {li < I 2 < ■ ■ ■ < l r } C J}, 
such that k a < l a , a = 1,..., r. 

Theorem 3.17 (relations among the Gaudin elements [72], cf. [108]). 

(1) Under the assumption that elements {pij, 1 < i < j < n} are invertible, mutually commute 
and satisfy the Arnold relations, one has 

G m,k,r K" 0 T--i 0 n\ {Pij }) = 0 if m > k, 

■ • • , {Pij}) = Cr(d 2 , • ■ ■ , d n ), (3.7) 

where d 2 ,.. ■ ,d n denote the Jucys-Murphy elements in the group ring Z[S n ] of the sym¬ 
metric group S n , see Comments 3.4 for a definition of the Jucys-Murphy elements. 

(2) Let J = {j\ < j 2 < ■ ■ ■ < j r } C [1, n\, define matrix Mj := (m a ,b)i<a,b<r, where 


m a ,b 


{Pij }) 


' h ja if a = b, 

' Pja,jb if a < b i 

. PjbJa if a>b. 


Then 


hj = DET \Mj\. 


Examples 3.18. 

(1) Let us display the polynomials r (h, {pij}) a few cases 

G m,oA h dPij})= J2 II Pin( J2 hj 

/c[l,n-l] iel \ JC[l,n] 

|I|=r | J\=m+r, IC J 

G m,kfl( h > {Pij}) = ^ ^ + k ) • • • ’ hn ^ 

G m\A h >{Pij}) = ( n-m-r + l)hj+ ^ hj 

7C[l,n-l] i£l \ JC[l,n] JC[l,n] 

|J|=r IGJ, | J|=ra+r \J\=m-\-i —1, \I\Jj\=m+r 
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(2) Let us list the relations (3.7) among the Gaudin elements in the case n = 3. First of all, 
the Gaudin elements satisfy the “standard” relations among the Dunkl elements 01 + 02 + 03 = 0, 
01 #2 + 0103 + 0203 + <712 + <713 + <723 = 0, 010203 + <71203 + <71302 + <72301 = 0. Moreover, we have 
additional relations which are specific for the Gaudin elements 

G^q I = -(0102 + 0103 + <712 + <713) H-(0102 + 0203 + <712 + <723) = 0, 

’ ’ PY.i P23 

the elements P 2301 + 7+302 and 0102 are central. 

It is well-known that the elementary symmetric polynomials e r (d, 2 , ■ ■ ■ ,d n ) := C r , r = 
1 ,...,n — 1, generate the center of the group ring Z \jjf 3 1 ][§ n ], whereas the Gaudin elements 

{o\ n \ i = 1 ,...,n}, generate a maximal commutative subalgebra B(pij), the so-called Bethe 
subalgebra, in Zfp) 1 ) 1 ][§„]. It is well-known, see, e.g., [108], that B(pij ) = where 

B\{pij) is the A-isotypic component of B(pij). On each A-isotypic component the value of the 
central element Ck is the explicitly known constant c/~(A). 

It follows from [108] that the relations (3.7) together with relations 

G^ r {e^\...,e^\{ Pij }) =ev(A) 


are the defining relations for the algebra B\(pij). 

Let us remark that in the definition of the Gaudin elements we can use any set of mutually 
commuting, invertible elements {pij} which satisfies the Arnold conditions. For example, we 
can take 


<r 2 (i-g) 

PlJ ' 1 - qi- 1 


1 < i < j < ra- 


It is not difficult to see that in this case 


0 H 

lim —— = —dj 

q^O Pij 


3 -1 

y! S aj j 

a= 1 


where as before, dj denotes the Jucys-Murphy element in the group ring Z[S n ] of the symmetric 
group § n . Basically from relations (3.7) one can deduce the relations among the Jucys-Murphy 

elements d^, ■ ■ ■ ,d n after plugging in (3.6) the values pij := q and passing to the limit 

q — > 0. However the real computations are rather involved. 

Finally we note that the multiplicative Dunkl/Gaudin elements {0j, 1,... ,n} also generate 
a maximal commutative subalgebra in the group ring Z \p - 1 ][§ n ]. Some relations among the 
elements {©;} follow from Theorem 3.12, but we don’t know an analogue of relations (3.7) for 
the multiplicative Gaudin elements, but see [108]. 

Exercises 3.19. Let A = (. aij ) be a 2mx2m skew-symmetric matrix. The Pfaffian and Hafnian 
of A are defined correspondingly by the equations 


Pf( ^ ) = 2 ^m! ^ sgn(a)n<M2*-iM20’ 

cr£S2m i=l 

^ m 

= 2 m m\ a o-(2i-l),o-(2i)> 

(J ^S2m ^—1 

where § 2 m is the symmetric group and sgn(cr) is the signature of a permutation a G S 2 m- 30 
30 See, e.g., https://en.wikipedia.org/wiki/Pfaffian. 
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Now let n be a positive integer, and {pij, 1 < i / j < n, ptj + Pji = 0} be a set of skew- 
symmetric, invertible and mutually commuting elements. We set pa = 0 for all i, and q := 
{Pij } 1 <i< j<n' 

Now let us assume that the elements {p%j}\<i<_j< n satisfy the Pliiker relations for the elements 
W}l<f<i<n’ namel y’ 

-=-1-for all 1 <i<j<k<l<n. 

PikPjl PijPkl PilPjk 

(a) Let n be an even positive integer. Let us define A n (pij) := (pij)i<i,j< n to be the n X n 
skew-symmetric matrix corresponding to the family {p t j}\<i<j< n - Show that 

DET \A n (pij)\ = Hf {A n (pD). 


(b) Let n be a positive integer, and z \,..., z n be a set of mutually commuting variables, define 
polynomials Hi(z\,.. ., z n \ {pij}), i = 1,..., n from the equation 

n 

DET | diag(f + zi ,..., t + z n ) + A»(Pij)| = ...,z n \ {Pij})t n ~\ 

i =1 

where diag(t + z \,..., t + z n ) means the diagonal matrix. 

Show that for k = 1 ,,n the polynomial ..., z n \ {pij}) is equal to the multiparameter 

quantum elementary polynomial (-Zi, • • •, z n ), see, e.g., [45], or Theorem 2.7. 

For example, take n = 4, then 

DET I A(pij)\ = (P12P34 - P13P24 +P14P23) 2 = PuPm + ^13^24 + ^14^23 

/ 1 1 1 

- 2P12P13P23P14P24P34-1- 

\P12PM P13P24 P14P23 

= P 12 P 34 +P 13 P 24 +P 14 P 23 = Hf (Mbm- 

The last equality follows from the Pliicker relations for parameters {p^ 1 }- 

On the other hand, if one assumes that a set of skew symmetric parameters {r , jj}i<j<j< n , 
r ij + r ji = 0; satisfies the “standard” Pliicker relations, namely 

fik r jl = njVkl + rur jk , i < j < k <1, 

then DET | A n {r t j ) | = 0. 


3.4 Shifted Dunkl elements hj and 

As it was stated in Corollary 3.15, the truncated additive and multiplicative Dunkl elements 
in the algebra 3HT n (0 ) generate over the ring of polynomials h[qi, ■ ■ . ,q n - 1 ] correspondingly 
the quantum cohomology and quantum K-theory rings of the full flag variety Tl n . In order 
to describe the corresponding equivariant theories, we will introduce the shifted additive and 
multiplicative Dunkl elements. To start with we need at first to introduce an extension of the 
algebra 3 HT n (/3). 

Let {z\, ..., z n } be a set of mutually commuting elements and {/ 3 , h = Q12, • • ■, h n ),t, qij = qji, 
1 < i, j < n} be a set of parameters. We set h n := 0. 

Definition 3.20 (cf. Definition 3.1). Define algebra 3TH n (/3, h ) to be the semi-direct product 
of the algebra 3 TH n (j3) and the ring of polynomials Z[/i, t\\z\, ..., z n ] with respect to the crossing 
relations 
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(1) ZiU H = u k iZi if i {k, l}, 

(2) ZiUij = UijZj + j3zi + hj, ZjUij = UijZi — f3zi — hj if 1 < i < j < k < n. 
Now we set as before h % j := hij(t) = 1 + tuij. 

Definition 3.21. 


• Define shifted additive Dunkl elements to be 


d ^ ' Uij ^ ' Uji- 

i<j i>j 


• Define shifted multiplicative Dunkl elements to be 


— ( H hai | (1 + z i) (U 

\a=i —1 / \a=n 


Lemma 3.22. 


[c)j,t)j]=0, [Dj,Dj]=0 for all i, j. 

Now we stated an analogue of Theorem 3.8 for shifted multiplicative Dunkl elements. 
As a preliminary step, for any subset I C [1, n] let us set £)/ = n 33a- It is clear that 

aEl 

23/ II (1 + tf3-t 2 qij ) E 3HT n {(3, h). 

i<j 


Theorem 3.23. In the algebra 3HT n {/3,h ) the following relations hold true 


e n (i +tp~t 2 qij ) 

JC[l,n] i£l,jeJ 

\I\ = k i<j 

E n c 1 + m n - k -^ +a L (i+ tpy^- a +1+ h ia ^ 

JC[l,n] a= 1 ^ 

/={!<*! <...<ifc<n} 


In particular, if (3 = 0, we will have 


Corollary 3.24. In the algebra 3HT n {0,h) the following relations hold 


k 

El H (l — t Qij ) = El ( Z ia "fid bh la {fa — o)) • 

lc[l,n] i£I,j£J IC[l,n] a= 1 

|J| = fc /={l<ii,... <«.} 

Conjecture 3.25. If h\ = • • • = h n -\ = 1, t = 1 and q Vj = dij+i, f/ien f/ie subalgebra generated 
by multiplicative Dunkl elements 2)j, i = 1,..., n, in the algebra 3HT n (0, h = 1) {and t = 1), is 
isomorphic to the equivariant quantum K-theory of the complete flag variety Tl n . 

Our proof is based on induction on k and the following relations in the algebra 3 HT n {/3, h ) 


hji * (1 T 'J'j ) — kj T (1 T b )xj Xi A (1 T Xj ) hjj , hjjhjk — hj^hki A hikhji 1 /I, 
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if i < j < k, and we set hjj := hij( 1). These relations allow to reduce the left hand side of the 
relations listed in Theorem 3.23 to the case when Z{ = 0, hi = 0, Vi. Under these assumptions 
one needs to proof the following relations in the algebra 3 HT n ((5), see Theorem 3.12, 


z n (i +tp~t 2 qij ) 

rc[i,n] i£i,jeJ 

|/|=fc i<i 


l+t /3 


In the case fi = 0 the identity (3.8) has been proved in [76]. 

One of the main steps in our proof of Theorem 3.8 is the following explicit formula for the 
elements 35/. 


Lemma 3.26. One has 


T>i'.= T>i (1 + t(3- t 2 qij) = hfo\ f(l + z a ) h ab 

ifl.jel b£l V a£I J a£l V H 1 

i<.j a<.b a<Cb 

Note that if a < b, then ht, a = 1 + ( 3 t — u a b- Here we have used the symbol 

/ (\ 

n (n hba 

b£l \ a$I 
a<b 

to denote the following product. At first, for a given element b € I let us define the set 
1(b) := {a E [l,n]\I, a < b} := (a^ < ■ ■ ■ < a^) for some p (depending on b). If I = (b\ < 
&2 < • ■ ■ < bk), i.e., bi = af\ then we set 

hba \ = ( u b :l .a s u b :l ,a s -i ' ' ' u bj,a 1 

be/ V i J j =1 V 

a<b 

For example, let us take n = 6 and I = (1, 3, 5), then 

£>/ = ^32^54^52(1 + 21)^16^14^12(1 + 23)/136/134 (1 + Z^h^Q. 


Let us stress that the element 35/ E 3 HT n ((3) is a linear combination of square free monomials 
and therefore, a computation of the left hand side of the equality stated in Theorem 3.17 can be 
performed in the “classical case” that is in the case qij = 0, V i < j. This case corresponds to the 
computation of the classical equivariant cohomology of the type A n -\ complete flag variety Tl n 
if h = 1. 

A proof of the (5 = 0 case given in [76, Theorem 1], can be immediately extended to the case 
(5^0. 

Exercises 3.27. 


(1) Show that 


^ l\(l + P) n ~ k ~ ia+a = 

l<ii<--<ik<n a =1 


Tl 

L^J l+tp 
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(2) (/3, /i)-Stirling polynomials of the second type. Define polynomials S Uj k(fi,h) as follows 


S n ,k(P, h) = 


E 

Jc[l,n] a=l 


no 


yn— k—i a -\~CL 


+ h 


0n—k—i a +CL _ ^ 

A 7 i 


Show that 


^(i,D s n M o)= 

4 Algebra 3T^°)(r) and Tutte polynomial of graphs 

4.1 Graph and nil-graph subalgebras, and partial flag varieties 

Let’s consider the set R n := { (i, j) G Z x Z | 1 < i < j < n} as the set of edges of the complete 
graph K n on n labeled vertices v±,... ,v n . Any subset S C R n is the set of edges of a unique 
subgraph T := of the complete graph K n . 

Definition 4.1 (graph and nil-graph subalgebras). The graph subalgebra 3T n (T) (resp. nil- 
graph subalgebra 3T„ (T)) corresponding to a subgraph T C K n of the complete graph K n , 
is defined to be the subalgebra in the algebra 3 T n (resp. 3 T^) generated by the elements 
{uij | (i,j) G T}. 

In subsequent Sections 4.1.1 and 4.1.2 we will study some examples of graph subalgebras 
corresponding to the complete multipartite graphs, cycle graphs and linear graphs. 

4.1.1 Nil-Coxeter and affine nil-Coxeter subalgebras in 3 

Our first example is concerned with the case when the graph T corresponds to either the set 

5 := {(f, i + 1) | i = 1,..., n — 1} of simple roots of type A n - 1, or the set S' 3- ” := S U {(1, n)} of 
affine simple roots of type A^ 1 2 1 . 

Definition 4.2. 

(a) Denote by NC n subalgebra in the algebra 3T® generated by the elements 1 < i < 

n — 1. 

(b) Denote by ANC n subalgebra in the algebra 3generated by the elements u^j+i, 1 < 
i < n — 1 and — u\, n . 

Theorem 4.3. 

(A) The subalgebra NC n is canonically isomorphic to the nil-Coxeter algebra NC n . In partic¬ 
ular, Hilb(NC n , t) = [n\ t \ ( cf. [8]). 

(B) The subalgebra ANC n has finite dimension and its Hilbert polynomial is equal to 

Hilb(ANC n , f) = [n]t \j{n - j)\ t = {n] t \ \j] t n-j. 

l<j<n-l l<j<n-l 



In particular, dimANC n = (n — l)!n!, deg t Hilb(ANC ra , t) = ("J 1 )- 
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(C) The kernel of the map n: ANC n —> NC n , 7r(i4i, n ) = 0, 7r(i4i,j+i) = Ui^ + \, 1 < i < n — 1, 
is generated by the following elements: 

1 n—k+j— 1 

fn k) = n n U ^a+l, l<k<n-l. 
j=k a=j 

Note that deg f^ = k(n — k). 

The statement (C) of Theorem 4.3 means that the element /„ which does not contain the 
generator i4i, n , can be written as a linear combination of degree kin — k ) monomials in the 
algebra ANC n , each contains the generator i4i, n at least once. By this means we obtain a set 
of all extra relations (i.e., additional to those in the algebra NC n ) in the algebra ANCn. More¬ 
over, each monomial M in all linear combinations mentioned above, appears with coefficient 

(—l)#l“i,neM|+i. p Qr exam pi e) 

/j 1 * : = 141,2^2,3^3,4 = 142,3143,4111,4 + 143,4141,4141,2 + 141,4141,2142,3, 

( 2 ) 

fl ■= 142,3143,4141,2142,3 = Hi, 2*143,4142,3141,4 + 14l,2l42,3l4l,4l4l,2 + 142,3141,4141,2143,4 

+ 143,4442,3141,4443,4 — 44i,444i,2443,444i,4. 

Worthy of mention is that dim(ANC n ) = (n — l)!n! is equal to the number of (directed) Hamil¬ 
tonian cycles in the complete bipartite graph K n>n , see, e.g., [131, A010790] for additional 
information. 


Remark 4.4. More generally, let (IF, S ) be a finite crystallographic Coxeter group of rank l 
with the set of exponents 1 = mi < m 2 < • • • < m;. 

Let Bw be the corresponding Nichols-Woronowicz algebra, see, e.g., [8]. Follow [8], denote 
by NCw the subalgebra in Bw generated by the elements [a s ] 6 Bw corresponding to simple 
roots s G S. Denote by ANWCV the subalgebra in Bw generated by NCw and the element [ag], 
where [a#] stands for the element in Bw corresponding to the highest root 0 for W. In other 

words, ANWCjy is the image of the algebra ANCw under the natural map B£(W) —> Bw, 

__ 1 

see, e.g., [8, 73]. It follows from [8, Section 6], that Hilb(NCw,i) = FI \ m i + l]t- 

2=1 

Conjecture 4.5 (Yu. Bazlov and A.N. Kirillov, 2002). 


Hilb (ANWCiy, t) 


n 


1 - t mi+1 Jr 1 -t a 


II v 


1 - t m i X - 1 1 -t 
2=1 


l 

PMw,t)H(i-t ai ), 

2=1 


where 


P*£t{W,t) : = 


E *“"” = 11 

^SWaff 4=1 


(1 + £ + •••+ 

1 - t m i 


denotes the Poincare polynomial corresponding to the affine Weyl group see [17, p. 245]; 

a* := (2 p,af), 1 < i < l, denote the coefficients of the decomposition of the sum of positive 
roots 2 p in terms of the simple roots a % . 

In particular, 


l 

_ n a i __ 1 

dimANWCiy = \W\i =±— and deg Hilb ( ANWC w , t) = a i- 
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It is well-known that the product is a symmetric (and unimodaT!) polynomial with 

i= 1 

non-negative integer coefficients. 

Example 4.6. 

(а) Hilb(ANC 3 , t) = [2]f[3] t , m\b(ANC 4 ,t) = [3]?[4]f, 
mb (ANC 5 ,t) = [4]f [5]t[6]f, 

(б) Hilb(H£ 2 ,i) = (l + t) 4 (l + f 2 ) 2 , 

Hilb(ANC B 2 ,t) = (1 + f) 3 (l + t 2 ) 2 = P aff (7? 2 ,f)(l -i 3 )(l - t 4 ). 

(c) Hilb (ANCb 3 , t) = (l + t) 3 (l + t 2 ) 2 (l + t 3 )(l + t 4 )(l + t + t 2 )(l + t 3 + f 6 ) 

= P aii (B 3 ,t)(l-t 5 ){l-t 8 )(l-t 9 ). 

Indeed, uib 3 = (1,3,5), ob 3 = (5,8,9). 

Definition 4.7. Let (ANC n ) denote the two-sided ideal in generated by the elements 

{v,i t i+ 1 }, 1 < i < n — 1, and u\^ n . Denote by U n the quotient U n = 3T°/(ANC n ). 

Proposition 4.8. 

Ua = (ui,3)«2,4) — ^2 X ^ 2 , U 5 = (^1,4, ^2,4, ^2,5) ^ 3,55 ^1,3) — ANC 5 . 

In particular, Hilb(3^°^) = [Hilb(ANCs, t)] 2 . 

4.1.2 Parabolic 3-term relations algebras and partial flag varieties 

In fact one can construct an analogue of the algebra 3 HT n and a commutative subalgebra inside 
it, for any graph T = (V,E) on n vertices, possibly with loops and multiple edges [72], We 
denote this algebra by 3T n (r), and denote by 371,^(r) its nil-quotient , which may be considered 
as a “classical limit of the algebra 3T n (r)”. 

The case of the complete graph Y = K n reproduces the results of the present paper and those 
of [72], i.e., the case of the full flag variety Tl n . The case of the complete multipartite graph 
Y = K n ^ reproduces the analogue of results stated in the present paper for the full flag 
variety J-7 n , to the case of the partial flag variety iF nij ... tnr , see [72] for details. 

We expect that in the case of the complete graph with all edges having the same multiplic¬ 
ity m, denoted by either T = I\n , or mK n in the present paper, the commutative subalgebra 
generated by the Dunkl elements in the algebra 3(T) is related to the algebra of coinvariants 
of the diagonal action of the symmetric group § n on the ring of polynomials ..., A,,” 1 ' 1 ], 

where we set ,..., x$ }. 

Example 4.9. Take T = 7 \ 2 , 2 - The algebra 37^°)(T) is generated by four elements {a = 143 , 
b = un, c = U 2 3 , d = U 2 4 } subject to the following set of (defining) relations 

• a 2 = b 2 = c 2 = d 2 = 0 , cb = be, ad = da, 

• aba + bab = 0 = aca + cac, bdb + dbd = 0 = ede + ded, 
abd — bde — cab + dca = 0 = acd — bac — cdb + dba, 

• abca + adbc + badb + bead + cade + dbed = 0 . 
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It is not difficult to see that 31 


Hilb(3TW(A' 2 i 2 ),f) = [3]f [4]|, Hilb(3T(°)(X 2 ; 2 ) a 6 ,t) = (1,4, 6 ,3). 

Here for any algebra A we denote by A ab its abelianizatiort’ 2 . 

The commutative subalgebra in 3(A' 2j2 ), which corresponds to the intersection 3(AT 2)2 ) 
OZ[ 0 i, 02 , 03 , # 4 ], is generated by the elements ci := 0 \ + 0 2 = (a + b + c + d) and c 2 := 0\02 = 
(ac + ca + bd + db + ad + be). The elements ci and c 2 commute and satisfy the following relations 

cf — 2 cic 2 = 0, c| — cfc 2 = 0. 


The ring of polynomials Z[ci,c 2 ] is isomorphic to the cohomology ring iL*(Gr(2,4),Z) of the 
Grassmannian variety Gr(2,4). 

To continue exposition, let us take m < n, and consider the complete multipartite graph 
K n) m which corresponds to the Grassmannian variety Gr (n,m + n). One can show 



= t n+m ~ 1 Tutte (A' n , m , 1 + r\ 0), 

where := S(n,k ) denotes the Stirling numbers of the second kind, that is the number of 
ways to partition a set of n labeled objects into k nonempty unlabeled subsets, and for any 
graph T, Tutte(T,x,y) denotes the Tutte polynomial 33 corresponding to graph T. 

It is well-known that the Stirling numbers S(n,k ) satisfy the following identities 


n —1 n—k 

B-l)‘S(n,«-S)II(l+jt) = (1 + 0", E 

k =0 j =1 n>k 


n j x n ( e x — l) k 

k I nl k\ 


Let us observe that 


n ~l , N 

dim (3T(°\K n , n ) ab ) = J2(-l) k (n + l~ k) n ~\n + 1 - fc)! ™ \ 

k =0 '' TL ' 

n +1 


k=1 


n + 1 
k 


see, e.g., [131, A048163]. 

Moreover, if m > 0, then 

E d "” (3r«»)(A-„,„ + ,„)“*)*" = E fc tr (fc - 1>! ^ 


n> 1 


fc - 1 na+ kjt ) 


^Hilb(3T(°)(IL n , m )“ ft ,t )^- 1 = £(1 + kt) m ~ l -A 


n> 1 


fc >0 


1=1 


z( l + jt) 
+ jz 


'^Hereinafter we shell use notation (a 0 , a 1 , ■ ■ ■, ak)t ■= ao + u\t + • • • + akt k . 

32 See http://groupprops.subwiki.org/wiki/Abelianization. 

33 See, e.g., https://en.wikipedia.org/wiki/Tutte_polynomial. It is well-known that 
Tutte(F, 1 + 1, 0) =3 (— iy r 'f -K ^Chrom(r, — t), 

where for any graph F, |F| is equal to the number of vertices and k(F) is equal to the number of connected 
components of T. Finally Chrom(r, t) denotes the chromatic polynomial corresponding to graph F, see, e.g., [140], 
or https://en.Wikipedia.org/wiki/Chromatic_polynomial. 
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Comments 4.10 (poly-Bernoulli numbers). Based on listed above identities involving the Stir¬ 
ling numbers S(n,k), one can prove the following combinatorial formula 


dim (3 T^(K n , m ) ab ) 



(4.1) 


where * denotes the poly-Bernoulli number introduced by M. Kaneko [64]. 

On the other hand, it is well-known, see, e.g., footnote 33, that for any graph T the spe¬ 
cialization Tutte(r;2,0) of the Tutte polynomial associated with graph T, counts the number 
of acyclic orientations of T. Therefore, the poly-Bernulli number Bn m ' 1 counts the number of 
acyclic orientatations of the complete bipartite graph K n m . 

For example, dim (3 (K^) ab ^ = 230 = 1 + 7 2 + (2!) 2 6 2 + (3!) 2 , cf. Example 4.16(3). 

For the reader’s convenient, we recall below a definition of poly-Bernoulli numbers. To start 
with, let k be an integer, consider the formal power series 


Li k(z) 



n=l 


If k > 1, Li k(z) is the k -th polylogarithm , and if k < 0, then Li k(z) is a rational function. Clearly 
Lii(z) = — ln(l — z). Now define poly-Bernoulli numbers through the generating function 


Lifc(l - e z ) _ \ - p,(k)Z^ 
1 — e~ z ^ n n\' 


Note that a combinatorial formula for the numbers Bn ^ stated in (4.1) is a consequence of the 
following identity [64] 

™n ^k „x+z 

B (-k)^+_ = e _ 

n n\ k\ 1 - (1 - e x )(l - e z ) 

Note that the poly-Bernoulli numbers Bn m \= Bm n ^) have the following combinatorial inter¬ 
pretation 31 , namely, the number Bn , and therefore the dimension of the algebra 3T^ (K n ,m) 
is equal to 

= T(n — 1, m) + T(n, m — 1), 

where [26] 




is equal to the number of permutations w £ S n +m having the excedance set {1,2 ,..., m}. 
Exercise 4.11. Show that polynomial Hilb(3T^(A' n , m ), t) has degree n + m— 1, and 
Coeff t n +m ^i(Hilb(3T ( 0 ) (A r) „ m ),t)) = T(n- l,m- 1). 

Problem 4.12. To find a bijective proof of the identity (4.1). 

34 See for example, [131, 4136126], [131, 4099594] or [26, Theorem 3.1], and the literature quoted therein. 
Recall, that the excedance set of a permutation 7r £ S n is the set of indices i, 1 < i < n, such that 7r(i) > i. 
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Final remark, the explicit expression for the chromatic polynomial of the complete tripartite 
graph Kn,n,n can be found in [131, A212220]. 

Now let 6 ^ n+m ' ) = J2 u ij, 1 < i < n + m, be the Dunkl elements in the algebra 3 T^°\K n+m ), 
define the following elements the in the algebra 3 T^°\K n m ) 

i<k<n, 

1 < r < m. 

Clearly, 

( n \ / m \ n-\-m 

i +e ^ i+ e ■= n (i+ «t +m) ) =i. 

fc=l / V r=l / j=l 

Moreover, there exist the natural isomorphisms of algebras 


H*(Gr(n, n + m),Z) = Z[ci, ... ,c n ] j / ^1 + y~jc fc t fc ^ ^1 + ^ - 1^ , 
QH*{Gx{n, n + m)) = Z[q][c 1} .. .,c n \j ^ f 1 + ^1 + ^c r f ^ - 1 - qt n+m ^j . 


Let us recall, see Section 2, footnote 26, that for a commutative ring R and a polynomial 

S 

p{t) = 9jt J £ Aft], we denote by (p(t)) the ideal in the ring R generated by the coefficients 
j= 1 

9i, •• • ,9s- 

These examples are illustrative of the similar results valid for the general complete multipartite 
graphs K niy ..,n r , he., f° r the partial flag varieties [72], 

To state our results for partial flag varieties we need a bit of notation. Let N \= n\ + ■ ■ ■ + n r , 
nj > 0 , Vj, be a composition of size N. We set Nj := m+- • •+rij, j = 1,..., r, and No = 0 . Now, 
consider the commutative subalgebra in the algebra 3 T^\Kn) generated by the set of Dunkl 
elements { 0 ^,..., 0 ^}, and define elements {c^’ N ' > G 3 Tjy\K ni!mmm>nr )} to be the degree kj 
elementary symmetric polynomials of the Dunkl elements offl i+1 ,..., namely, 


U) „CjVV) _ 


cr := c, 


c U) ~ 1 
c o — L 


= e k (0 
Vj. 


(AO A N) 

Nj-i+l’ ■ ■ ‘ ’ "Nj 


o^), 1 <kj<nj, j = 1,... ,r, 


Clearly 


V \ N 

r,(j)+a _ TT D _ 


n e^“ =n( i +«r , ‘ f )= i - 

j =1 \a=0 / j =1 


Theorem 4.13. TTie commutative subalgebra generated by the elements {c^\ 1 <kj< nj, 1 < 

j < r— 1}, in the algebra 3Ty ^ (K n] ! ... irar ) is isomorphic to the cohomology ring H*{Fl nij ___ inr , Z) 
o/ i/ie partial flag variety Fl ni ,...,n r - 

In other words, we treat the Dunkl elements {offl +a , 1 < a < n^}, j = as the 

Chern roots of the vector bundles {£j := Rj/Tj- 1 }, j = 1,... ,r, over the partial flag variety 
Tl 

J L ni,...,n r ’ 
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Recall that a point F of the partial flag variety Fl nij .._ jnr , n\ + • • • + n r = N, is a sequence 
of embedded subspaces 

F = {0 = F 0 C Fi C F 2 C • • • C F r = C^} 

such that 


dim(Fi/Fj_i) = m, i = 1 ,..., r. 


By definition, the fiber of the vector bundle £$ over a point F E Fl ni ,...,n r is the n,;-dimensional 
vector space F l /F l _\. 

To conclude, let us describe the set of (defining) relations among the elements {c^}, 1 < 

r (i) 

a < rij, 1 < j < r — 1. To proceed, let us introduce the set of variables {x)f | 1 < a < rij, 1 < 

j < r — 1 }, and define polynomials bo = l,bk ■= &fc({xo^}), k > 1 by the use of generating 
function 


1 

r- 1 rij 7“ 

n n (i + x a )t a 

j =1 a=l 


5 ~2ht k . 


Now let us introduce matrix 


( rriij ), where 


rriij 


fci+j-i ^ 3 > h 
< 1 if j = i — 1 , i > 2 , 

0 if j < i — 1. 


Claim 4.14. det = 0, Ay_i < m < N. Moreover, 

H*(Fl ni _ nr , Z) - Z[K}]/(M JVr _ 1+1 ,..., Mjv). 

A meaning of the algebra and the corresponding commutative subalgebra inside it 

for a general graph T is still unclear. 

Conjecture 4.15. 35 

(1) Let T = (V, E) be a connected subgraph of the complete graph K n on n vertices. Then 
Hilb(3TW(T) ab ,f) = tl v l- 1 Tutte(T; 1 + t~\0). 


(2) Let T = (V, E, {rriij, ( ij ) E E}) be a connected subgraph of the complete graph K^f n ' > with 
multiple edges such that an edge (ij) E K n has the multiplicity rriij. Let 3Tn°\T,m) de¬ 
notes the subalgebra in the algebra 3 Tn\m) generated by elements {u^ M \ (ij) E E, 1 < 
a (ij) < rn ij } j see Section 2.2. Let A(T, {rriij}) denotes the graphic arrangement correspon¬ 
ding to the graph (F, {rriij}), that is the set of hyperplanes {H^ a = (xi — Xj = a), 0 < 
a < nriij — 1, (ij) E E}. Then 

3T^(T,m) ab = OS + (A(r,{mij})), 

where for any arrangements of hyperplanes A, OS + (A) denotes the even Orlik-Solomon 
algebra of the arrangement A [113]. In the case when = 1, V1 < i < j < n, 
3Ti 0) (T) anti = OS(A(T)). 

35 Part (1) of this conjecture has been proved in [89]. In [89] the author has used notation OT(F) for the Orlik- 
Terao algebra associated with (simple) graph I\ In our paper we prefer to denote the corresponding Orlik-Terao 
algebra by OS+R). 
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Examples 4.16. 

(1) Let G = K 2 ,2 be complete bipartite graph of type (2, 2). Then 

Hilb(3T 4 °(2,2) afe ,t) = (1,4,6,3) = f 2 (l + f) + f(l + f) 2 + (1 + t) 3 , 

and the Tutte polynomial for the graph K 2 ^ 2 is equal to x + x 2 + x 3 + y. 

(2) Let G = 1 ^ 3,2 be complete bipartite graph of type (3, 2). Then 

Hilb(3T 5 0 (3,2) a6 ,t) =(1,6,15,17,7) 

= f 3 (l + t) + 3 t 2 (1 + tf + 2t(l + t ) 3 + (1 + t) 4 , 

and the Tutte polynomial for the graph K ^ >2 is equal to 

x + 3x 2 + 2x 3 + x 4 + y + 3 xy + y 2 . 

(3) Let G = /L 3 3 be complete bipartite graph of type (3,3). Then 

Hilb(3T 6 °(3,3) afe , t) = (1, 9,36, 75, 78,31) = (1 + t) 5 + 4t(l + t ) 4 
+ 10t 2 (1 + t) 3 + llt 3 (l + t ) 2 + 5t 4 (1 + t), 

and the Tutte polynomial of the bipartite graph K 33 is equal to 

5x + llx 2 + 10x 3 + 4a ; 4 + x 5 + 15xy + 9 x 2 y + 6 xy 2 + 5 y + 9 y 2 + 5 y 3 + y 4 . 

(4) Consider complete multipartite graph Ji 2 , 2 , 2 - One can show that 

Hilb(3Tg 0) (iL 2 , 2 , 2 ) a& ! t) = (1,12,58,137,154,64) = llt 4 (l + t) + 25t 3 (l + t) 2 

+ 20f 2 (l + t) 3 + 7t(l + t ) 4 + (1 + f) 5 , 

and 

Tutte(H 2 , 2 , 2 , x, y) = ®( 11 , 25, 20 , 7, 1 ), + y( 11 , 46, 39, 8 ) x + y 2 { 32, 52,12)* 

+ y 3 (40, 24)* + y 4 ( 29, 6 )* + 15y 5 + 5 y s + y 7 . 

The above examples show that the Hilbert polynomial Hilb(3T 3 (G) afe , t) appears to be a cer¬ 
tain specialization of the Tutte polynomial of the corresponding graph G. 

Instead of using the Hilbert polynomial of the algebra 3 T,®(G) ab one can consider the graded 
Betti numbers (over a field k) polynomial Bettis(3 T®(G) ab ,x,y). For example, 

BettiQ(3T 3 °(H 3 ) a 6 ,x,y) = 1 + xy(4, 2) x + x 2 y 2 (3, 2) x , 

BettiQ( 3 T®(K 2 , 2 ) ab iX,y) = 1 + 4xy + xy 2 {l, 9,3)* + x 2 y 3 (l, 6 ,3)*, 

BettiQ(3T 5 0 (iL 3i 2) a6 , x,y) = 1 + 6 xy + xy 2 { 3, 25, 9) + x 2 y 3 (6 ,45, 34, 7) + X 3 /(3, 25, 25, 7), 
BettiQ(3T 4 {K 4 ) ab , x,y) = 1 + xy(10,10) + x 2 y 2 { 25,46, 26,6) + x 3 y 3 ( 15, 36, 25,6), 
Betti z/2 z(3T 4 (J\ 4 ) a6 , x,y)= 1 + xy( 10,10, 1)* + x 2 y 2 ( 25,46, 26,6) + x 3 y 3 ( 16, 36, 25, 6), 
Betti Q (3 Tg(K 5 ) ab ,x,y) = 1 + xy(20, 30) + x 2 y 2 (109, 342, 315, 72) + x 3 y 3 (195, 852,1470, 

1232, 639,190, 24) + xV(105, 540,1155,1160, 639,190, 24), 
Betti Q (3T 5 °(lL 5 ) a 6 ,1,1) = 9304, 

Bettiz/ 3 z( 3 T 5 0 (/T 5 ) a6 , x,y) = 1 + xy( 20,30) + x 2 y 2 (109, 342, 315, 72,1) 
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+ x 3 y 3 { 195,852,1471,1232, 640,190, 24) 

+ xV(105, 540,1156,1160, 639,190, 24), 
Betti z/3Z (3T 5 °(A' 5 ) ab , 1,1) = 9308, 

Betti z/2Z (3r 5 °(K' 5 ) ab , x,y) = 1 + xy(20,30, 5) + xV(114, 342, 340,131,10) 

+ x 3 y 3 (220, 911,1500,1291, 649,190, 24) 

+ xV(125, 599,1165,1160, 639,190, 24), 
Betti z/2Z (3T 5 °(A' 5 ) ab , 1,1) = 9680, 

Betti z/2Z (3Tg (/\ 3)3 ) a6 , x,y) = 1 + 9 xy + xy 2 { 9, 69, 27) + x 2 y 3 ( 40, 285, 257, 52) 

+ x 3 y A { 59, 526,866, 563, 201,31) 

+ xV(28, 311, 636, 520, 201, 31), 

Betti z/2Z (3T 6 °(/v 3 , 3 ) a6 ,1,1) = 4740, 

BettiQ(3T 6 °(K 3i3 ) afe , x, y) = 1 + 9 xy + xy 2 { 9,69, 27) + x 2 y 3 (40, 285, 257, 43) 

+ x 3 y A { 59,526,866,563,201,31) 

+ x A y 5 { 28,302,636,520,201,31), 

Betti Q (3T 6 °(7C 3i3 ) a6 ,1, l) = 4704. 

Let us observe that in all examples displayed above, the Betti polynomials are divisible by 1+xy. 

It should be emphasize that in the literatute one can find definitions of big variety of (graded) 
Betti’s numbers associated with a given simple graph T, depending on choosing an algebra/ideal 
has been attached to graph T. For example, to define Betti’s numbers, one can start with edge 
graph ideal/algebra associated with a graph in question, the Stanley-Reisner ideal/ring and so on 
and so far. We refer the reader to carefully written book by E. Miller and B. Sturmfels [105] for 
definitions and results concerning combinatorial commutative algebra graded Betti’s numbers. 
As far as I’m aware, the graded Betti numbers we are looking for in the present paper, are 
different from those treated in [105], and more close to those studied in [11]. 

It is not difficult to see (A.K.) that for a simple connected graph T the coefficient just before 
the (unique!) monomial of the maximal degree in Betti*. (3T°(r) a6 , x, y) is equal to Tutte(r; 1,0). 
It is known [10] that the number Tutte(r; 1,0) counts that of acyclic orientations of the edges 
of r with a unique source at a vertex v G T, or equivalently [10], the number of maximum 
T-parking functions relative to vertex v. 

Claim 4.17. Let G = {V,E) be a connected graph without loops. Then over any field k 
Betti fe (3 T°{G) ab ,-x,x) = (1 - x) e Hilb(3T°(G) ab , x), 
where n = |K(G)| = number of vertices, e = \E{G)\ = number of edges. 

Question 4.18. 

• Let G be a connected subgraph of the complete graph K n . Does the graded Betti polynomial 
BettiQ>(3 T®{G) ab ,x,y) is a certain specialization of the Tutte polynomial T(G,x,y)? If 
not, give example of two {simple ) graphs such that their Orlik-Terao algebras have the 
same Tutte polynomial, but different Betti polynomials over Q , and vice versa. 

• It is clear that for any graph T {or matroid ) one has Tutte(r, x, y) = a(r)(x + y) + 
{higher degree terms ) for some integer a(r) € N. Does the number a(r) have a simple 
combinatorial interpretation? 
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Proposition 4.19. Let n = (m,... ,n r ) be a composition of n G Z>i, then 


Hiib(3ri»»(K„,.= y; (-»)w-w tt 1 "T TT »+*). 


I*l-i 



where we set |fc| := k\ + ■ ■ ■ + k r . 

Remark 4.20. This proposition is a consequence of Conjecture 4.15(1), which has been proved 
in [89]. 

Corollary 4.21. One has 



(ni,...,n r )eZ^ 0 \O r 



(c) Hilb(3T(°)(^ ni> ... !rir ) a6 ,t) = (—t)l n lChrom(AT ni ,... )nr , -f 1 ), 

(d) dim(3r (0) (r) afe ) is equal to the number of acyclic orientations of T 


where T stands for a simple graph. 

Recall that for any graph T we denote by Chrom(T, x) the chromatic polynomial of that 
graph. 

Indeed, one can show 36 

Proposition 4.22. If r E Z>i, then 



fc=(fci,...,Av) j=i 


m— 1 


where by definition (t) m := fl — j)> (^)o = 1, ( t) m = 0 if m < 0. 

i=i 


Finally we describe explicitly the exponential generating function for the Tutte polynomials 
of the weighted complete multipartite graphs. We refer the reader to [98] for a definition and 
a list of basic properties of the Tutte polynomial of a graph. 


36 If r = 1, the complete unipartite graph K( n \ consists of n distinct points, and 



Let us stress that to abuse of notation the complete unipartite graph K( n ) consists of n disjoint points with the 
Tutte polynomial equals to 1 for all n > 1, whereas the complete graph K n is equal to the complete multipartite 
graph A' (1 r.). 
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Definition 4.23. Let r > 2 be a positive integer and {Si,..., S r } be a collection of sets of 
cardinalities ff\Sj\ = rij , j = 1 Let £ := {£ij}i<i<j< n be a collection of non-negative 

integers. 

The ^-weighted complete multipartite graph Kni,...,n r is a graph with the set of vertices equals 

r 

to the disjoint union {J S* of the sets Si, ..., S r , and the set of edges {(ai,/3j), a* E Si, f3j E 

3 = 1 

Sj}i<i<j< r of multiplicity lij each edge ( ai,/3j). 


Theorem 4.24. Let us fix an integer r > 2 and a collection of non-negative integers £ := 
{ t'/j } i<z<j</' ■ Then 


1 + Y, ( x ~ !) K(ATl)T utt e(K^_ nr ,x,y) 


n=(n 1 ,...,n r )GZ ^ 0 

n^O 


j.Tii ,n r 

L 1 t # . 

nfi. n r \ 


E » 

ym=(mi,...,m r )£Z ? >0 


E tijm.im-j 


l<i<J<r (y _ 1)- 


l l 

C r | 

mfi. 

m r \ 1 


(*-i )(y—i) 


where k(£, n ) denotes the number of connected components of the graph Knf...,n r 

Comments 4.25. 


(a) Clearly the condition tij = 0 means that there are no edges between vertices from the 
sets Sj and Sj. Therefore Theorem 4.24 allows to compute the Tutte polynomial of any 
(finite) graph. For example, 

Tutte ( 7 ^ 2 ^ 2 , 2,25 x , y) = {(0,362,927,911,451,121,17,1)*, 

(362, 2154, 2928,1584, 374,32)*, (1589,4731,3744,1072, 96)*, 
(3376,6096, 2928,448,16)*, (4828, 5736,1764,152)*, 

(5404,4464,900, 32)*, (5140, 3040, 380) x , (4340,1840,124)*, 
(3325,984,24)*, (2331,448)*, (1492,168)*, (868,48)*, (454, 8)*, 
210,84,28,7, l} y . 


(b) One can show that a formula for the chromatic polynomials from Proposition 4.19 cor¬ 
responds to the specialization y = 0 ( but not direct substitution!) of the formula for 
generating function for the Tutte polynomials stated in Theorem 4.24. 

(c) The Tutte polynomial Tutte [Kni,...,n r , x, y) does not symmetric with respect to parameters 
{£ij}i<i<j<r- For example, let us write £ = (£ 12 , I 2 Z, £\z, £u, £ 24 , £ 34 ), then 

Tutte(K^ 4 /’ 2 ’ 4) , 1,1) = 2 s - 3 - 5 - ll 3 - 241 = 1231760640. 

On the other hand, 

Tutte 1,1) = 2 13 - 3 • 7 - ll 2 • 61 = 1269768192. 


4.1.3 Universal Tutte polynomials 

Let m = ( mij, 1 < i < j < n) be a collection of non-negative integers. Define generalized 
Tutte polynomial T n (m,x,y) as follows 

(x-ir^ m) T n (m,x,y) 




On Some Quadratic Algebras 


63 


= Coeff [tl ...i n] 


_ Y] rriijiiij 

Y \y- 

\^€{0,l},Vi 


^ 0 -l)(y-l) 


where as before, n{n, m ) denotes the number of connected components of the graph 

Clearly that if T C Kn' 1 is a subgraph of the weighted complete graph Kn' 1 l = k[ f?, then the 
Tutte polynomial of graph T multiplied by (x — l) K ( r ^ is equal to the following specialization 

rriij = 0 if edge (i,j) £ T, rriij = iij if edge (i,j) G T 

of the generalized Tutte polynomial 


(* 


1) K(1 ) Tutte(T, x, y) = T n (m , x, y) 


m ij=0 if r 

if (*>j)€ r 


For example, 

(a) Take n = 6 and T = Kq\{15, 16, 24,25, 34, 36}, then 


Tutte(T, x, y) = {(0,4, 9, 8,4, 


l)x, (4,13, 9) x , (8, 7) x , 5, 




(b) Take n = 6 and T = A6\{15, 26, 34}, then 

Tutte(T, x, y) = {(0,11, 25, 20, 7,1),, (11,46,39, 8)*, (32, 52,12)*, 

(40,24)*, (29, 6)*, 15,5,1},,. 

(c) Take n = 6 and T = Kq\{ 12.34.56} = K‘ 2 , 2 , 2 - As a result one obtains an expression for 
the Tutte polynomial of the graph it 2 , 2,2 displayed in Example 4.16(4). 

Now set us set 

y m ij _ | 

Qij '■= - -• 

y- 1 

Lemma 4.26. The generalized Tutte polynomial T n (m,x,y) is a polynomial in the variables 
{f/ ij } 1 <i<j<n ; x and y. 

Definition 4.27. The universal Tutte polynomial T n ({qij},x, y) is defined to be the polynomial 
in the variables {qij}, x, and y defined in Lemma 4.26. 

Explicitly, 


(x - 1 )T n ({qij},x,y) 


= Coeff^...^] 


I] IT Mv- i) +1)^(2/- 1 ) 


(x-l)(j/-l) 


^e{o,i },Vi 


Corollary 4.28. Let {mij}i<i < j< n be a collection of positive integers. Then the specialization 

yVTHi _ J 

q%j > [ m ij\y ■— y — 1 

of the universal Tutte polynomial T n ({qij }, x, y) is equal to the Tutte polynomial of the complete 
graph K n with each edge (i,j) of the multiplicity rriij. 
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Further specialization q^j 
any graph 


0 if edge (i,j) £ T allows to compute the Tutte polynomial for 


Tutte 3 ({gi 2 , qi 3 , 523)5 x, y) = (1 - <?[ 12])(1 - <?[13])(1 - g[23]) + yq[12\q[13\q[23]) 

+ x(q[ 12 ] + g[13] + g[23] - 2) + x 2 . 


It is not difficult to see that the Tutt e n ({qij},x,y) is a symmetric polynomial with respect 
to parameters {%'}i<*<j<n- 

For more compact expression, it is more convenient to rewrite the universal chromatic poly¬ 
nomial in terms of parameters Pij := 1 — q t j, 1 < i < j < n, and denote it by Ch n ({p t j}, x). For 
example, 


Ch i{{pij}, x ) = Pl2Pl3Pl4P23P24P34 + x{2 - P12 - P13 - Pl4 - P-23 - P24 ~ P34 
+ P12P34 + P14P23 + P13P24 + P12P13P23 + PV2Pl4P24 + P13P14P34 
+ P23P24P34) + X 2 (3 - p\2 ~ Pl3 - Pl4 ~ P23 ~ P24 ~ P34) + X 3 . 


Note that P 12 P 34 +P 14 P 23 +P 13 P 24 is a symmetric polynomial of the variables P 12 , P 34 , P 13 , P 24 , 
P14-, P23- It is important to keep in mind that parameters {m^} and {pij} are connected by 
relations 


Pij 


y _ yVUij 

y -1 


1 < * < j < n. 


Therefore, pij = 1 if (i,j) ^ Edge(r), p t j = 0 if rn t] = 1. We emphasize that the latter equalities 
are valid for arbitrary y. It is not difficult to see that 


Ch n ({qij = 0, V i,j} = Tutte(7i n ;x,0), Ch n ({qij = 1 , Vi, j} = (x - l) n 1 . 


Define universal chromatic polynomial to be Ch n ({p*j},x) = Tutte n ({pjj}, x, 0), where we 
treat {pij}i<i<j< n as a collection of a free parameters. 


To state our result concerning the universal chromatic polynomial Ch n ({pij},x), first we 
introduce a bit of notation. Let n > 2 be an integer, consider a partition B = {14; = 

(bi \ ..., br}) } 1< <j k °f the set [1, n] := [1, 2,..., n]. In other words one has that [1, n] = U 

and Bi n Bj = 0 if i ^ j. We assume that b[ l> < < • • • < b\ k> . We define n(B) := k. To 

k 

a given partition B we associate a monomial ps ■= FI PB a , where ps a = 1 if n{B") = \. and 

a= 1 

PBa = n Pij- 
i,j£B a 
i<j 

For a given partition Ah n denote by c\\\{pij}) the sum of all monomials pbP k ^~ 2 such 

that A = A (B) = (|4?i|,..., \B K ^\) + , where for any composition a \= n, a + denotes a unique 
partition obtained from a by the reordering of its parts. 

Define /3-universal chromatic polynomial to be 

Ch l?\{Pij}, x) = /3 _1 £( n) + Tutte(A^ (A) _ i; x, 0)£ ( f \ 

Ah n 
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where summation runs over all partitions A of n; we set Kq := 0 and Tutte(0; x, y) = 0. For 
the reader convenience we are reminded that for the complete graph K n , n > 0, one has 

71—1 71—1 

Tutte(AT n , x, 0) = (x + j — 1) = ^2 s (k, n ~~ 
j =1 k =0 

where s(k,n) denotes the Stirling number of the first kind 37 . 

Theorem 4.29 (formula for universal chromatic polynomials). 

Ch n {{pij},x) = Cl4f =_1) ({pij},x). 

For a given partition Ah n denote by £\{{pij}) the sum of all monomials ps such that 

A = A(£>) = f ..., |-B k (b)|) + , where for any composition a |= n, a + denotes a unique 

partition obtained from a by the reordering of its parts. 

It is clear that for a graph F c I\ n and partition B the value of monomial pg under the 
specialization ptj = 0 if {if) E Edge(r) and pij = 1 if {if) ^ Edge(r), is equal to 1 iff the 

complementary graph K n \T contains a subgraph which is isomorphic to the disjoint union of 

k 

complete graphs K{ A) := ]J K\ t , where (Ai,..., A&) = A(£>). Therefore the specialization 

i =1 

£\\pij=o, (O')er, 

Pij =ij (ij )£r 

is equal to the number of non isomorphic subgraphs of the complementary graph K n \T which 
are isomorphic to the graph K{\). 

Example 4.30. Take n = 6, then 

Chg /3) = fi~ 1 £^ ) + x(x + l)(x + 2){x + 3)(x + 4)£^/3 4 

+ x(x + l)(x T 2)(x + 3 )£(2,i 4 )fi 3 T x{x + l)(x + 2)(/2(2 2 ,i 2 ) T 

+ x(x + 1)(£( 2 3) + £(3,2,1) + £(4,l 2 ))f + £{3 2 ) + £(4,2) + £(5,1)- 

Since pij is equal to either 1 or 0, one can see that C( n \ = 0 unless graph T is a collection of n 
distinct points and therefore £ = \. 

The chromatic polynomial of any graph is a Z-linear combination of the chromatic polyno¬ 
mials corresponding to a set of complete graphs. 

Corollary 4.31 (formula for universal /3-Tutte polynomials 38 ). 

(1 - y) n " 1 Tutte^({p i j};x,i/) 

= Pij+ ^ Tutte ( K i(\)-i : > x + V + P x y’ 0 )£\\{Pij})- 

1 <i<j<n Ahn 


The polynomial (1 — y)AA r )l 1 Tutte(r; x, y) is a Z[;y] -linear combination of the chromatic 
polynomials Tutte(AT m ; x + y — xy, 0) corresponding to a family of complete graphs {K m }. 


Here E(r) denotes the set of vertices of graph T. 

37 See, e.g., [131, A008275] or https://en.wikipedia.org/wiki/Stirling_numbers_of_the_first_kind. 

38 It should be remembered that Tutte(Ah; x, y) = 1 and Tutte(Ao; x, y) = 0, since the graph K i := {pt} and 
graph A'o = 0. 
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Comments 4.32. 


(*) Let us write 

71—1 

C h^\{ Pij },x) = -C {n) !3- 1 + J2 a £ ) ({Pi j )x k . 

k =1 

It follows from Theorem 4.29 that 

Ah n 

where as before, s(k, n) denote the Stirling numbers of the first kind, see, e.g., footnote 37. 
For example, 


o(L) = a^Xipij}) 


Pij= o. (O')er, 
Pij =1 > W )0 r 


(£(X) - 2)Wx(T)p i ^~ 2 , 


where AT\(T) denotes the number non isomorphic subgraphs in the complementary graph 
K n \T, which are isomorphic to the graph K n { A). 

(ii) It is clear that for a general set of parameters {pij} the number of different monomials 

which appear in £)[ ({pij}), where partition A = 3 m ji A h n, is equal to 

j= 1 


n! 

i>i 


(to) For general set of parameters {pij} one can show that the number of different monomials 
which appear in polynomial cin\{pij}) is equal to Bell(n) — 1, where Bell(n) denotes the 
?7.-th Bell number, see, e.g., [131, A000110]. 

(iv) In the limit y — > 1 one has q Vj = rn t] and pij = 1 — rriij . 

( v ) Let us introduce a modified universal Tutte polynomial, namely, 

Tutt e{{qij}-x,y,z) := (-l) ra_1 Coeff [tl ... tn] 

( \ x v 

^€{0,1 },Vi 


We set deg(c/ij) = 1, 

Proposition 4.33. 

(a) Tutte({% i };x,y, 2 :) E y, z}. 

( b ) Degree n — 1 monomials of the polynomial Tutte({%j}; 0, y , z) are in one-to-one correspon¬ 
dence with the set of spanning trees of the complete graph K n . Moreover, the polynomial 
Tutte({%; = 1, V i, j}; x, 0,1) is equal to the generating function of forests on n labeled ver¬ 
tices, counting according to the number of connected components, whereas the polynomial 
Tutte({%j = 1, Vi, j}; 1,0, z) is equal to the Hilbert polynomial of the even Orlik-Solomon 
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algebra 39 OS + (T n ) associated to the type A n _i generic hyperplane arrangement F n , see 
[119, Section 5] or [72], namely, 

Tutte({q,;j = 1, Vi, j}; 1,0, z) = Hilb(OS + (T n ), z) = ^z^, 

F 

where the sum runs over all forests on the vertices {1, ..., n\, and [V 7 ! denotes the number 
of edges of T. 

(c) More generally, denote by F n (x,t ) := the generating function of statistics 

F 

\F\ and inv(.F) on the set F(n ) of forests on n labeled vertices. Recall that the symbol [V 7 ! 
denotes the number of edges in a forest F E F(n) and that inv(J 7 ) its inversion index 40 . 

Lemma 4.34. One can show that 


F n (x, t) = (xt) n 1 Tutte(A' n ; 1 + (xt) l ,t — 1), 

Coeff( xt )«-i [F n (x,t)\ = I n (t), 

where I n (t ) := S.FeTree(n) t mv ^ denotes the tree inversion polynomial, see, e.g., [51, 134]. 

(d) Set 


DU n (x) 


(ztr- 1 Hilb(A' n ; 1 + (zt)~\z - 1) t:=-1 

z: = — x 


F n (-x, -1). 


One ( A.K .) can show that (n > 2) 


DU n {x) E N[x], DU n ( 1) = UD n+1 , Coeff^-i [DU n (x)\ = UD n _ lt 


where UD n denote the Euler or up/down numbers associated with the exponential genera¬ 
ting function sec(x) + tan(x), see 41 , e.g., [131, A000111]. 

(e) One has 

x'CjTutte({(/ij = l 5 Vi,j};x,x _1 — 1, l) = Hilb(^l n ,x), 

where A n denotes the algebra generated by the curvature of 2-forms of the standard Her- 
mitian linear bundles over the flag variety Fl n , see [72, 118, 129] or Section 4.2.2, Theo¬ 
rem 4.56(71). 

n—l ,,, 

(/) Write Tutte({gij}; 0, y, z) = af n (y,z), then monomials which appear in polynomial 

k =0 

ali c \y,z) are in one-to-one correspondence with the set of labeled graphs with n nodes 
having exactly k connected components. 

(g) One has Tutte(({gjj}; x, —1,1) = Tutted^-}, x + 1,0). 

39 Known also as Orlik Terao algebra. 

J() For the readers convenience we recall definitions of statistics inv(.F) and the major index majl-F). Given 
a forest F on n labeled nodes, one can construct a tree T by adding a new vertex (root) connected with the 
maximal vertices in the connected components of F. 

The inversion index inv(J r ) is equal to the number of pairs (i,j) such that 1 < i < j < n, and the vertex labeled 
by j lies on the shortest path in T from the vertex labeled by i to the root. 

The major index maj(J r ) is equal to h(x)\ here for any vertex x G F, h(x) is the size of the subtree 

a;EDes(.F) 

rooted at x; the descent set Des(J r ) of F consists of the vertices x £ F which have the labeling strictly greater 
than the labeling of its child’s. 

41 The fact that /„(—!) = UD n -i is due to G. Kreweras [82]. 
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(h) Recurrence relations for polynomials F n (x,t), cf. [82], 

F 0 (x,t) = Fi(x,t) = 1, F n+1 (x,t) = V ( 1 f\ (xt) k I k (t)F n _ k (x,t). 

k =o ' ' 


Example 4.35. Take n = 5, then 

Tutte(KT 5 ; x, y ) = (0,6,11, 6,1) + (6, 20,10)y + 15(1,1 )y 2 + 5(3,1 )y 3 + 10y 4 + 4y 5 + y 6 , 
F 5 (-x,~ 1) = (1,10,25,20,5). 

Write F n (x,t ) = F n (u,t)\ u=xt , then 

F 5 (u, t) = 1 + 10u + w 2 (35 + lOt) + xi 3 (50,40,15,5) t + u 4 (24, 36, 30, 20,10,4, l) t , 

n—1 

Fn(u, 0) = JJ(1 + j U ), 

3= 1 

Hilb(A 5 , t) = (1,4,10, 20,35, 51, 64, 60, 35,10, l) t , 

Hilb(OS + (T 5 ), t) = (1,10,45,110,125) t . 

Exercises 4.36. 

(1) Assume that t{j = l for all 1 < i < j < r. Based on the above formula for the exponential 
generating function for the Tutte polynomials of the complete multipartite graphs K n 1 ,... 1 n r , 
deduce the following well-known formula 

r 

Tutte«)...,n r , 1,1) = Z N ~ l N r - 2 IJ(iV - 

3 =1 

where N := n\ + • • • + n r . It is well-known that the number Tutte(T, 1,1) is equal to the 
number of spanning trees of a connected graph T. 

(2) Take r = 3 and let m, ri 2 , n% and £ 12 , £ 13 , ^23 be positive integers. Set N := £n£\ 3 n\ + 
^ 12 ^ 23^2 + ^ 13 ^ 23 ^ 3 - Show that 

Tutt e(K e n \’%%, 1,1) = N(h 2 n 2 +e 13 n 3 )^-\h 2 n 1 +h 3 n 3 )^-\h 3 ri 1 +£ 23 n 2 ) n3 - 1 . 

(3) Let r > 2, consider weighted complete multipartite graph K n _ n , where £ = ( lij ) such 

r 

that £\.j = £, j = 1, ..., r and £ t j = k,2<i<j<r. Show that 

Tutte(iL^ jn ,l, 1) = k n (r - l) n “ 1 ((r - 1)1 + k) r ~ 2 ({r - 2)£ + A:) (r " 1)(n " 1) n ,ir_1 . 

r 

Let T n (*) be a spanning star subgraph of the complete graph K n . For example, one can 
take for a graph T n (*) the subgraph K i,n_i with the set of vertices V := { 1 , 2 ,..., rz} and 
that of edges E := {(i,n), i = l,...,n — 1}. The algebra STn can be treated as 
a “noncommutative analog” of the projective space P n_1 . We have 9\ = u \2 + U 13 + • • • + u\ n . 
It is not difficult to see that Hilb(3Tn°^(iLi )ri _i) a& , t) = (1 + t) n_1 , and Of = 0. Let us observe 
that Chrom(r n (*), t) = t(t — l) n_1 . 

Problem 4.37. Compute the Hilbert series of the algebra 3 nr ). 
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The first non-trivial case is that of projective space, i.e., the case r = 2, n\ = 1, ri 2 = 5. 

On the other hand, if = {(1,2) —> (2,3) —> ■■■ —> (n — l,n)} is the Dynkin graph of 
type A n _ i, then the algebra 3 Tn°\r n ) is isomorphic to the nil-Coxeter algebra of type i, 
and if T^ aff) = {(1,2) —> (2, 3) -» • • • —> (n—l,n) — (1, n)} is the Dynkin graph of type A^J_ X , 

i.e., a cycle, then the algebra ‘iTn ' > (r[, af ) is isomorphic to a certain quotient of the affine 
nil-Coxeter algebra of type A^ 1 by the two-sided ideal which can be described explicitly [72], 
Moreover [72], 

n— 1 

Hilb(3T°)(r( aff )),t) = [n} t H[j(n-j)} t , 

l=i 

see Theorem 4.3. Therefore, the dimension dim(3T(°'(r aff )) is equal to n\(n — 1)! and is equal 
also, as it was pointed out in Section 4.1.1, to the number of (directed) Hamiltonian cycles in 
the complete bipartite graph K n ^ n , see [131, A010790]. 

It is not difficult to see that 

Hilb(3T 7 l 0) (T n ) a6 ,t) =(t + l) n ~ 1 , Hilb(3T (0) (T aff ) a& ,t) = t~ 1 ((t+l) n -t-l), 
whereas 

Chrom(T n ,t) = t(t — l) n_1 , Chrom(T aff , f) = (t — l) n + (—1 ) n (t — 1). 

Exercise 4.38. Let K ni ,...,n r be complete multipartite graph, N := ni + • • • + n r . Show that 12 

r rij -1 

n n (1 -at) 

m\b(3T N (K ni _ nr ),t) = -■ 

n (i -jt) 

1=1 

4.1.4 Quasi-classical and associative classical Yang Baxter algebras of type B n 

In this section we introduce an analogue of the algebra 3 T n (/3) for the classical root systems. 

Definition 4.39. 

(A) The quasi-classical Yang-Baxter algebra ACYB(B n ) of type B n is an associative algebra 
with the set of generators {xij, yij, Zi, 1 < i j- j < n} subject to the set of defining 
relations 

(1) + Xij = 0, = yji if i / j, 

(2) ZiZj — ZjZi, 

(3) XijXki = XkiXij, XijPki = yidXij, VijVki = VkiVij if i, j, k, l are distinct, 

(4) ZiXki = XkiZi, Ziyki = ykiZi if i / k,l, 

(5) three term relations: 

XijXjk XikXij + XjkXik fiXik, Xijyjk VikXij T PjkVik ftvik-j 

XikVjk = VjkVij T VijXik T fiyij, yikXjk = Xjkyij T yijyik T fiyij 
if 1 < i < j < k < n, 

J2 It should be remembered that to abuse of notation, the complete graph K n , by definition, is equal to the 
complete multipartite graph K((l, ..., 1)), whereas the graph is a collection of n distinct points. 
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( 6 ) four term relations: 

XijZj = ZiXij + yijZi A Zjyij - /3zi 

if i < j. 

(B) The associative classical Yang-Baxter algebra ACYB(£> n ) of type B n is the special case 


,3 = 0 of the algebra ACYB (B n ). 


Comments 4.40. 


• In the case (3 = 0 the algebra ACYB(H n ) has a rational representation 



-i 


Vij 


(Xi + Xj ) 


-i 



• In the case /3 = 1 the algebra ACYB(H n ) has a “trigonometric” representation 



Definition 4.41. The bracket algebra £{B n ) of type B n is an associative algebra with the set 


of generators {xij, yij, Zi, 1 < i 7 ^ j < n} subject to the set of relations (l)-( 6 ) listed in 
Definition 4.39, and the additional relations 

(5a) Xji : x- t j XjjXjj.* A %ikXjk 3x,j c . J'ljVik A VikVjk 3y,k 1 


Vjk^-ik VijVjk A X lk y l; j A flHj • ^jkPik Vij-^jk A yikVij A flj-ij 


if 1 < i < j < k < n, 

(6a) ZjXij = x^Zi A Ziyij A VijZj - /3zi 
if i < j. 

Definition 4.42. The quasi-classical Yang-Baxter algebra ACYBf 7A„ ) of type D n , as well as the 
algebras ACYB(D n ) and £(D n ) are defined by putting z k = 0, * = 1,... , n, in the corresponding 
B n -versions of algebras in question. 

Conjecture 4.43. The both algebras £(B n ) and £(D n ) are Koszul, and 



if n > 4 



Example 4.44. 


Hilb(ACYB (B 2 ),t) = (1 -4f + 2t 2 ) -1 , 
Hilb(ACYB(B 3 ),i) = (l — 9t A 16f 2 — 4f 3 ) -1 , 
Hilb(ACYB(fl 4 ),t) = (1 - 16t + 64i 2 - 60f 3 A 9t 4 )~\ 
Hilb(ACYB(D 4 ),t) = (l - 12t A 18f 2 - 41 3 ) -1 . 


However, 


Hilb(ACYB(H 5 ), f) = (l - 25 1 A 180f 2 - 400t 3 A 221t 4 - 31t 5 ) \ 
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Let us introduce the following Coxeter type elements 

n —1 n —1 

hB n - = | ^a,a+l^n ^ £(-®n) and ^ D n * = | *^a,a+lj/n—l,n ^ (4.2) 

a=l a=l 

Let us bring the element hs n (resp. hjj n ) to the reduced form in the algebra £(B n ) that is, let 
us consecutively apply the defining relations (1)—(6), (5a), (6a) to the element hs n (resp. apply 
to ho n the defining relations for algebra £(D n )) in any order until unable to do so. Denote the 
resulting (nonconnnutative) polynomial by PB n (%ij , lkj, z) (resp. Po n (xij, Uij ))• In principal, this 
polynomial itself can depend on the order in which the relations (1)—(6), (5a), (6a) are applied. 

Conjecture 4.45 (cf. [133, Exercise 8.C5(c)]). 

(1) Apart from applying the commutativity relations (l)-(4), the polynomial Ps n (xij,yij, z) 
(resp. PD n ( x ij,Vij )) does not depend on the order in which the defining relations have been 
applied. 

(2) Define polynomial Ps n (s,r,t ) (resp. Po n (s,r)) to be the the image of that PB n ( x ij,Uij, z) 
(resp. PD n (xij,Uij )) under the specialization 


Xij —> s, yij —> r, z* —> t. 

T/ i enP s „(l,l,l) = i( 2 ;) = ICat Bn . 

Note that P Bn ( 1,0,1) = Cat^.j. 

Problem 4.46. Investigate the B n and D n types reduced polynomials corresponding to the Co¬ 
xeter elements (4.2), and the reduced polynomials corresponding to the longest elements 


WB n ■ = 


n 

j =i 


x ijUij 


WD n = n x vVir 

l<i<j<n 


4.2 Super analogue of 6-term relations and classical Yang—Baxter algebras 

4.2.1 Six term relations algebra 6 T n , its quadratic dual (6T n ) ! , and algebra 6 HT n 

Definition 4.47. The 6 term relations algebra 6 T n is an associative algebra (say over Q) with 
the set of generators {r^j, 1 < i j < n}, subject to the following relations: 

1) rij and Tkj commute if {*, j} n { k , 1} = 0, 

2) unitarity condition: rij + r-p = 0, 

3) classical Yang-Baxter relations: [r t j , r^ + rjk] + [rik,i'jk\ = 0 if i, j , k are distinct. 

We denote by CYB n , named by classical Yang-Baxter algebra, an associative algebra over Q 
generated by elements {r t] , 1 < i j < n} subject to relations 1) and 3). 

Note that the algebra 6 T n is given by Q) generators and Q) + 3Q) quadratic relations. 

Definition 4.48. Define Dunkl elements in the algebra 6 T n to be 

= ^2 r ij > i = l,...,n. 
jAi 

It easy to see that the Dunkl elements generate a commutative subalgebra in the 

algebra 6 T n . 



72 


A.N. Kirillov 


Example 4.49 (some “rational and trigonometric” representations of the algebra 6 T n ). Let 
A = £7(51(2)) be the universal enveloping algebra of the Lie algebra s 1(2). Recall that the 
algebra s((2) is spanned by the elements e, /, h, such that [h, e] = 2e, [h, f] = —2/, [e, /] = h. 
Let’s search for solutions to the CYBE in the form 


r i,j = a(ui, Uj)h <g> /i + b(iii, Uj)e <g> / + c(rq, Uj)f <g> e, 

where a(u,v),b(u,v) / 0, c(u, v) / 0 are meromorphic functions of the variables (u, v) G C 2 , 
defined in a neighborhood of (0,0), taking values in A <S> A. Let a VJ := a(ui,Uj ) (resp. b t j := 
b(v,i,Uj), Cij := c(ui,Uj )). 

Lemma 4.50. The elements r t ,j := aijh <g> h + fe, 3 e ® / + c^/ <g) e satisfy CYBE iff 
bijbjkCik — CijCjkbik and Ic/A- — bjjbjkf bj^- 7?a-c 3 a. f bjj bjj. c%j j bj a- 

/or l<i<j<k<n. 

It is not hard to see that 


there are three rational solutions: 

1 /2/i <g>/i + e<g>/ + /<g>e 


ri(u,v) = 


u — V 


, , U + V , , U , V , 

r 2 (u, v) = — -r h <8> h-\ -e <8> / H-/ <8) e, 

4(it — v) u — v u — v 

and rs(u,v) := — r 2 (u,tt), 
there is a trigonometric solution 


+ q 


rtvi g (u,v) = - 


u-\-v 


4c (p u — 


h® h + 


q2u _ q2v 


(e<8>/ + /<8>e). 


Notice that the Dunkl element 9j := Y r tng(u a , Uj ) corresponds to the truncated (or level 0) 

“A? 

trigonometric Knizhnik-Zamolodchikov operator. 

In fact, the “sl„-Casimir element” 

-l — — j ' E u ® E u J + ^ ' Eij <8> Eji 

satisfies the 4-term relations 


[fli 2 , fii 3 + H 23 ] — 0 — [fli 2 + fli3, 0 2 3], 

and the elements r,j := IJ , 1 < i < j < n, satisfy the classical Yang-Baxter relations. 

V 11^ Tbj 

Recall that the set { E\j := ( Sik3jl)i<k,l<n , 1 < i,j < ra}, stands for the standard basis of the 
algebra Mat(n,M). 

Definition 4.51. Denote by the quotient of the algebra 6 T n by the (two-sided) ideal 

generated by the set of elements {r 2 ^, 1 < i < j < n}. 

More generally, let {/3,qij, 1 < i < j < n} be a set of parameters. Let R := Q[/3] [q^ 1 ]- 

Definition 4.52. Denote by 6 HT n the quotient of the algebra 6T re (g)i? by the (two-sided) ideal 
generated by the set of elements {r 2 • — — q%j , 1 < i < j < n}. 
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All these algebras are naturally graded, with deg(rjj) = 1, deg(/3) = 1, deg (qij) = 2. It is 
clear that the algebra 6 T^ can be considered as the infinitesimal deformation Rj .j := 1 + erjj, 
e —> 0, of the Yang-Baxter group YB n . 

For the reader convenience we recall the definition of the Yang-Baxter group. 

Definition 4.53. The Yang-Baxter group YB n is a group generated by elements { Rff. 1 . 1 < 
i < j < n}, subject to the set of defining relations 

• RijRki = RkiRij if i, j, k, l are distinct, 

• quantum Yang-Baxter relations: 

RijRik^jk — Hjk B t /,■ li,j if 1 Y i <1 j k Y n. 


Corollary 4.54. Define hij = 1 + r*j £ 6 HT n . Then the following relations in the algebra 6 HT n 
are satisfied: 

( 1 ) fijfikfjk = r ]k r ikTi] for all pairwise distinct i, j and k; 

(2) Yang-Baxter relations: hijhikhjk = hjkhikhij ifl<i<j<k<n. 

Note, the item (1) includes three relations in fact. 

Proposition 4.55. 

(1) The quadratic dual ( 6 T n )' of the algebra 6 T n is a quadratic algebra generated by the elements 
{ti,j, 1 < z < j < n} subject to the set of relations 

(i) t\j = 0 for all i j; 

(ii) anticommutativity: Ujtkj + tkjUj = 0 for all i j and k / l; 

{in') tijti^k — ti,klj,k — if i ; 3 ; k are distinct. 

(2) The quadratic dual (6Tn°' > )- of the algebra 6 T^ is a quadratic algebra with generators 
{ti,j, 1 < i < j < n} subject to the relations {ii)-{iii) above only. 


4.2.2 Algebras 6and 6 T* 

We are reminded that the algebra 6 T^ is the quotient of the six term relation algebra 6 T n 
by the two-sided ideal generated by the elements {r'ij}i <«<!<«.■ Important consequence of the 
classical Yang-Baxter relations and relations rfj = 0, Vi 7 ^ j, is that the both additive Dunkl 
elements { 0 i}i<j< n and multiplicative ones 


j e * — II h ai n hid 1 

a=i — 1 a=i+1 ) l<i<n 

generate commutative subalgebras in the algebra 6 Tn (and in the algebra 6 T n as well), see 
Corollary 4.54. The problem we are interested in, is to describe commutative subalgebras gen¬ 
erated by additive (resp. multiplicative) Dunkl elements in the algebra 6 T^ ■ Notice that the 
subalgebra generated by additive Dunkl elements in the abelianization 43 of the algebra 6T n (0) 
has been studied in [118, 129]. In order to state the result from [118] we need, let us introduce 
a bit of notation. As before, let Tl n denotes the complete flag variety, and denote by A n the 
algebra generated by the curvature of 2-forms of the standard Hermitian linear bundles over 

43 See, e.g., http://mathworld.wolfram.com/Abelianization.html. 
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the flag variety Fl n , see, e.g., [118]. Finally, denote by I n the ideal in the ring of polynomials 
Z[ti,..., t n ] generated by the set of elements 

+ • •' + J fe(n - fe)+1 

for all sequences of indices 1 < i\ < 12 < ■ ■ • < ik < n, k = 1 ,..., n. 

Theorem 4.56 ([118, 129]). 

( A ) There exists a natural isomorphism 
A n t Z[ii, . . . ,t n ]// n , 

{B) 

Hilb(A n ,t) = f(2)Tutte(iF n , 1 + t,t~ l ). 

Therefore the dimension of A n (as a Z-vector space) is equal to the number J-(n) of forests 
on n labeled vertices. It is well-known that 

_ / \ 

;>>(n)- = exp -i. 

n>1 \n>\ ) 

For example, 

Hilb(A 3 , t) = (1, 2, 3,1), Hilb(A 4 , t) = (1,3,6,10,11, 6,1), 

Hilb(A 5 , t) = (1,4,10, 20,35, 51, 64, 60, 35,10,1), 

Hilb(A 6 , t) = (1,5,15, 35, 70,126, 204, 300,405,490, 511,424, 245, 85,15,1). 

Problem 4.57. Describe subalgebra in (6 Tn) ab generated by the multiplicative Dunkl elements 

On the other hand, the commutative subalgebra B n generated by the additive Dunkl elements 
in the algebra 6 Tn \ n > 3, has infinite dimension. For example, 

#3 = Z [x,y]/(xy(x + y)), 

(3) 

and the Dunkl elements 6 ■ , j = 1,2, 3, have infinite order. 

Definition 4.58. Define algebra 6 T* to be the quotient of that 6by the two-sided ideal 
generated by the set of “cyclic relations” 

mm j 

5ZII r h4a Yl r h,ia = 0 

j=2 a=j a=2 

for all sequences {1 < i\, * 2 ,... ,i m < n} of pairwise distinct integers, and all integers 2 < m < n. 
For example, 

. Hilb(6 T*,t) = (1,3, 5,4,1) = (1 + t)(l, 2, 3,1), 

• subalgebra (over Z) in the algebra 6 T* generated by Dunkl elements 9\ and @2 has the 
Hilbert polynomial equal to (1,2,3,1), and the following presentation: Z[x,y\/I^, where 
I 3 denotes the ideal in Z [x,y\ generated by x 3 , y 3 , and (x + y) 3 , 



On Some Quadratic Algebras 


75 


• Hilb(6T*,t) = (1,6,23,65,134,164,111,43,11, l) t . 

As a consequence of the cyclic relations, one can check that for any integer n > 2 the n-th 
power of the additive Dunkl element 9{ is equal to zero in the algebra 6T* for all i = 1,..., n. 
Therefore, the Dunkl elements generate a finite-dimensional commutative subalgebra in the 
algebra 6T*. There exist natural homomorphisms 

6T* —> 3^ 0) , B n —^ An —> H*(n n ,Z) ( 4 - 3 ) 

The first and third arrows in (4.3) are epimorphism. We expect that the map it is also epimor- 
phism 44 , and looking for a description of the kernel ker(-7r). 

Comments 4.59. 

• Let us denote by £>(f ult and M" lult the subalgebras generated by multiplicative Dunkl ele¬ 
ments in the algebras 6and (6 T^) ab correspondingly. One can define a sequence of 
maps 

a” Ult —► ^n Ult K* (Fin), (4-4) 

which is a A"-theoretic analog of that (4.3). It is an interesting problem to find a geometric 
interpretation of the algebra and the map 

• “Quantization”. Let f3 and {q^ = qji, 1 < i, j < n} be parameters. 

Definition 4.60. Define algebra 6 HT n to be the quotient of the algebra 6 T n by the two sided 
ideal generated by the elements {rf- — — Aj}i<ij<n- 

Lemma 4.61. The both additive {#i}i<j<n and multiplicative {0j}i<i<n Dunkl elements gen¬ 
erate commutative subalgebras in the algebra 6HT n . 

Therefore one can define algebras 6 T-LB n and 6 TLAn which are a “quantum deformation” of 
algebras B n and A n respectively. We expect that in the case /3 = 0 and a special choice of 
“arithmetic parameters” {qij}, the algebra TiA n is connected with the arithmetic Schubert and 
Grothendieck calculi, cf. [129, 137]. Moreover, for a “general” set of parameters {<lij}i<i,j<n and 
j3 = 0, we expect an existence of a natural homomorphism 

UAT lt —► QIC* (Fin), 

where QK,*(J-l n ) denotes a multiparameter quantum deformation of the A"-theory ring A'*(J r G) 
[72, 76]; see also Section 3.1. Thus, we treat the algebra A.4.“ iult as the A'-theory version of 
a multiparameter quantum deformation of the algebra which is generated by the curvature 

of 2-forms of the Hermitian linear bundles over the flag variety Tl n . 

• One can define an analogue of the algebras 6 Tn \ 6 HT n etc., denoted by 6T(T) etc., for 
any subgraph T C K n of the complete graph K n , and in fact for any oriented matroid. It 
is known that Hilb((6T n (T) a6 , t) = t e ^ r ^Tutte(T, l + t, t -1 ), see, e.g., [11] and the literature 
quoted therein. 

44 Contrary to the case of the map pr n : Z[6 h,..., 9 n ] —> (3T n (0)) a6 , where the image Im(pr n ) has dimension 
equals to the number of permutations in §„ with (n — 1) inversions see [131, A001892]. 
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4.2.3 Hilbert series of algebras CYB n and 6T n 45 
Examples 4.62. 

Hilb(6T 3 ,f) = (l — 3t + t 2 ) _1 , Hilb(6T 4 ,f) = (l - 6t + 7t 2 - t 3 ) -1 , 

Hilb(6T 5 ,f) = (l - lOt + 25t 2 - 15f 3 + t 4 ) 1 , 

Hilb(6Tg,t) = (l — 15t + 65f 2 — 90t 3 + 31t 4 — t 5 ) * ; 

Hilb(6T 3 (0) ,t) = [2][3](1 — f) -1 , Hilb(6T 4 (0) ,f) = [4](1 - f)“ 2 (l - 3t + t 2 ) -1 . 

In fact, the following statements are true. 

Proposition 4.63 (cf. [7]). Let n > 2, then 

• The algebras 6 T n and CYB n are Koszul. 

• We have 

Hilb(6T„,t)=^(-l)*{„ "*}**) > 

where {^} stands for the Stirling numbers of the second kind, i.e., the number of ways to 
partition a set of n things into k nonempty subsets. 


( 71—1 


Hilb(CYB n , t) = ^2(-l) k (k + l)\N(k,n)t k 


\k =0 / 

where N(k,n) = ^(^)( fc ” 1 ) denotes the Narayana number, i.e., the number of Dyck n-paths 
with exactly k peaks. 

Corollary 4.64. 

(A) The Hilbert polynomial of the quadratic dual of the algebra 6 T n is equal to 

71—1 


Hilb(6T’,t) = £ 


k =0 


n 

n — k 


t K 


It is well-known that 

/ 71—1 


EE 

n >0 \k =0 

Therefore, 


n 

n — k 


n\ 


= exp 


exp(zf) — 1 


dirn(6T„)' = Bell„, 


where Bell n denotes the n-th Bell number, i.e., the number of ways to partition n things 
into subsets, see [131]. Recall, that 

_ z n 

V] Belln 2 — = exp(exp(z) - 1)). 
n\ 

n> 0 

45 Results of this subsection have been obtained independently in [7]. This paper contains, among other things, 
a description of a basis in the algebra 6 T n , and much more. 
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(B) The Hilbert polynomial of the quadratic dual of the algebra CYB n is equal to 

n —1 

Hilb((CYB n ) ! , i) = ^(k + l)\N(k,n)t k = (n - 1)\L^ (-r 1 )^ 1 , 

k =0 


where 



x a e x d n 
n! dx 11 


(e~ x x n+a ) 


denotes the generalized Laguerre polynomial. The numbers {k + l)\N{n,k) := L{n,n — k) 
are known as Lah numbers, see, e.g., [131, A008297], moreover [131], 


dim(CYB n ) ! = A000262. 


It is well-known that 


( n— 1 

Y^(k + l)\N(k,n)t k 

k> 0 


n\ 


exp {z{\ — zt) 3 ). 


Comments 4.65. Let £ n (u), « / 0,1, be the Yohonuma-Hecke algebra, see, e.g., [124] and the 
literature quoted therein. It is known that the dimension of the Yokonuma-Hecke algebra £ n (u) 
is equal to n\B n , where B n denotes as before the n-th Bell number. Therefore, dim(£ n (u)) = 
dim((6T n ) ! x § n ), where (6T n ) ! x § n denotes the semi-direct product of the algebra (6T n ) ! and 
the symmetric group § n . It seems an interesting task to check whether or not the algebras 
(6 T n )' x S n and £ n (u) are isomorphic. 

Remark 4.66. Denote by .A4YB n the group algebra over Q of the monoid corresponding to 
the Yang-Baxter group YB n , see, e.g., Definition 4.48. Let P{ AlYB n , s,t) denotes the Poincare 
polynomial of the algebra A4 YB n . One can show that 

Hilb(6T n , s) = P(MYB n , -s, l)" 1 . 

For example, 

P(A4YB3, s,t) = 1 + 3st + s 2 t 3 , 

P(A4YB4, s,t) = 1 + 6 st + s 2 (3 1 2 + 4t 3 ) + s 3 t 6 , 

P(MYB 5 ,s,t) = l + 10st + s 2 (l5f 2 + 10t 3 ) + s 3 (l0t 4 + 5t 6 ) +s 4 t 10 . 

Note that Hilb(A4YB n , t) = P(MYB n , — 1, t) _1 and P(AiYB n , 1,1) = Bell n , the n-th Bell 
number. 

Conjecture 4.67. 

P(MYB n , s,t) = Yl 

7T 

where the sum runs over all partitions n = (ii,..., /*,) of the set [n] := [1,..., n] into nonempty 

k 

subsets 1 1 ,.. •, Ik, and we set by definition, ff( tt) := n — k, n( tt) := ( 2 ) ■ 

a= 1 

Remark 4.68. For any finite Coxeter group (IF, S') one can define the algebra CYB(TF) := 
CYB(1F, S) which is an analog of the algebra CYB n = CYB(A n _i) for other root systems. 
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Conjecture 4.69 (A.N. Kirillov, Yu. Bazlov). Let (W, S) be a finite Coxeter group with the 
root system 4>. Then 

• the algebra CYB(W) is Koszul; 

• Hilb(CYB(W), t) = jj>*($)(-*)4 , 

where rfc(4>) is equal to the number of subsets in 4> + which constitute the positive part of a root 
subsystem of rank k. For example, ri(4>) = |4> + |, and r 2 ($) is equal to the number of defining 
relations in a representation of the algebra CYB(W). 

Example 4.70. 

Hilb(CYB(£ 2 ) ! ,f) = (1,4,3), Hilb(CYB(B 3 ) ! ,t) = (1,9,13,2), 

Hilb(CYB(£ 4 ) ! ,f) = (1,16,46,28,5), Hilb(CYB(B 5 ) ! , t) = (1,25,130,200,101,12), 

Hilb(CYB(H 4 ) ! , t) = (1,12,34,24,4), Hilb(CYB(D 5 ) ! , t) = (1,20,110,190,96,11). 

Definition 4.71. The even generic Orlik-Solomon algebra OS + (T n ) is defined to be an associa¬ 
tive algebra (say over Z) generated by the set of mutually commuting elements y l ,j, 1 < i j < n, 
subject to the set of cyclic relations 

Ui,j = Uj,ii Vii&Vi2,i3 ''' Z/ifc-i,ifcZ/u,hc = ® f° r k = 2,... ,n, 
and all sequences of pairwise distinct integers 1 < ii, ...,*&< ra. 

Exercises 4.72. 

(1) Show that 

( n 1 / W ^ ^ \ n 

1 + J2( k ) Yl( a +(n-k)q)t k ) Z —y 

k= 1 ^ a=0 / 


(2) The even generic Orlik-Solomon algebra. Show that the number of degree k, k > 3, 
relations in the definition of the Orlik-Solomon algebra OS + (r n ) is equal to \{k — 1)!(^) 
and also is equal to the maximal number of /c-cycles in the complete graph K n . 

Note that if one replaces the commutativity condition in the above definition on the condi¬ 
tion that j/jj’s pairwise anticommute , then the resulting algebra appears to be isomorphic to 
the Orlik-Solomon algebra OS(T n ) corresponding to the generic hyperplane arrangement T n , 
see [119]. It is known [119, Corollary 5.3], that 

Hiib(os(r „),t) = ^t |F| , 

F 

where the sum runs over all forests F on the vertices 1 ,,n, and |Tj denotes the number of 
edges in a forest F. 

It follows from Corollary 4.64, that 


n 

y'Hilb(OS(r n ),t)^ T =exp 
z —' n! 

n> 1 


l 71>1 


It is not difficult to see that Hilb(OS + (T n ), t) = Hilb(OS(T n ), t). In particular, dimOS + (r„.) = 
F(n). Note also that a sequence {Hilb(OS(T n ), — l)} n > 2 appears in [131, A057817]. The poly¬ 
nomials Hilb(A n ,f), F n (x,t ) and Hilb(OS + (T n ), t) can be expressed, see, e.g., [118], as certain 
specializations of the Tutte polynomial T{G\ x, y) corresponding to the complete graph G := K n . 
Namely, 

Hilb(A n , t) = t®T(K n - 1 + M _1 ), Hilb(OS + (T„), t) = t n ~ 1 T[K n \ 1 + t~\ l). 
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4.2.4 Super analogue of 6-term relations algebra 

Let n, m be non-negative integers. 

Definition 4.73. The super 6-term relations algebra 6 T n ^ m is an associative algebra over Q 
generated by the elements {xij, 1 < i ^ j < n} and {y a> p, 1 < a ^ /3 < m} subject to the set 
of relations 

( 0 ) Xij -|- Xjg 0 , Uaj3 2 // 3 ,qi 

(1) XijXki — XkjXij, Xijy a} /3 — Ua,pXij , ya,fiy^,& “L y^,8Va,fi — 0) if tuples (i,j,k,l^, (i,j, a, (3), 
as well as (a, /?, 7 , 5) consist of pair-wise distinct integers; 

(2) classical Yang-Baxter relations and theirs super analogue: [xi t k,Xj t i + Xj ik ] + [x t j , Xj^] = 0 
if 1 < i,j, k < n are distinct, [x',y, y 3 ^ + y h k\ + [xi,j,yj,k] = 0 if 1 < i,j , k < min(n, m ) are 
distinct, [y Qj7 , yg, a + yp n ]+ + [y a ,p,yp, 7 ]+ = 0 if 1 < a, /3, 7 < m are distinct. 

Recall that [a, b\ + := ab -\-ba denotes the anticommutator of elements a and b. 

Conjecture 4.74. The algebra 6 T n:Tn is Koszul. 

Theorem 4.75. Let n,m E Z> 4 , one has 

min(n,ra) — 1 , . . . . 

Hilb(( 6 r„)',*)HiIb(( 6 r m ) ! ,t) = £ I J! ZT- 

k=0 f 1 ’ ' > 

where as before { ”,} denotes the Stirling numbers of the second kind, see, e.g., [131, A008278]. 
Corollary 4.76. Let n,m E Z> 4 . One has 

(a) Symmetry: Hilb (6 T ntTn ,t) = Hilb (6 T m ,n,t). 

( b ) Let n <m, then 

71—1 

Hilb(( 6 T nim ) ! ,t) =^s(n - 1 ,n- k)mib((6T n _ k )\ t)Hilb(( 6 T m _ fc ) ! , t)t 2k , 

k=0 

where s(n — l,n — k) denotes the Stirling numbers of the first kind, i.e., 

71—1 71—1 

^2s(n-l,n-k)t k = JJ(l-jt). 
k=0 j=l 

(c) dim( 6 T n ,n) ! is equal to the number of pairs of partitions of the set { 1 , 2 ,..., n} whose meet 
is the partition {{1}, {2},..., {n}}, see, e.g., [131, A059849]. 

Example 4.77. 

Hilb(( 6 r 3 i 2 ) ! ,t) = Hilb(( 6 T 2 , 3 ) ! ,t) = (1,4,3), 

Hilb(( 6 T 2 , 4 ) ! ,t) =Hilb(( 6 T 4 , 2 ) ! ,t) = (1,7,12,5), Hilb(( 6 T 3)3 ) ! , f) = ( 1 , 6 , 8 ), 

Hilb(( 6 T 2 i 5 ) ! ,t) =Hilb(( 6 T 5 , 2 ) ! ,t) = (1,11,34,34,9), 

Hilb(( 6 T 3 i 4 ) ! ,t) =Hilb(( 6 T 4 i 3 ) ! ,t) = (1,9,23,16), 

Hilb(( 6 T 44 ) ! , i) = (1,12,44,50,6), 

Hilb(( 6 T 3 i 5 ) ! ,t) =Hilb(( 6 T 5 , 3 ) ! ,t) = (1,13,53,79,34), 

Hilb(( 6 T 4 i 5 ) ! ,t) = Hilb(( 6 T 5 i 4 ) ! ,t) =(1,16,86,182,131,12), 

Hilb(( 6 T 5 i 5 ) ! ,t) = (1,20,140,410,462,120). 
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Now let us define in the algebra 6 T n>m the Dunkl elements (9* := ^ x i,j: 1 < i < n, and 
0 a ■= E y a ,/3, 1 <a<m. 

/3^a 

Lemma 4.78. One has 

• = 0 ; 

• [$*)$«] — [ x i,a > 2/i,a ]> 

• [0<*,0/3]+ = 2 ylfi ifa^/3. 

Remark 4.79 (“odd” six-term relations algebra). In particular, one can define an “odd” analog 
6 Tn ^ = 6Tq^ u of the six term relations algebra 6 T n . Namely, the algebra 6 T r , ^ is given by the 
set of generators {yij, 4 <i < j <n\, and that of relations: 

1 ) yij and Dk.i anticommute if i, j, k, l are pairwise distinct; 

2 ) [yi,j,Vi,k + Vj,k}+ + [yi,k, Vj,k}+ = 0, if 1 < i < j < k < n, where [x, y\+ = xy + yx denotes 
the anticommutator of x and y. 

The “odd” three term relations algebra 3 T~ can be obtained as the quotient of the alge¬ 
bra 6 T~ by the two-sided ideal generated by the three term relations yijyjk + yjkyki + ykiyij = 0 
if i, j, k are pairwise distinct. 

One can show that the Dunkl elements 0i and Oj. i j, given by formula 
0i = ^yij, i = l,...,n, 

form an anticommutative family of elements in the algebra 6 T^ 

In a similar fashion one can define an “odd” analogue of the dynamical six term relations 
algebra 6 DT n , see Definition 2.3 and Section 2.1.1, as well as define an “odd’ analogues of the 
algebra 3 MT n (f3, 0), see Definition 3.7, the Kohno-Drinfeld algebra, the Hecke algebra and few 
others considered in the present paper. Details are omitted in the present paper. 

More generally, one can ask what are natural g-analogues of the six term and three term 
relations algebras? In other words to describe relations which ensure the (/-commutativity of 
Dunkl elements defined above. First of all it would appear natural that the “(/-locality and q- 
symmetry conditions” hold among the set of generators {yij, 1 < * / J < u}, that is y tJ +qyji = 
o, yijUki = qykiyij if i < j, k < l , and {i,j} n {k, 1} = 0 . 

Another natural condition is the fulfillment of (/-analogue of the classical Yang-Baxter rela¬ 
tions, namely, [y ik , yjk\q + [yik, yji]q + [yij,yjk]g = 0 if i < j < k, where [x, y\ q := xy-qyx denotes 
the (/-commutator. However we are not able to find the (/-analogue of the classical Yang-Baxter 
relation listed above in the mathematical and physical literature yet. Only cases q = 1 and 
q = — 1 have been extensively studied. 

4.3 Four term relations algebras / Kohno-Drinfeld algebras 
4.3.1 Kohno-Drinfeld algebra 4T n and algebra CYB^ 

Definition 4.80. The 4-term relations algebra (or the Kohno-Drinfeld algebra, or infinitesimal 
pure braids algebra) 4T n is an associative algebra (say over Q) with the set of generators yij, 
4 < i < j < n, subject to the following relations 

1 ) yij and y k j are commute, if i, j, k, l are all distinct; 

2 ) [yij, yi,k + yj,k\ = 0 , [yij + yi,k, yj,k\ = 0 if l < i < j < k < n. 
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Note that the algebra 4T n is given by Q) generators and 2(”) +3(^) quadratic relations, and 
the element 

c := ^ Vi.j 

belongs to the center of the Kohno-Drinfeld algebra. 

Definition 4.81. Denote by 4 Tn' 1 the quotient of the algebra 4 T n by the (two-sided) ideal 
generated by by the set of elements {yfj, 1 < i < j < n}. 

More generally, let j3, {qij, 1 < i < j < n} be the set of parameters, denote by 4 HT n the 
quotient of the algebra 4 T n by the two-sided ideal generated by the set of elements {y^ — fdyj — 
qij, 1 < i < j < n}. 

These algebras are naturally graded, with deg (yij) = 1, deg(/3) = 1, deg (qij) = 2, as well as 
each of that algebras has a natural filtration by setting deg (yij) = 1 , deg(/3) = 0 , deg (qj) = 0 , 

Vi / j- 

It is clear that the algebra 4T n can be considered as the infinitesimal deformation gij := 
1 + c !Ji.,j> £ —> 0, of the pure braid group P n . 

There is a natural action of the symmetric group § n on the algebra 4T n (and also on 4 T®) 
which preserves the grading: it is defined by w ■ yij = y w u) jW tj\ for w E S n . The semi-direct 

product QS n k 4T„ (and also that QS n k 4 T°) is a Hopf algebra denoted by B n (respectively Bn). 
Remark 4.82. There exists the natural map 

CYB n —> 4 T n given by y tJ := u itj + u jti . 

Indeed, one can easily check that 

[ijtj ■ Vik T !J-j k ] IVijk T U-'jik IVkij ^kjii 

see Section 2.3.1, Definition 2.21 for a definition of the classical Yang-Baxter algebra CYB n , 
and Section 2, equation (2.3), for a definition of the element Wijk- 

Remark 4.83. 

• Much as the relations in the algebra 6 T n are chosen in a way to imply (and “essentially” 16 

equivalent) the pair-wise commutativity of the Dunkl elements {0i}i<i< n , the relations in 
the Kohno-Drinfeld algebra imply (and “essentially” equivalent) to pair-wise commutati¬ 
vity of the Jucys-Murphy elements (or, equivalently, dual JM-elements) dj := Va.ji 

i <a<j 

2 <j <n (resp. di = y n -i,n-a+ 1 , 1 < i < n - 1 ). 
l<a<i 

• It follows from the classical 3-term identity (“Jacobi identity”) 

1 1 i _ 

(a — b) (a — c) (a — b)(b — c) (a — c)(b — c) ’ 

that if elements {yij | 1 < i < j < n} satisfy the 4-term algebra relations, see Defini¬ 
tion 4.80, and t\,... ,t n , a set of (pair-wise) commuting parameters, then the elements 


46 Together with locality and factorization conditions a set of defining relations in the algebra 6 T n is equivalent 
to the commutativity property of Dunkl’s elements. 
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satisfy the set of defining relations of the 6-term relations algebra 6 T n , see Section 4.2.1 
Definition 4.47. In particular, the Knizhnik-Zamolodchikov elements 



form a pair-wise commuting family (by definition, we put yij = yj $ if i > j ). 

Example 4.84. 

(1) Yang representation of the 4 T n . Let S n be the symmetric group acting identically on the 
set of variables {x\,... ,x n }. Clearly that the elements {y M := Vij '■= Vj,i 

if i > j, satisfy the Kohno-Drinfeld relations listed in Definition 4.80. Therefore the 
operators Uij defined by 



give rise to a representation of the algebra 3 T n on the field of rational functions Q(xi,..., 
x n ). The Dunkl-Gaudin elements 







correspond to the truncated Gaudin operators acting in the tensor space (C) 0n . Cf. 
Section 3.3. 

(2) Let A = U(sl(2)) be the universal enveloping algebra of the Lie algebra s((2). Recall 
that the algebra s 1(2) is spanned by the elements e, f, h. so that [h, e] = 2e, [h, /] = —2/, 
[e, /] = h. Consider the element D = \h®h+e®f+f®e. Then the map mj —> Djj E A 0n 
defines a representation of the Kohno-Drinfeld algebra 4 T n on that A® n . The element 
KZj defined above, corresponds to the truncated (or at critical level) rational Knizhnik- 
Zamolodchikov operator. Cf. Section 4.2.1, Example 4.49. 

Proposition 4.85 (T. Kohno, V. Drinfeld). 



where {^} stands for the Stirling numbers of the second kind, i.e., the number of ways to partition 
a set of n things into k nonempty subsets. 


Remark 4.86. It follows from [6] that Hilb(4T n ,f) is equal to the generating function 



d> 1 


(n) 

for the number u) ' of Vassiliev invariants of order d for n-strand braids. Therefore, one has the 
following equality: 



i.e., the number of Vassiliev invariants of order d for n-strand braids is equal to the Stirling 
number of the second kind { 1 }. 
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We expect that the generating function 

d>\ 

for the number v^ of Vassiliev invariants of order d for n-strand virtual braids is equal to 
the Hilbert series Hilb(41VT n , t) of the nonsymmetric Kohno-Drinfeld algebra 4 NT n , see Sec¬ 
tion 4.3.2. 


Proposition 4.87 (cf. [7]). The algebra 4NT n ,t) is Koszul, and 


( n— 1 

+ l)\N{k,n){-t) k 

k =0 

Hilb((41VT„) ! ,t) = (n- 

where N(k,n ) := ^(^)( fc ” 1 ) denotes the Narayana number, i.e., the number of Dyck n-paths 
with exactly k peaks, 



L^\x) = 


xe 


n 


! dx 1 


\e x x n+ °) 


denotes the generalized Laguerre polynomial. 


See also Theorem 4.91 below. 

It is well-known that the quadratic dual 4 T' n of the Kohno-Drinfeld algebra 4 T n is isomorphic 
to the Orlik-Solomon algebra of type A n _i. as well as the algebra 3T^ ntl . However the algebra 
4is failed to be Koszul. 

Examples 4.88. 

Hilb(4T 3 °,f) = [2 ] 2 [3], Hilb(4T 4 °,f) = (1,6,19,42,70,90,87,57,23,6,1), 

Hilb((4T 3 °) ! , t) (1 -t) = (1, 2, 2,1), Hilb((4T 4 °) ! , t) (1 - t ) 2 = (1,4, 6 , 2, -4, -3), 
Hilb((4T 5 °) ! ,f)(l -tf = (1,8,26,40,24, -3,-6). 

We expect that Hilb((4T°) ! , t) is a rational function with the only pole at t = 1 of order [n/2], 
cf. Examples 4.77. 

Remark 4.89. One can show that if n > 4, then Hilb(4T°,t) < Hilb(3T°,t) contrary to the 
statement of Conjecture 9.6 from [67]. 


4.3.2 Nonsymmetric Kohno-Drinfeld algebra 4 NT n , 
and McCool algebras "PS n and TS+ 

Definition 4.90. The nonsymmetric 4-term relations algebra (or the nonsymmetric Kohno- 
Drinfeld algebra) 4NT n is an associative algebra (say over Q) with the set of generators y l .j, 
1 < i / j < n, subject to the following relations 

1 ) yi.j and yk,i are commute if i , j , k , l are all distinct; 

2 ) [: Vi,j,yi,k + Uj,k] = 0 if i, j, k are all distinct. 

We denote by 41VT+ the quotient of the algebra 4 NT n by the two-sided ideal generated by 
the elements {yij + = 0, 1 < i ^ j < n\. 
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Theorem 4.91. One has 


Hilb(4iVT n , t) = Hilb(CYB re , t), Hilb(4 NT+,t) = Hilb( 6 T n , t) 

for all n > 2 . 

We expect that the both algebras 4iVT„ and 4IVT+ are Koszul. 

Definition 4.92. 


(1) Define the McCool algebra VT, n to be the quotient of the nonsymmetric Kohno-Drinfeld 
algebra 4 NT n by the two-sided ideal generated by the elements {yikUjk ~ yjkDik} for all 
pairwise distinct i, j and k. 

(2) Define the upper triangular McCool algebra 'PT.f to be the quotient of the McCool algebra 
VT, n by the two-sided ideal generated by the elements {yij + yji}, 1 < i / j < n. 

Theorem 4.93. The quadratic duals of the algebras VT, n and VPf have the following Hilbert 
polynomials 

n —1 

Hilb(PEU) = (1 + nty~\ Hilb((iPS+) ! ,t) = lid**)- 

3 =1 

Proposition 4.94. 

(1) The quadratic dual VT? n of the algebra VTi n admits the following description. It is gene¬ 
rated over Z by the set of pairwise anticommuting elements {yij, 1 < i ^ j < n} ; subject 
to the set of relations 

(а) yij = 0 , yijyji = 0 , 1 < i ± j < n, 

( б ) yikyjk = 0 for all distinct i, j, k, 

(c) yijyjk + yikVij + ykjVik = 0 for all distinct i, j, k. 

(2) The quadratic dual (PS+) ! of the algebra TT,f admits the following description. It is 
generated over Z by the set of pairwise anticommuting elements { Zij, 1 < i < j < n}, 
subject to the set of relations 


(а) zfj = 0 for all i < j, 

( б ) ZijZjk = ZijZik for all 1 < i < j < k < n. 


Comments 4.95 (the McCool groups and algebras). The McCool group is, by definition, 
the group of pure symmetric automorphisms of the free group F n consisting of all automorphism 
that, for a fixed basis {xi,..., x n }, send each Xi to a conjugate of itself. This group is generated 
by automorphisms a VJ , 1 < i j < n, defined by 


&ij(.3'k) 


rp . rp . rp ^ Jp n 

il/J } (V v y 

Xk, k i. 


McCool have proved that the relations 


[atij,otki] = 1 , i, j , k , l are distinct, 

< \onj, Oijf\ = 1 , i 7 ^ j, 

[aij,aikOtjk] = 1 , i, j , k are distinct. 

form the set of defining relations for the group PT, n The subgroup of PS n generated by the aij 
for 1 < i < j < n is denoted by PZ+ and is called by upper triangular McCool group. It is 
easy to see that the McCool algebras VE n and VUif are the “infinitesimal deformations” of the 
McCool groups and PS+ respectively. 
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Theorem 4.96. 

(1) There exists a natural isomorphism 

H*(PH n ,Z) ~Vt n 

of the quadratic dualVT,' n of the McCool algebra VY, n and the cohomology ring H*(PT, n ,Z) 
of the McCool group PT, n , see [61]. 

(2) There exists a natural isomorphism 

H*(PZ+, Z)~(PS+) ! 

of the quadratic dual of the upper triangular McCool algebra "PE+ an d the coho¬ 

mology ring H*(PT*+, Z) of the upper triangular McCool group PE+, see [27]. 

4.3.3 Algebras 4 TT n and 4 ST n 
Definition 4.97. 

(I) Algebra 4TT n is generated over Z by the set of elements {xij, 1 < i j < n}, subject to 
the set of relations 

(1) XijXki = XkiXij if all i. j, k, l are distinct, 

(2) [x^ + Xjk, x ik ) = 0, [xji + x k j,x k i] = 0 if i < j < k. 

(II) Algebra 4ST n is generated over Z by the set of elements [xjj, 1 < i j < n}, subject to 
the set of relations 

(1) [xij, x k i] = 0, [xij,Xji\ = 0 if i , j, k, l are distinct, 

(2) ['Xj,j , Xj k ] — [Xi k ,Xjk\ — [Xj k , Xjj \, [xjj,Xfcj] — [S'fcii^fej] — [^Ayb^ii]) 

(3) [x{j , X‘ k f\ \x k j , Xjj\ [Xji , Xi}f \Xi k i X k j\ [^fcj,Xjfc] [Xj k ,Xji\ if i < J < fc. 

Proposition 4.98. One has 

n>2 ‘ ^ ' 

Therefore, dim(4TT n ) ! is equal to the number of permutations of the set [1,... ,n + 1] having 
no substring [k, k + 1 ]; also, for n > 1 equals to the maximal permanent of a nonsingular n x n 
(0,1) -matrix, see [131, A000255] 4 '. Moreover, one has 

Hilb((4ST„) ! , t) = {l + t) n (l + nt) n ~ 2 , 

cf. Conjecture 4.112. 

We expect that The both algebras 4TT n and 4ST n are Koszul. 

Problem 4.99. Give a combinatorial interpretation of polynomials Hilb((4 TT n )',t) and con¬ 
struct a monomial basis in the algebras (4 TT n )' and 4 ST n . 

47 See also a paper by F. Hivert, J.-C. Novelli and J.-Y. Thibon [57, Section 3.8.4] for yet another combinatorial 
interpretation of the dimension of the algebra (4TT n ) ! . 
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4.4 Subalgebra generated by Jucys Murphy elements in 4 

Definition 4.100. The Jucys-Murphy elements dj, 2 < j < n, in the quadratic algebra 4 T n are 
defined as follows 

dj = ^ yij, j = 2 ,..., n. 

1 <i<j 

It is clear that Jucys-Murphy’s elements dj are the infinitesimal deformation of the elements 
Dij G P n . 

Theorem 4.101. 

(1) The Jucys-Murphy elements dj, 2 < j < n, commute pairwise in the algebra 4 T n . 

(2) In the algebra 4 the Jucys-Murphy elements dj, 2 < j < n, satisfy the following relations 

(d 2 H-1- dj)d 2 J~ 3 = 0, 2 < j < n. 

(3) Subalgebra (over Z ) in 4T® generated by the Jucys-Murphy elements d/ 2 , ■ ■ ■, d n has the 

n—1 

following Hilbert polynomial n m- 

3 = 1 

(4) There exists an ( birational) isomorphism Z[xi, x n -i\/J n -i —> Z[o? 2 , ■ ■ •, d n \ defined 

n-j 

by dj := n Xi, 2 < j < n, where J n -1 is a ( two-sided ) idea? generated by e t (x \,..., x'( l _ l ), 
2=1 

1 < i < n — 1, and ej(xi,..., x n _i) stands for the i-th elementary symmetric polynomial 
in the variables x\,... ,x n -i- 

Remark 4.102. 

(1) It is clearly seen that the commutativity of the Jucys-Murphy elements is equivalent to the 
validity of the Kohno-Drinfeld relations and the locality relations among the generators 

(2) Let’s stress that d 2 d 2 / 0 in the algebra 4T { f for j = 3,..., n. For example, = 
^ 13 ^ 23 ^ 13^23 + 2 / 23 ^ 13 ^ 232/13 / 0 since dim(4T 3 0 ) 4 = 1 and it is generated by the element dj. 

(3) The map t: yij —y y n+ i_j ]n+ i_j preserves the relations 1) and 2) in the definition of the 
algebra 4T ra , and therefore defines an involution of the Kohno-Drinfeld algebra. Hence 
the elements 

n 

d J := y J k = L ( d ri+l-j ), 1 < j < n - 1 

k=j+l 

also form a pairwise commuting family. 

Problems 4.103. 

(a) Compute Hilbert series of the algebra 4 T® and its quadratic dual algebra (4 T®)'. 

(b) Describe subalgebra in the algebra 4 HT n generated by the Jucys-Murphy elements dj, 2 < 
j < n. 

It is well-known that the Kohno-Drinfeld algebra 4 T n is Koszul, and its quadratic dual 4T ( ! ( 
is isomorphic to the anticommutative quotient 3T^’ antl of the algebra 3T,[ 

On the other hand, if n > 3 the algebra 4T® is not Koszul , and its quadratic dual is isomorphic 
to the quotient of the ring of polynomials in the set of anticommutative variables {t t J \ 1 < i < 
j < n}, where we do not impose conditions tfj = 0, modulo the ideal generated by Arnold’s 
relations {Ujtj^ + — tj.k) = 0} for all pairwise distinct i, j and k. 
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4.5 Nonlocal Kohno—Drinfeld algebra NL4T n 

Definition 4.104. Nonlocal Kohno-Drinfeld algebra NLAT n is an associative algebra over Z 
with the set of generators {yij- 1 < j <n} subject to the set of relations 

(1) VijVki = VkiVij if (* - k)(i - l)(j - k)(j - l) > 0 , 

j 

( 2 ) [viji E yak \ = o if i < j < k, 

a—i 

k 

(3) [yjk, E Via] = 0 if i < j < k. 

a=j 

It’s not difficult to see that relations (l)-(3) imply the following relations 

j -1 

(4) [Xij, ( Via + Vaj)] = 0 if %<j. 

a=i +1 

Let’s introduce in the nonlocal Kohno-Drinfeld algebra NL4T n the Jucys-Murphy elements 
(JM-elements for short) dj and the dual JM-elements dj as follows 

j— 1 n 

dj = daji dj = Y yn-j+l,a, j = 2,..., n. (4.5) 

a =1 a=n—j +2 


It follows from relations (1) and (2) (resp. (1) and (3)) that the Jucys-Murphy elements d 2 ,...,d n 
(resp. d 2 , ■ ■ ■ ,d n ) form a commutative subalgebra in the algebra NL4T n . Moreover, it follows 


from relations (l)-(3) that the element ci 
NL4T n . 


E dj = E dj belongs to the center of the algebra 

3 =2 3 =2 


Theorem 4.105. 


(1) The algebra NL4T n is Koszul, and 


n— 1 

m\b((NMT n )',t) =Y°k 
k =o 


(n + k- 1\ k 

V 2 k j 1 ' 


where Ck = ( 2 /f) stands for the k-th Catalan number. 

(2) The quadratic dual ( NL4T n ) ! of the nonlocal Kohno-Drinfeld algebra NLNT n is an associa¬ 
tive algebra generated by the set of mutually anticommuting elements {tij, 1 < i < j < n} 
subject to the set of relations 

• tj- = 0 if 1 < i < j < n, 

• Arnold’s relations: Ujtjk + tn-Uj + tjkMk = 0 if i < j < k, 

• disentanglement relations: tiktji + tutik + tjitu = 0 if i<j<k<l. 

Therefore the algebra (. NL4T n ) ! is the quotient of the Orlik-Solomon algebra OS ra by the 
ideal generated by Disentanglement relations, and dim((IVL4T n _|_i) ! ) is equal to the number of 
Schroder paths, i.e., paths from (0,0) to (2n,0) consisting of steps U = (1,1), D = (1,-1), 
H = (2,0) and never going below the x-axis. The Hilbert polynomial Hilb((IVX4T n ) ! , t) is the 
generating function of such paths with respect to the number of U's, see [131, A088617]. 

Remark 4.106. Denote by H n (q ) “the normalized” Hecke algebra of type A n , i.e., an associative 
algebra generated over Z[g, q _1 ] by elements T \,..., T n _i subject to the set of relations 
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(a) TiTj = TjTi if \i - j\ > 1, TfiTfiTi = 7)7,7) if | i - j\ = 1, 

(b) T? = (q- q _1 ) 7) + 1 for i = 1,..., n - 1. 

If 1 < i < j < n — 1, let’s consider elements 7+) := 7)7 ) + 1 • • ■ 7j_i7)T)_i ■ • • 7) + i7). 

Lemma 4.107. The elements {TAa, 1 < i < j < n — 1} satisfy the defining relations of the 
non-local Kohno-Drinfeld algebra N LAT n _i, see Definition 4.104. 

Therefore the map yij —> defines a epimorphism t n : NLAT n —> H n+ \(q). 

Definition 4.108. Denote by J\fC4T n the quotient of the non-local Kohno-Drinfeld algebra 
NL4T n by the two-sided ideal T n generated by the following set of degree three elements: 


(i) %ij ■ — yi,j+iyijijj,j+i yj,j+TyijVi,j+i if i E 7 < j < 

( 2—1 2—1 \ / 2 — 1 2—1 

*22 22 yaiyb . 

a= 1 6= 1, 6/a 

if 1 < i < n — 1, 


>,2+1 


E E yb,i+lUai J Vi , 

a= 1 6=1, 6a 


i +1 


n n 


n n 


(3) Vi — 2/z,i+1 I ^ ^ ^ ^ 2/2+1,a2/2,6 

\ a=2+l 6=2+1, b^a 

if 1 < i < n — 1. 


E E yi+l,a.yi,b J 2/i,i+l> 

, a=i+l 6=i+l, 


Proposition 4.109. 

(1) The ideal T n belongs to the kernel of the epimorphism i n \ T n C Ker(t n ), 

(2) Let d- 2 ,... , d n ( resp. cfo,..., d n ) be the Jucys-Murphy elements (resp. dual JM-elements) 
in the algebra J\fC4T n given by the formula (4.5). 

Then the all elementary symmetric polynomials ejfid 2 , ■ ■ ■, d n ) (resp. ek(d 2 , ■ ■ ■, d n )) of deg¬ 
ree k, 1 < k < n, in the Jucys-Murphy elements d 2 ,...,d n , (resp. in the dual JM-elements 
CZ 2 ,..., d n ), commute in the algebra NC4T n with the all elements y^i+i, i = 1 , • • •, n — 1 . 

Therefore, there exists an epimorphism of algebras A7£4T n —> H n (q), and images of the ele¬ 
ments ek(d 2 , • • •, d n ) (resp. ek(d 2 , ■ ■ ■ , d n ), 1 < k < n, belongs to the center of the “normalized” 
Hecke algebra H n (q), and in fact generate the center of algebra H n (q). 

Few comments in order: 

(A) Let N£AT n be an associative algebra over Z with the set of generators {yij, 1 < 7 < _) < n} 
subject to the set of relations 

( 1 ) Vijyki = ykWij if (7 - k)(i - l)(j - k)(j - l) > 0 , 

( 2 ) [Viji E Vak] = 0 if i < j < k. 

a=i 

Proposition 4.110. 

(1) The algebra N£4T n is Koszul and has the Hilbert series equals to 

( 72—1 

'22(-l) k N(k,n)t k 

k =0 

where N(k,n ) := (*+) denotes the Narayana number, i.e., the number of Dyck n- 

paths with exactly k peaks, see, e.g., [131, A001263]. Therefore, dim(N £4T n )' = 
the n-th Catalan number. 
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(2) Elementary symmetric polynomials efc(d 2 , • ■ ■ ,d n ) of degree k, 1 < k < n, in the Jucys- 
Murphy elements d 2 , ■ ■ ■ ,d n , commute in the algebra N£4T n with the all elements yij+i, 
i = 1,..., n — 1. 

(B) The kernel of the epimorphism J\fCAT n —y H n (q) contains the elements 
{yi,i+lUi+l,i+ 2 yi,i+l yi+l,i+ 2 yi,i+iyi+l,i+ 2 i i — 1 , ■ ■ • ,Tl 2 }, 

{ T li +1 - {q- q~ l )Ti, i+ i - i}, 

as well as the following set of commutators 

[: yij,e k (di ,.. .,dj)], 1 < k < j - i + 1 . 

It is an interesting task to find defining relations among the Jucys-Murphy elements 
{dj, j = 2,..., n} in the algebra NL4T n or that N£4T n . We expect that the Jucys-Murphy 
element dk satisfies the following relation (= minimal polynomial) in the Hecke algebra 
H n {q), n>k, 


k -1 


n 

a =1 



q - q 2a+1 \ 

1 ~q 2 J 



q 1 - q 2a 1 \ 

1 -q~ 2 J 


= 0 . 


4.5.1 On relations among JM-elements in Hecke algebras 

Let H n (q ) be the “normalized” Hecke algebra of type A n . see Remark 4.106. Let A b n be 
a partition of n. For a box x = (i, j) E A define 

1 - q 

c\{x-,q) := q— - 

1 — q z 

It is clear that if q = 1, c q= \{x) is equal to the content c(x) of a box x E A. Denote by 
Ag n) =%{q,q~ l ][zi,...,z n f n 

the space of symmetric polynomials over the ring Z [q, q _1 ] in variables {z \,..., z n }. 

Definition 4.111. Denote by Jq 1 ' 1 the set of symmetric polynomials / E Asuch that for any 
partition A h n one has 


f(c\(x;q)\x E A) = 0. 


For example, one can check that symmetric polynomial 
e\ - (q 2 + 1 + <T 2 )e 2 - 2 (q - g _1 )ei - 3 
(3) 

belongs to the set J q ; . 

Finally, denote by $q l> the ideal in the ring Z [q, ... ,z n ] generated by the set J q n \ 

Conjecture 4.112. The algebra over Z[</, g” 1 ] generated by the Jucys-Murphy elements 
..., d n corresponding to the Hecke algebra H n (q) of type A n _\ , is isomorphic to the quotient of 
the algebra Z [q,q~ l ][z\,... ,z n ] by the ideal 

(n) 

It seems an interesting problem to find a minimal set of generators for the ideal Jq . 
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Comments 4.113. Denote by JM(n ) the algebra over Z generated by the JM-elements d 2 , 
... ,d n , deg (di) = 1, Vi, corresponding to the symmetric group § n . In this case one can check 
Conjecture 4.112 for n < 8 , and compute the Hilbert polynomial(s) of the associated graded 
algebra(s) gr( JM(n)). For example 18 

Hilb(gr (J M (2), t) = (1,1), Hilb(gr(JM(3), i) = (1,2,1), 

Hilb(gr (J M (4), t) = (1,3, 4, 2 ), Hilb(gr(JM(5),f) = (1,4, 8 , 9,4), 

Hilb(gr(JM( 6 ),f) = (1,5,13,21,21,12,3), 

Hilb(gr(JM(7), t) = (1, 6,19,40, 59, 60, 37,10). 


It seems an interesting task to find a combinatorial interpretation of the polynomials 
Hilb(gr(JM(n)),f) in terms of standard Young tableaux of size n. 

Let {\"\ A b n} be the characters of the irreducible representations of the symmetric group § n , 
which form a basis of the center Z n of the group ring Z[§ n ]. The famous result by A. Jucys [62] 
states that for any symmetric polynomial f(z \,..., z n ) the character expansion of f(d 2 ,..., d n , 0) 
£ ^n K 

f(d 2 ,...,d n ,0) = Y^ f{ §^x\ 

\ I_, A 


where H\ = hx denotes the product of all hook-lengths of A, and C\ := {c(x)} x£ \ denotes 

x£\ 

the set of contents of all boxes of A. 

Recall that the Jucys-Murphy elements {df} 2 <j< n i n (normalized) Hecke algebra H n (q) 

are defined as follows: dj 1 := [C T( ? ;j), where := Tj ■ • • Tj-\TjTj-\ ■ ■ ■ T\. Finally denote 

i<j 

by H\(q) and C^ the hook polynomial and the set {c\x;q)} x G A. Then for any symmetric 
polynomial f(z \,..., z n ) one has 


/(df,...,o)=x; 

Ah n 


i?i t i 

Hx{q) Xq ' 


where Xq denotes the g-character of the algebra H n ( q ) ■ 

Therefore, if / G J q n \ then f(d 2 , ■ ■ ■ , d 1 ^, 0) = 0. It is an open problem to prove/disprove 
that if f(d 2 ,..., d]%, 0 ) = 0 , then f{C^) = 0 for all partitions of size n (even in the case q = 1 ). 


4.6 Extended nil-three term relations algebra and DAHA, cf. [24] 

Let A := {g, t, a , b, c, h, e, /,...} be a set of parameters. 

Definition 4.114. Extended nil-three term relations algebra 3‘X n is an associative algebra over 
l Z[q ±1 ,t ±1 ,a,b,c,h,e,...\ with the set of generators {rtjj, 1 < i / j < n,Xi, 1 < i < n, 7r} 
subject to the set of relations 

(0) Uij + u jti = 0, = 0, 

( 1 ) XiXj = XjXi, UijUkj = UkjUij if i, j , k, l are distinct, 

( 2 ) XiUki = Uk,m if i 7 ^ k, l, 

4h I would like to thank Dr. S. Tsuchioka for computation the Hilbert polynomials Hilb( JM(n), t), as well as 
the sets of defining relations among the Jucys-Murphy elements in the symmetric group S n for n < 7. 
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( 3 ) Xi'Uij — Uj^jXj -{- 1 , XjUij — UijXi 1 , 

(4) UijUjft + Uk,i'Uij + Uj y kUk,i = 0 if i, j, k are distinct, 

(5) TTXi = Xi+iir if 1 < i < n, nx n = f _ 1 xi 7 r, 

( 6 ) 7 TUij = u i+ ij+x if 1 < i < j < n, TT j u n - j+ i tn = tuijTT j , 2 < j < n. 

Note that the algebra 3T n contains also the set of elements {TT a Uj n , 1 < a < n — j}. 
Definition 4.115 (cf. [87]). Let 1 < i < j < n, define 
Tij = a + (bxi + cxj + h + exiXj)uij. 


Lemma 4.116. 

(1) Jfj = (2a + b - c)T i} j - a(a + b — c) if a = 0, then Tfj = (b - c)Tij. 

(2) Coxeter relations 

T i rri rri _ rri r~f~\ rn 

ij i,j — j,k-Li,j-L j,k) 

are valid, if and only if the following relation holds 
(a + 6 ) (a — c) + he = 0 . 


(4.6) 


(3) Yang-Baxter relations 




L j,k 


— Tj,kTi,kTij 


are valid if and only if b = c = e = 0 , i.e., T t j = a + diiij. 

(4) Tf- = 1 if and only if a = ±1. c = b ± 2, he = (b ± l) 2 . 

(5) Assume that parameters a, b, c, h, e satisfy the conditions (4.6) and that be + 1 
Then 


he. 


TijXiTij = Xj + (h + (a + b)(xi + Xj ) + exiXj)Tij. 


( 6 ) Quantum Yang-Baxterization. Assume that parameters a, b, c, h, e satisfy the condi¬ 
tions (4.6) and that (3 := 2a + b — c 0. Then (cf. [59, 85] and the literature quoted 
therein) the elements Rij(u,v ) := 1 + jfjpTij satisfy the twisted quantum Yang-Baxter 
relations 

Rij(^ii lXj)Rjk(\i, l / k)Rij(p J j , lZjfj Rjk(fJjj , l^jfjRij(Xi, V}f)Rjk (Xi, l^j ), l Y j k, 

where {K, Hi,Vi}i<i< n are parameters. 

Corollary 4.117. If (a + b)(a — c) + he = 0, then for any permutation w G S n the element 
T w := T h ■ ■ ■ T k € 3T n , 

where w = s^ ■ ■ ■ sis any reduced decomposition of w, is well-defined. 

Example 4.118. Each of the set of elements 

s- h> = 1 + (x i+1 - Xi + h)ui !i+ 1 

and 

t[ h ’ = -1 + (xi - Xi +1 + h( 1 + xQ( 1 + Xi+Quij, i = 1 ,... ,n - 1 , 


by itself generate the symmetric group § n . 
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Comments 4.119. Let A = (a, 6, c, h, e) be a sequence of integers satisfying the conditions (4.6). 
Denote by df the divided difference operator 

df = (a + (bxi + cxi + 1 + h + exiXi + i)di, i = 1 , ..., n - 1 . 

It follows from Lemma 4.107 that the operators {df}i<i<n satisfy the Coxeter relations 

dfdf +1 df = 3f +1 dfdf +1 , i = 1,..., n - 1. 

Definition 4.120. 

(1) Let w £ § n be a permutation. Define the generalized Schubert polynomial corresponding 
to permutation w as follows 

®w( x n) = d^i W0 X Sn , 


where 


and wq denotes the longest element in the symmetric group § n . 

(2) Let a be a composition with at most n parts, denote by w a 6 § n the permutation such 
that w a (a) = a, where a denotes a unique partition corresponding to composition a. 

Proposition 4.121 ([71]). Let w £ §„ be a permutation. 

• If A = (0,0,0,1,0), then 6 ^(X„) is equal to the Schubert polynomial & w (X n ). 

• If A = (—/3,/3,0,1,0), then S^(A n ) is equal to the /3-Grothendieck polynomial &w\x n ) 
introduced in [42]. 

• If A = (0,1,0,1,0) then &^,(X n ) is equal to the dual Grothendieck polynomial [71, 84], 

• If A = (—1,2,0,1,1), then S^(A n ) is equal to the Di Francesco-Zinn- Justin polynomials 
and studied in [32, 33, 34] and [71]. 

In all cases listed above the polynomials &^(X n ) have non-negative integer coefficients. 

• If A = (1, — 1,1, — h, 0), then 6^,(X n ) is equal to the h-Schubert polynomials introduced 
in [71]. 

Define the generalized key or Demazure polynomial corresponding to a composition a as 
follows 

Ka(X n ) = d Wa x«. 

• If A = (1, 0,1, 0, 0), then K^(X n ) is equal to key (or Demazure ) polynomial corresponding 
to a. 

• If A = (0, 0,1, 0, 0), then K^(X n ) is equal to the reduced key polynomial introduced in [71]. 

• If A = (1,0,1,0,/3), then K^(X n ) is equal to the key Grothendieck polynomial KG a (X n ) 
introduced in [71]. 

• If A = (0,0,1, 0, P), then K^(X n ) is equal to the reduced key Grothendieck polynomial [71]. 

In all cases listed above the polynomials &^,(X n ) have non-negative integer coefficients. 
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Exercises 4.122. 

(1) Let b, c, h, e be a collection of integers, define elements P L j := fijUij £ 3T, where 
fij := bxi + cxj + h + exiXj. Show that 

* P ij = ( b ~ c ) P iP 

• Pij PjkPij = fij fik fj k ll ij Uj k U ij P (be eh) Pij, 

PjkPi j Pjk fij ftk fjk kl j k U jj (be ell ) Pj k • 

(2) Assume that a = q, b = —q, c = q~ l , h = e = 0, and introduce elements 

e t j := (qxi — q~ l Xj)uij, 1 <i<j<k<n. 

(a) Show that if i, j, k are distinct, then 

eije jk eij = P (qxi - q~ l Xj) (qx t - q^Xff) (qxj - q~ l x k )uijU jk Uij , 

4j = (q + q~ l ) e ij- 

(b) Assume additionally that 

UijUj k Uij = 0, if i, j, k are distinct. 

Show that the elements {e* := e^+i, i = 1,..., n — 1}, generate a subalgebra in 3£ n 
which is isomorphic to the Temperley-Lieb algebra TL n (q + q^ 1 ). 

(3) Let us set T t := Z^+i, i = 1,... ,n — 1, and define 

T 0 := 7rT n _i7r -1 . 

Show that if (a P b)(a — c) + eh = 0, then 

rji rj~i rri _ rj~i rr~\ r~j~i rj~\ rj~i rri _ r~j~i rj~i rj~\ 

-tlAO-tl — J-lJ-QJ-l, J-n-lJ-QJ-n-l ~ 

Recall that Tf = (2a + b — c)Tj — a(a P b — c), 0 < i < n — 1. 

In what follows we take a = q, b = —q, c = g _1 , h = e = 0. Therefore, Tf- = (q — q _1 )Tij + 1. 
We denote by T~i n (q) a subalgebra in 3T n generated by the elements T t := i = l,...,n — 1. 

Remark 4.123. Let us stress on a difference between elements T t] as a part of generators of 
the algebra 3T n , and the elements 

T(y) := Tj • • • Xj-iTjTj-i • • • Tj £ Hn(q). 

Whereas one has [Tj, Xfc/] = 0 if i, j, k, l are distinct, the relation [T(y), T( W )] = 0 in the algebra 
Un(q) holds (for general q and i < k) if and only if either one has i < j < k < l or i < k < l < j. 

Lemma 4.124. 

(1) TijT k i = T k iTij ifi, j, k, l are distinct, 

(2) TijXiTij = Xj if 1 < i < j < n, 

(3) 7r Tij = T+ij+i if 1 < i < j < n, ir j T n - j+ i :n = TijttP 

Definition 4.125. Let 1 < i < j < n, set 

Yij = • • • T lj _ i+1 7T J T n _j + i t n ■ ■ ■ Xj+lj+lTjj, 

and Y n = T~} l n ■ ■ • T^ir. 


1 < i < j < n 
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For example, 


Yl,j = 7T j l T n -j+l,n • • • T \,]1 j > 2, 

Y' 2 ,j = F 1 “ 1 _ 1 7r J ' _2 T n _j +2 ,n • • • F 2 j, and so on, 



rp —1 rp —1 


Proposition 4.126. 



(5) Y itj x ix 2 • • • x n = tx ix 2 • • • x n Y itj , 

(6) Xi Y\Y 2 ■ ■ ■ Y n = t,- ] Y\Y 2 • • • Y nXi , 

where we set Yi := Yi ^+1 < i < j < n. 

Conjecture 4.127. Subalgebra of 3T n generated by the elements {Tj := T^i+i, 1 < i < 
n, Yi,..., Y n , and xi,, x n }, is isomorphic to the double affine Hecke algebra DAHA^^n). 

Note that the algebra 3T n contains also two additional commutative subalgebras generated 
by additive {@i = Yl Ui j}i<i< n anc ^ multiplicative 



Dunkl elements correspondingly. 

Finally we introduce (cf. [24]) a (projective) representation of the modular group SL( 2,Z) 
on the extended affine Hecke algebra H n over the ring Z]^ 1 ,^ 1 ] generated by elements 

{Ti,... ,T n _i}, 7r, and { Xl ,...,x n }. 

It is well-known that the group SL(2,Z) can be generated by two matrices 



which satisfy the following relations 


T + T_ 1 T + = T_ l T + T_ 1 



Let us introduce operators r+ and r_ acting on the extended affine algebra Hn■ Namely, 


T + (7r) = xi7T,r + (Ti) = Ti,r + {xi) = Xi , Vi 
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Lemma 4.128. 


f i— 1 


r + (Y l )=[ n T - 1 ( n^ 1 ]^ 


Ka=i—1 

f 1 


\a —1 
'i -1 


r_(si) = n r “ n^. 

\o=i—1 / \a=l / 

(r + rr 1 r + )(xi) = Y0 1 = (rlV+rr 1 ) (xQ, 

(r + rZ 1 T + )(Y i ) = tx i l [] T a ) (T, ■ ■■ !;_,) ( T a ) , 


z = 1,..., n. 


\a=i— 1 


\a=n—l 


In the last formula we set T n = 1 for convenience. 


4.7 Braid, affine braid and virtual braid groups 

The main objective of this section is to describe the distinguish abelian subgroup in the braid 
group B n , see Proposition 4.132 (2^°^), and that in the Yang-Baxter groups YB n and YB n , see 
Proposition 4.132(5^) and (6^) correspondingly. As far as I’m aware, these constructions go 
back to E. Artin in the case of braid groups, and to C.N. Yang in the case of Yang-Baxter group, 
and nowadays are widely use in the representation theory of Hecke’s type algebras and that of 
integrable systems. In a few words, by choosing a suitable representation (finite-dimensional 
or birational) of either B n or YB n , or YB„, one gives rise to a family of mutually commuting 
operators acting in the space of a representation selected. In the case of braid groups one 
comes to Jucys-Murphy’s type operators/elements, and in the case of Yang-Baxter groups one 
comes to Dunkl’s type operators/elements. See, e.g., [59, 60], where it was used the so-called 
i?-matrix representation of the affine braid group of type Cn~* to construct the (two boundary) 
quantum Knizhnik-Zamolodchikov connections with values in the affine Birman-Murakamm 
Wenzl algebras. 

To start with, let n > 2 be an integer. 

Definition 4.129. 

• Denote by § n the symmetric group on n letters, and by s, the simple transposition (i,i + 1) 
for 1 < i < n — 1. The well-known Moore-Coxeter presentation of the symmetric group 
has the form 

(si, . . . , Sn— 1 | — 1 ■ SiSi+lSi — , SiSj — SjS{ if \i j\ T 2) . 

Transpositions Sij := SjSj + i ■ ■ ■ Sj- 2 Sj-\Sj -2 ■ ■ • Sj+iSj, l<i<j<j<n, satisfy the 
following set of (defining) relations 

= 1, SijSki = SkiSij if {i,j} n {k, 1} = 0, 

SijSik SjkSij SikSjk, SifcSij SijSjfo ^ ^ j ^ h. 

• The Artin braid group on n strands B n is defined by generators a 1 ,..., cr n -i and relations 

(TjUj+iCTi = (Tj+icTjCTj+ 1 , 1 < z < n — 2, (JiCTj = (jjCFi if |z — j| >2. (4.7) 

• The monoid of positive braids on n strands Bif is a monoid generated by the elements 
<7i,..., o n -1 subject to the set of relations (4.7). 
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• A new representation of the braid group [15]. The Birman-Ko-Lee representation of the 
braid group B n has the set of generators {dij | 1 < i < j < n} subject to the Birman-Ko- 
Lee (defining) relations 

Oi,jcr k> i = cr k ja itj if (j - l)(j - k)(i - l)(i - k) > 0, 

®i,j®i,k ^i,k^j,k 1 if i ^ j ^ k if n. 

One can take dij := (<7j-i • • • oi+iVi^i+i ■ • • ajl i), see [14] for details. It would be well 
to note that as a corollary of the Birman-Ko-Lee relations one can deduce the 2D Coxeter 
relations among the Birman-Ko-Lee generators 

®®j,ki 1 — i ^ .j ^ l’ T Cl. 

• The Birman-Ko-Lee monoid BKL n is a monoid generated by the elements cr ? ; j, 1 < i < 
j < n, subject to the Birman-Ko-Lee relations. We denote by BKL(n) and called it as the 
Birman-Ko-Lee algebra, the group algebra Q[BKL n ] of the Birman-Ko-Lee monoid. The 
Hilbert series of the Birman-Ko-Lee algebra BKL(n) will be computed in Section 4.7.3, 
Theorem 4.134. 

• The pure braid group PB n is defined to be the kernel of the natural (non-split) projection 
p: B n —> S n given by p(df) = s^. It is well-known that the pure braid group PB n is 
generated by the elements 

9i,j ■= ofj = <rj-i<Tj -2 ■ ■ ■ • • • cr~} 2 aj} L for 1 < i < j < n, 

subject to the following defining relations 

9i,j9k,l = 9k,i9i,j if (*- k)(i - l)(j - k)(j - l) > 0, 

9i,j9i,k9j,k — 9i,k9j,k9i,j — 9j,k9i,j9i,k if 1 ^ i < J < A 71, 

9i,k9i,l9j,l9k,l — 9i,l9j,l9k,l9i,k if l < i j k l ^ n. 

Comments 4.130. It is easy to see that the defining relations for the pure braid group PB n 
listed above are equivalent to the following list of defining relations 

9k,i if (i - k)(i - l)(j - k)(j - l) > 0, 

9i,i9k,i9ij if i < k = j < l, 

9iJSL.l9k.l9li gjl if i = k < j < l, 

9iJ9jJ9u 9j] 9k.l9]J,9iJ9jl 9fi if i<k<j<l, 

commonly used in the literature to describe the defining relations among the generators {gij} 
of the pure braid group P n , see, e.g., [14]. 

• The affine Artin braid group B^ { , cf. [112], is an extension of the Artin braid group on n 
strands B n by the element r subject to the set of crossing relations 

G\T(J\T = TCTlTCTl, (TjT = TCJj for 2 < 1 < U — 1. 


9i,j 9k,l9i,j — < 


• The virtual braid group VB n is a group generated by <7i,..., <r n _i and si,..., s n _i subject 
to the relations: 


(1) braid relations (j\,..., cr n -i generate the Artin braid group B n ; 

(2) Moore-Coxeter relations s 1 ,..., s n -i generate the symmetric group § n ; 

(3) crossing relations OiSj = SjOi if \i — j\ > 2, SjSj+icrj = (Ti + \SiSi + \ if 1 < i < n — 2. 


• The virtual pure braid group VP n is defined to be the kernel of the natural map 


p: 


VB r 




v(°i) = v(si) = 


i = 1,..., n — 1. 
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4.7.1 Yang—Baxter groups 
Definition 4.131. 

• The quasitriangular Yang-Baxter group YB„, cf. [7], is a group generated by the set of 
elements {Qij, 1 < i / j < n}, subject to the set of defining relations 

(1) [Qij, Qk,i\ = 0 if i, j, k and l are all distinct, 

(2) Yang-Baxter relations Qi.jQi.kQj.k = Qj,kQi,kQij if h j, k are distinct. 

According to [5, Theorem 1], the quasitriangular Yang-Baxter group YB n is isomorphic to 
the virtual pure braid group VP n . 

• The Yang-Baxter monoid YB„ is a monoid generated by the elements Qij, 1 < i ^ j < n. 
Important particular case corresponds to the case when QijQjj = 1 for all 1 < i ^ j < n. 

• The Yang-Baxter group YB n is defined by the set of generators R%j, l < i < j < n, 
subject to the set of defining relations 

(1) RijRkj = RkjRij if i, j, k and l are pairwise distinct, 

(2) RijRi^Rj^ Rj^Ri^Rij if 1 7 i Y j ^ k Y n. 


4.7.2 Some properties of braid and Yang-Baxter groups 


For the sake of convenience and future references, below we state some basic properties of the 
groups P n , YB„ and Bf ff . 

Proposition 4.132. Let F m denotes the free group with m generators. 

(l°) The elements gi, n ,92,n, ■ ■ ■ , 9 n-i,n generate a free normal subgroup F n _i in P n , and P n = 
P n ~i ix (91,n, 92,n, ■ ■ ■ 1 9 n—i,n) ■ Hence P n is an iterated extension of free groups. 

( 2 °) Let us consider the following elements in the group B^: 


7 i = t, 


Then 


1 i -1 

I I a . i 7 11 n i ' 

j=i— 1 j =1 


2 < i < n. 


(а) commutativity, 7*7^ = 7^7* for all 1 < i,j < n; 

(б) the elements 71,... ,7 n generate a free abelian subgroup of rang n in B+. 49 


( 3 °) Let us introduce elements 


Dij : — 


■= <Tj-lCFj-2 ■ ■ ■ CTj+1 O'i+l ' ' ' &j-2CTj-l 


II 9a,j £ Pn, 

i<a<j 


i+1 


FiJ .— (Jri.—g Cf n.— 


n—j&n—j+l ‘ ‘ * 9n—a,n—i ^ Pm 


a=j 


where 1 < i < j < n. For example, 

-^ 2 , 2+1 = ^ % ) -^ 2 , 2+2 — ^ 2 + 1 ^ 2 ^ 2+15 -^ 2 , 2+1 = ® 7 2—25 

771 _ 2 

x*i,i+2 — & n —i—l& n _iCr n —i—l 


and etc. Then 

49 We refer the reader to [112] for more details about affine braid groups. Here we only remark that the type A 
affine Weyl groups the Hecke algebras H n , q , the affine Hecke algebras H n:q , the Ariki-Koike, or cyclotomic 
Hecke, algebras H r ^, n , the affine and cyclotomic Birman-Murakami-Wenzl algebras 2 r ,i,n> all can be obtained 
as certain quotients of the group algebra Cof the affine braid group. 
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• For each j = 3 ,..., n, the element D ij commutes with <7i,..., &j-2- 

• The elements D\^, D\^ 3 ,..., D\ n ( resp. Fi t 2, Fi^,..., Fi >n ) generate a free abelian 
subgroup in P n . 

• If n > 3 , the element 

n °Tj= n F u=(<p---vn-i) n 

2 <j<n 2<j<n 

generates the center of the braid group B n and that of the pure braid group P n . 

• Di,jD l .j+\Dj.j+i = Djj +1 i Dij if i < j. 

• Consider the elements s := o \, t \= a\a2 in the braid group B 3 . Then s 2 = t 3 
and the element c := s 2 generates the center of the group B 3 . Moreover, 

B 3 /{c) “ PSL 2 (Z), B 3 /(c 2 ) “ SL 2 (Z). 

( 4 °) Let us introduce the following elements in the quasitriangular Yang-Baxter group YB n : 

Ci,j = f Qa,j j (JJ Qj,b 
\a=j-l J \b=i 

Then 

• The elements C\-2, C \ 3 ,..., C+ n generate a free abelian subgroup in YB n . 

• The elements fij, 1 < i < j < n, generate a subgroup in YB„, which is isomorphic 
to the pure braid group P n . 50 

( 5 °) Assume that the following additional relations in YB n are satisfied 

Qi,jQj,i — Qj,iQi,jy Qk,lQi,jQj,i — Qj,iQi,jQk,l 

if i / j and k 7^ l. In other words, the elements Qij and Qj^ commute, and the elements 
Qi,jQj,i = Qj,iQi,j are central. Under these assumptions, we have that the elements 

1 i+l n i —1 

©j •— 11 Qj,i 11 Qi,jy ©i •— 11 Qj,i 11 Qi,ji 1 Y i Y n, 
j=i— 1 j=n j=i +1 3 =1 

50 It is enough to check that the elements 1 < i < j < n} satisfy the defining relations for the pure braid 

group P„ only in the case n = 4 . Let us prove that 

fi, 4/2,4/3,4/1,3 = fi, 3/1,4/2, 4 / 3 , 4 - 

Other relations are simple and can be checked in a similar fashion. 

Let 

l.ll.S. = /l,4/2,4/3,i/l ,3 = Q34Q24Q14Q41Q42Q43Q23Q13Q31Q23 y 
r.h.S. = /l,3/1,4/2,4/3 ,4 = Q23Q13Q31Q23 Q 3 aQ- 24 ,QiaQaiQa 2 Qa 3 - 
Now we are going to apply the Yang-Baxter relations 

Q 23 1 Q 34 Q 24 = Q2AQ3AQ23 y Q23 Qa 2 Qa 3 = Q43Q42Q23 1 ! Q31Q34Q14 = Ql 4 Q 34 < 231 - 

Therefore, 

r.lr.s. = Q23Q13Q31Q23 Q34Q24Q1AQA1QA2Q23 = Q23Q24Q34.Q 14Q13Q31Q41Q43Q42Q23 
= Q34Q24Q14Q23Q13Q43Q41Q42Q31Q23 = Q34Q24Q14Q41Q23Q43Q42Q13Q31Q23 
= Q34Q24Q14Q41Q42Q43Q23Q13Q31Q23 = 1 -h.s. 


j+1 


3 ~ 1 


-1 


fiyj — n Qa,j I Qi,jQj,i I n Qb,: 


a=j-l 


\b=i -\-1 
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satisfy the following relations 

[0i,0j] = 0 = [0i,0j], 

n n 

®i®i=Y[Qi, j Qj,i=®i®i, n 0i= n QhjQj,i=n®i- 

j^i 2 = 1 2=1 

(6°) /n the special case Qi.jQj )t = 1 for all i / j, the following statement holds: the elements 
i j+i 

0 i = n R ajTl R 3,b, l<j<n-l, 

a=j —1 b=n 

generate a subgroup in the Yang-Baxter group YB n , which is isomorphic to the free abelian 
group of rang n — 1. 


4.7.3 Artin and Birman Ko Lee monoids 

Let (W,S) be a finite Coxeter group, B(W) and B + (W) be the corresponding braid group 

and monoid of positive braids. Denote by Pw(s,t ) = BQi B +r w \Ai,j)s' l t : ' the Poincare 

*>o,i>o 

polynomial of the group algebra over Q of the monoid B + (W). 

Conjecture 4.133. Pw{s, 1) = (s + 1)I 5 L 

It is known [30, 125] that the Hilbert series of the group algebra of the monoid B + (W) is 
a rational function of the form for a some polynomial P(t) := Pw(t) E Z [t\. 

Theorem 4.134. 

(1) Some Betti numbers of the group algebra over Q of the monoid B + (A n _ i); 

-®Q[S+(A„_i)] ty = 

-SQIB+lAn-i)] ( k , 

B Q[B+(A n -i)]( k , k + 1) = (fc - l)( k _ Y, 

Bq[B+{A n . 1 )](k,k + 2) = 2 

B QlR+(A n _ } )] (k, k + 3) = (k - 2) ^ ^ + max(3A: - 17, 0) ^ ^ if k > 3. 


k+ 1 
2 


= n — k, 


1 < k < n — 1, 


n — k 
k 


(2) 


The Birman-Ko-Lee algebra BKL(n) is Koszul, and the Hilbert polynomial of its quadratic 
dual is equal to 


72—1 


Hilb(BKL(n) ! ,f) = 


k =0 


k + 1 


n — 1 
k 


n + k— 1\ ik 
k U 


Conjecture 4.135 (type A n _i case). Let I C [l,n — 1] be a subset of vertices in the Dynkin 
diagram of type A n _i, and Rj denotes the root system generated by the positive roots {aij = 
€i — ej, (i, j) E I x /}. Assume that 


Ri — A ni A „ k , 


ni H-)- nk = n - 1 
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stands for the decomposition of the root system Rj into the disjoint union of irreducible root 

subsystems of type A. The numbers n±,... ,nk are defined uniquely up to a permutation. Let us 
k 

set n{I) = (* 2 °) • Then 

a= 1 

PA n -As,t) = ^ s | V (/) , 

i 

where the sum runs over the all subsets of vertices I in the Dynkin diagram of type A n _ i, 
including the empty set, and [/[ denotes the cardinality of the set I. 

Comments 4.136. 

(A) The Hilbert polynomial of the Birman-Ko-Li algebra BKL(n) has been computed also by 
M. Albenque and P. Nadeau, see [2], 

( B ) Let’s consider the truncated theta function 9 + {z,t) = £n(n+i)/ 2 _,n. Th en 

n> 0 

J2P An _i(s,t)z n - 1 = 9 + {t,sz)/{ 1 - z(0 + (t,sz))). 

n> 1 


( C ) It is well known that the number 


T(n, k) = 


1 


k + 1 V k 


n 


n + k 
k 


counts the number of Schroder paths (i.e., consisting of steps (1,1), (1,-1) and (2,0) and 
never going below x-axis) from (0, 0) to (2n, 0), having exactly k (1,1) steps. In particular, 

dim(BKL(n) ! ) = Sch(n), 


is the n-th (large) Schroder number, see [131, A006318]. It is a classical result that 


n n— 1 

^ T(n, k)x k { 1 - x) n ~ k = N(n, k)x k , 

k =0 k =0 

where N(n,k ) := denotes the Narayana number. Some explicit combinatorial 

interpretations of the values of the above polynomials for x = 0,1, 2,4 can be found in [131, 
A088617]. Note that Hilb(BKL ! ,f) = (1 + t)Ass n _ 2 (t), where 



t k 


denotes the /-vector polynomial corresponding to the associahedron of type A n . 

( D ) The polynomials F(n,t ) := -®Q[B+(A„_i)] (&, k)t k appear to be equal to the so-called 

k> o 

Fibonacci polynomials, see, e.g., [131, A011973]. It is well-known that 


Y F (. n ^)y n 

n> 0 


1 + ty 

1-y-ty 2 ' 


Moreover, the coefficient BQiB+i^An-T] (k, k) is equal to the number of compositions of n + 2 
into k + 1 parts, all > 2, see [131, A011973]. 
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(E) Monoid of positive pure braids. The monoid of positive pure braids PB+ (of the type 
A n - 1 ) is the monoid generated by the set {fji.j, 1 < i < j < n} of the Artin generators of 
the pure braid group PB n . 

Conjecture 4.137. The following list of relations is the defining set of relations in the monoid 
PB n ; 

(a) [9ij,9k,i\ = 0, [gi,h9j,k\ = 0, if 1 < i < j < k < l < n, 

k-l 

(b) fyi+mj/c-i+m’ n & ja+m,j k +m ~ 

a=1 

for all sequences of integers 1 < j\ < j 2 < ■ ■ ■ < jk < n of the length k > 4 and m = 0,..., n — 1. 
Here we assume that gij = g.j^ for all i j, and for any non-negative integer a we denote by a 
a unique integer 1 < a < n such that a = a (modn + 1). 

It is worth noting that the defining relations in the pure braid group P n are that listed in (a) 
and the part of that listed in (6) corresponding to k = 3, m = 0 and 1, and that for k = 4, 
m = 0. 


5 Combinatorics of associative Yang Baxter algebras 


Let a and fH be parameters. 

Definition 5.1 ([66, 70, 72], cf. [1, 115]). 

(1) The associative quasi-classical Yang-Baxter algebra of weight (a,/3), denoted by 
ACYB n (a, (3), is an associative algebra, over the ring of polynomials Z[c*,/?], generated 
by the set of elements {xij, 1 < i < j < n}, subject to the set of relations 

(a) XijXki = XkiXij if {i,j} n {k, 1} = 0, 

(b) XijXjk = x ik Xij + x jk x ik + fix ik + a if 1 < 1 < i < j < n. 

(2) Define associative quasi-classical Yang-Baxter algebra of weight ft, denoted by ACYB n (/3), 
to be ACYB n (0, /?). 

Comments 5.2. The algebra 3T n (/3), see Definition 3.1, is the quotient of the algebra 
ACYB n (—/3), by the “dual relations” 


XjkXij XijXik XikXjk Y fiXik — 0, i Y j Y k . 

The (truncated) Dunkl elements 0* = Y x iji * = 1 do not commute in the algebra 

ACYB n (/3). However a certain version of noncommutative elementary polynomial of degree 
k > 1, still is equal to zero after the substitution of Dunkl elements instead of variables [72], We 
state here the corresponding result only “in classical case”, i.e., if ft = 0 and q t j = 0 for all i, j. 

Lemma 5.3 ([72]). Define noncommutative elementary polynomial Lk(x±,... , x n ) as follows 


Afc (■ r i, • •., Xn) — ^ ) x t j xi 2 • • • Xi k . 

J=(ii<»2<—<ifc)C[l,n] 

Then L k (6i, d 2 , ■ ■ ■, 0 n ) = 0. 

Moreover, if 1 < k < m < n, then one can show that the value of the noncommutative 
polynomial Lk{0^[\ ... ,9m^) in the algebra ACYB n (/3) is given by the Pieri formula, see [45, 
117]. 
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5.1 Combinatorics of Coxeter element 

Consider the “Coxeter element” w E ACYB n (a,f3) which is equal to the ordered product of 
“simple generators”: 


n— 1 

w := w n = JJ x a . a+l . 

a= 1 


Let us bring the element w to the reduced form in the algebra ACYB n (a,/3), that is, let us 
consecutively apply the defining relations (a) and ( b ) to the element w in any order until unable 
to do so. Denote the resulting (nonconunutative) polynomial by P n (xij; a, /3). In principal, the 
polynomial itself can depend on the order in which the relations (a) and (6) are applied. We set 
Pn( x ij ) P') -— Pn( x iji 0,/3). 

Proposition 5.4 (cf. [133, Exercise 6.C5(c)], [99, 100]). 

(1) Apart from applying the relation (a) ( commutativity), the polynomial P n (xij-,/3) does not 
depend on the order in which relations (a) and ( b ) have been applied, and can be written 
in a unique way as a linear combination: 

n— 1 s 

Pn(Xij;P) = P n ~ S ~ 1 II 

s=l {ia}a= 1 


where the second summation runs over all sequences of integers {i a }^ =1 such that n — 1 > 
*i > *2 > • 11 > h = I and i a < n — a for a = 1,..., s — 1; moreover, the corresponding 
sequence {j a }aZi can be defined uniquely by that {i a }a=j- 

• It is clear that the polynomial P{xij\/3) also can be written in a unique way as a linear 

S 

combination of monomials n x ia,ja suc h that j 1 > j)2 ■ ■ ■ > js- 

a= 1 

(2) Let us set deg (xij) = 1, deg(/3) = 0. Denote by T n (k, r) the number of degree k monomials 
in the polynomial P(xij-,/3 ) which contain exactly r factors of the form x* }U . (Note that 
l<r<k<n — 1.) Then 


T n (k,r) 


r fn + k — r — 2\ fn— 2\ 
n — 2 y — 1/ 


In other words, 


Pn(t,P)= J2 T n {k,r)t r p n - l ~ k , 

1 <r<k<n 


where P n (t,/3) denotes the following specialization 

x^—>1 if j <n, x in — >t, Mi = l,...,n—1 

of the polynomial P n (xij ; /?). 

In particular, T n (k, k ) = and T n (k , 1) = T{n — 2, k — 1), where 

1 fn + k\ fn\ 
k + 1 V k )\k) 


T(n,k) : 
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is equal to the number of Schroder paths ( i.e., consisting of steps U = (1,1), D = (1, —1), 
H = (2,0) and never going below the x-axis) from (0,0) to (2n,0), having k U’s, see [131, 
A088617]. 

Moreover, T n (n — 1, r) = Tab(n — 2, r — 1), where 

Ta b („,t):=^±i( 2 "-*) =*£>*(*) 

is equal to the number of standard Young tableaux of the shape (n, n—k), see [131, A009766]. 
Recall that Fn\b) = ^ Cli-i) stands for the generalized Fuss-Catalan number. 

(3) After the specialization Xij —> 1 the polynomial P(xij) is transformed to the polynomial 


n —1 


PM ■.= Y^N(n,k)(l + fd) k , 

k =0 


where N (n, k) := ^ Q) ( fc " 1 ), k = 0,..., n — 1, stand for the Narayana numbers. 

n— 1 

Furthermore, P n (P) = s n(d)!3 d , where 

d=o 


s n (d) 


1 /2n — d\ fn — 1\ 

n+l\ n yy d ) 


is the number of ways to draw n — 1 — d diagonals in a convex (n + 2 )-gon, such that no 
two diagonals intersect their interior. 

Therefore, the number of (nonzero) terms in the polynomial P(xij',(5 ) is equal to the n-th 

71—1 

little Schroder number s n := s n (d ), also known as the n-th super-Catalan number, see, 

d =o 

e.g., [131, A001003]. 

(4) Upon the specialization x\j —» t, 1 < j < n, and that x^ —> 1 if 2 < i < j < n, the 
polynomial P(xij',j3 ) is transformed to the polynomial 


p n (a,t) = tY J { i+P) n - k J2 tpM ’ 

k = 1 7T 


where the second summation runs over the set of Dick paths ir of length 2 n with exactly k 
picks ( UD-steps), and p(ir) denotes the number of valleys ( DU-steps ) that touch upon the 
line x = 0. 

(5) The polynomial P(xij\f3) is invariant under the action of anti-involution for, see [72, 
Section 5.1.1] for definitions of f> and r. 

(6) Follow [133, Exercise 6.08(c)] consider the specialization 


Xij —> U, 1 < i < j < n, 

and define P n (t\,... ,t n _i;/3) = P n (xij = t*;/5). 

One can show, cf. [133], that 

P n (h,...,t n - 1;/3) = ^2M k t il ---t ik , 

where the sum runs over all pairs {(ai,..., a*,), (?'i ,... ,ik) 6 Z>i x Z>i} such that 1 < 
a\ < a 2 <■■■ < ak, 1 < i\ < «2 • • ■ < ik < n and ij < Oj for all j. 
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Now we are ready to state our main result about polynomials P n (ti, ■ ■. 9 t n ; /3). Let ir := Ti n G 
S n be the permutation 


/I 2 3 ... n\ 

yl n n — 1 • • • 2 J ' 


Then 


Pn (tl j ■ ■ • j t n —11 /3) 




-1 
1 ! 


• ' ) ^n—l) =J2 Wt ( T )’ 

T 


(5.1) 


where ... ,x n -i) denotes the /3-Grothendieck polynomial corresponding to a permuta¬ 

tion w € S„, see [42] or Appendix A.l; summation in the right hand side of the second equality 
runs over the set of all dissections T of a convex (n + 2)-gon, and wt(T) denotes weight of 
a dissection T, namely, 


wt(T)= n^- 3 - |ri , 

d£T 


where the product runs over diagonals in T, Xd = Xij , if diagonal d connects vertices i and j, 
i < j, and |T| denotes the number of diagonals in dissection T■ 

In particular, 

n— 1 

= l,...,x n _i = 1) = ^IV(ra,fc)(l + /3) fc , 

k =0 

where N(n,k ) denotes the Narayana numbers, see item (3) of Proposition 5.4. 

More generally, write P n (t,/3 ) = Pn ' 1 ifi)t k ■ Then 

k 


71—1 


©f (*r = t, Xi = 1, Vz > 2) = ^ P™ 1 {ir 1 )p k t n - 1 - k 


k =0 


Comments 5.5. 

• Note that if fd = 0, then one has &w~°\xi,.. ■ ,x n -\) = & w (xi,... , x n ~i), that is the 
/3-Grothendieck polynomial at (3 = 0, is equal to the Schubert polynomial corresponding 
to the same permutation w. Therefore, if 


fl 2 3 ... n\ 

\1 n n — 1 ... 2J ’ 


then 


6 n (xi = 1,... ,t n -i = 1) = C n -i, (5.2) 

where C m denotes the m-th Catalan number. Using the formula (5.2) it is not difficult to 
check that the following formula for the principal specialization of the Schubert polynomial 
6 7T (X n ) is true 

©*(!>?> ■■■,q n ~ 1 ) =g( n 3 1 )c , n _i(g), (5.3) 

where C m (q) denotes the Carlitz-Riordan ^-analogue of the Catalan numbers, see, 
e.g., [134]. The formula (5.3) has been proved in [44] using the observation that n is a vex- 
illary permutation, see [92] for the a definition of the latter. A combinatorial/bijective 
proof of the formula (5.2) is due to A. Woo [142], 
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• The Grothendieck polynomials, had been defined originally by A. Lascoux and M.-P. Schiit- 
zenberger, see, e.g., [86], correspond to the case (3 = —1. In this case P n (—1) = 1 if n > 0, 
and therefore the specialization ^(xi = 1,..., x n _i = 1) = 1 for all w E § n . 

• In Section 5.2.2, Theorems 5.28 and 5.29, we state a generalization of the second equality in 
the formula (5.1) to the case of Richardson’s permutations of the form l fc x Wq := 7 r[., 
and relate monomials which appear in a combinatorial formula 51 for the corresponding (3- 
Grothendieck polynomial, and/with the set of fc-dissections and Axtriangulations of a con¬ 
vex (n + k + l)-gon, and the Lagrange inversion formula, see Section 5.4.2 for more details. 

Clearly, the Richardson permutations ir^ are special subset of permutations of the form 
l fe x w\ := ui\^\ where w\ stands for the dominant permutation of shape A. An analogue and 
extension of the first equality in the formula (5.1) for permutations of the form has been 
proved in [39, Theorem 5.4], We state here a particular case of that result related with the Fuss- 
Catalan numbers obtained independently by the author of the present paper as a generalization 
of [133, Exercise 8C5(c)] and [142] to the case of Fuss-Catalan numbers. Namely, let A = 
(Ai,..., Afc = 1) be a Young diagram such that A j — A* + i < 1. Therefore, the boundary d(X) 
of A, that is the set of the last boxes in each row of A, is a disjoint union of vertical intervals. 
To the last box of the lowermost interval we attach the generator X 23 ■ To the next box of that 
interval, if exists, we attach the generator U 24 and so on, up to the top box of that interval is 
equipped with the generator, say X 2 ,fc 1 . It is clear that k\ = A' x — X' 2 + 2 . Now let us consider 
the next vertical interval. To the bottom box of that interval we attach the variable Xfc 1 ) / Cl +i, 
to the next box we attach the variable x^^i +2 and so on. Let the top of that vertical interval 
is equipped with the generator Xk lt k 2 'i it is clear that k 2 = A) — A 3 + 2. Applying this procedure 
successively step by step to each vertical interval, we attach the variable u b to each box b in the 
boundary of Young diagram A. Finally we attach the monomial 

M\ = x 12 JJ x b . 

bed( A) 

Theorem 5.6 ([39]). Let A be a partition such that A* — Aj+i < 1, Vi > 1, and set N := A^ + 2. 
Let w\ E Sjv be a unique dominant partition of shape X, and M\ E ACYBat(/3) be the monomial 
associated with the boundary d(X) of partition A. Then 

PM x (xij = ti , Vi, j; (3) = t A <Six ) Wx ^r 1 ,---, t iv 1 ), 

\ x' y —1 

where t A := In other words, after the specialization Xij —> t~ , X/i,j, the spe¬ 

cialized reduced polynomial corresponding to the monomial M\ is equal to t~ x multiplied by the 
(3-Grothendieck polynomial associated with the permutation 1 x w\. 

Let us illustrate the above theorem by example. We take A = 43221. In this case N = 7 = 5+2 
and w := w\ = [1, 6, 5,4, 7,3, 2], The monomial corresponding to the boundary of A is equal to 

^12^23^34^35^56^67 £ ACYB 7 . 

Since the both reduced and /3-Grothendieck polynomials appearing in this example are huge, we 
display only its specialized values at x tJ = 1, Vi, j and ti = 1, Vi. We set also d := (3 — 1. It is 
not difficult to check that the reduced polynomial corresponding to monomial X 12 X 23 X 34 X 35 X 56 
after the specialization Xy = 1, V1 < i < j < 5, and the identification xye = xi ; 6, 1 < i < 5, is 
equal to 

(9, 20,14,3) i gxi6 + (9,15,6) ( gxl 6 + (4:, 4) i gxf 6 + ^i6- 
51 See [13, 44, 77] for example. 
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Finally after multiplication of the above expression by x§ 7 , applying 3-term relations ( b ) in the 
algebra ACYB7 to the result obtained,and and taking the specialization Xi t 7 = 1, Vi, we will 
come to the following expression 

(9, 20,14,3)0(2 + /3) + (9,15, 6)0(3 + 2/3) 2 + (4, 4 ) 0(4 + 3/3) + (5 + 4/3) 

= (66,144,108,32,3)0. 

One can check that the latter polynomial is equal to ©£ (1)- 

Corollary 5.7 (monomials and Fuss-Catalan numbers FC^f +1 ^). Letp, n, b be integers, consider 
diagram A = (n 6 , (n — l) p , (n — 2) p ,..., 2 P , l p ) and dominant permutation w € §( n _i) p+ b + 2 of 
shape A. Let us define monomial 


n—2 /p +2 \ b+2 

M njP fi = X 12 n n ']p ■ 2.jj) ■ 0 1 11 3-(n— l)p+2,(n— l)p-j-a* 

3=0 \a= 3 / a= 3 


Then 


n 1 / 

P M n , p , b (Xij = 1, Vi, j)(P) = T ( 

k= 1 ^ 


1 / n — 1 
k-1 


pn — b 
k-1 


(0 + 1 ) 


fc-i 


Moreover, 


p M n , p , b {xij = 1, Vi,j)(/3 = 0) = 


1 

np — b + 1 


n(p + 1) — 6 
n 


1 / n(p + 1) — 6 
n\ n — 1 


where b := b — 1 1 ~ > . 

For 6 = 0 the right hand side of the above equality is equal to the Fuss-Narayana poly¬ 
nomial, see Theorem 5.46 and Proposition 5.47; a combinatorial interpretation of the value 
p M npb (xij = 1, Vi,j)(/3 = 1) one can find in [110]. Note that reduced expressions for monomial 

Mn^.b in the (noncommutative) algebra ACYB n (/3) up to applying the commutativity rules (a), 
Definition 5.1, is unique. 

It seems an interesting problem to construct a natural bijection between the set of monomials 
in the (noncommutative) reduced expression associated with monomials M n>Pi 0 and the set of 
(p + l)-gulations 52 Finally we remark that there are certain connections of the /3-Grothendieck 
polynomials corresponding to shifted dominance permutations (i.e., permutations of the form 
l k x w\) and some generating functions for the set of bounded by k plane partitions of shape A, 
see, e.g., [44]. In the case of a staircase shape partition A = (n — 1,..., 1) one can envision 
(cf. [128, 135]) a connection/bijection between the set of fc-bounded plane partitions of that 
shape and ^-dissections of a convex (n + k + l)-gon. However in the case k > 2 it is not clear 
does there exist a monomial M in the algebra ACYB n such that the value of the corresponding 
reduced polynomial at Xij = 1, Vi,j is equal to the number of ^-dissections (k > 2) of a convex 
(n + k + l)-gon. 


Exercises 5.8. 

( 1 ) 

(a) Let as before, 


(! 2 3 ... n\ 

\l n n- 1 ... 2) 

52 That is the set of dissections of a convex pk -gon by (maximal) collection of non-crossing diagonals such that 
the all regions obtained are a convex (p + 2)-gons of a convex kp- gon. 
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Show that 


& 7T (x 1 = q, Xj = 1, V j ± i) 


n —2 


£ 

< 2=0 


n — a — 1 
n — 1 


n + a — 2 


Note that the number 

n — k + 1 fn + k\ 
n + 1 \ k ) 

is equal to the dimension of irreducible representation of the symmetric group § n + k that corre¬ 
sponds to partition (n + k, k). 

(6) Big Schroder numbers, paths and polynomials 0^ = g, Xj = 1, Vi > 2). Let 

1x«Jq 

n > 1 and k > 0 be integers, denote by S kjU the number of big Schroder paths of type ( k,n ), 
that is lattice paths from the point (0, 0) and ending at point (2 n + k, k), using only the steps 
U = (1,1), H = (2,0) and D = (1, —1) and never going below the line x = 0. The numbers 
S(n) := 5o, n commonly known as big Schroder numbers , see, e.g., [131, A001003]. It is well- 
known that 


Sk,n = 


Show that 


k + 1 


n 


£ 

< 2=0 


n\ (n + k + a 
n — 1 


0 


(P) 

lxw. 


n —2 


O—i) 


(xi = g, Xi = 1, Vi > 2) = ^ S k , n -2-k(/3)q 


n—k—2 


k=0 


where S kt n(/3 ) is the generating functions of the big Schroder paths of type ( k,n ) according to 
the number of horizontal steps H. 

(c) Show that the polynomial 0^ , (x\ = q, Xi = 1, Vi > 2) belongs to the ring 

Ixuiq ; 

N[g, /3 + 1]. For example, for n = 8 one has 

0^(7) (®i =q,Xi = 1, Vi > 2) = (0,1,15, 50, 50,15, l)^ +1 t 6 + (0, 2, 24, 60,40, 6)^+0 
+ (0, 3, 27,45,15^+0 + (0,4, 24,20^+0 + (0, 5,15^+0 + 6(/3 + 1 )t + 1. 

Show that 


k + 1 


Sk,n{P) = — E 

n z —' 


< 2=0 


n\ fn + k + a 


k + 1 (2n + k 


p n ~ a _ 

n — 1 / k + 1 + n \ n 


+ ••• + 


n + k 


n 


P r 


(d) Write 

t(fi) 


®\"' h ) xw ( n -k)(xi=q,x i = l,\/i>2)=A kjn (/3)q n ’ +... + B ntk (P). 


Show that 


A k ,n = (1 + = 1, Vi > 1), B Kn = = 1, Vi > 1). 


ab 


(2) Consider the commutative quotient ACYB n (a, (5) of the algebra ACYB n (a,/3), i.e., as¬ 
sume that the all generators {xij | 1 < i < j < n are mutually commute. Denote by P n (xij ; a, (5) 
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the image of polynomial the P n (xij: a , (5) G ACYB n (a, j3) in the algebra ACYB n (a, P). Finally, 
define polynomials P n (t,a,/3 ) to be the specialization 


—> 1 if j < n, Xi n —> t if 1 < i < n. 

Show that 

(а) Polynomial P n (t,a,/3) does not depend on on order in which relations (a) and (6), see 
Definition 5.1, have been applied. 

( б ) 


Pn(l,a 


1 p = o) = V_ (2n ~ 2fc)! _ 

^ ’ f^k\(n + l-k)\(n-2k)V 


see [131, A052709(n)] for combinatorial interpretations of these numbers. 

For example, 

P 7 (t, a , 0) = t 7 + 6(1 + P)t 6 + [(0, 5,15)0+! + 6 a}t 5 + [(0,4, 24, 20)^+! + a(5, 29 ) p+1 ]t 4 
+ [(0, 3, 27,45,15)0 + i + a(4, 45, 55)^+! + 14a 2 ]t 3 
+ [(0, 2, 24,60,40, 6)0+1 + a(3, 48,115, 5O)0+i + a 2 (21,49)0+i]t 2 
+ [(0,1,15,50, 50,15, l)0+i + a(2, 38,130,110, 20)0+1 + a 2 (21, 91, 56)0+i 
+ 14a 3 ]t + a( 1,15, 50, 50,15,1)0+1 + a 2 (14, 70, 70,14)0+1 + « 3 (21, 21)0+1. 


(c) Show that in fact 



E T n + 2 ( 1 ^ — k, k + 1 ) k 
-;- ol 

2n - 1 - 2k 


see Proposition 5.4(2), for definition of numbers T n {k,r). As for a combinatorial interpretation 
of the polynomials P n (l,a,0), see [131, A117434, A085880]. 

(3) Consider polynomials P n (t,P ) as it has been defined in Proposition 5.4(2). Show that 


Pn(t,P) 


Pn(t,a 



cf., e.g., [131, A033877]. 

A few comments in order. Several combinatorial interpretations of the integer numbers 


U n (r, k) 


n + 1 


n + 1 \k + r 



are well-known. For example, if r = 1, the numbers U n (l,k) = ^(fc+i)(^) are equal to the 
Narayana numbers, see, e.g., [131, A001263]; if r = 2, the number U n (2,k) counts the number 
of Dyck (n + l)-paths whose last descent has length 2 and which contain n — k peaks, see [131, 
A108838] for details. 

Finally, it’s easily seen, that P n { l,/3) = A127529(n), and P n (t, 1) = A033184(n), see [131]. 
(4) Show that 


P n (t,a,P ) G N[t,a][/1 + 1], 


that is the polynomial P n (t, a, /?) is a polynomial of P + 1 with coefficients from the ring N [t, a]. 
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Show that 

Pn(0,l,P) GN[/3 + 2], 

For example, 

Pr( 0,1, P) = (0,3,8,14,10, l) p+2 , P 8 (0,1, /3) = (1,3,11, 25,35,15, l) p+2 . 

Show that [131] 

P n { 1,1,0) = A052709(n + 1), 

that is the number of underdiagonal lattice paths from (0, 0) to (n — 1, n — 1) and such that each 
step is either (1,0), (0,1), or (2,1). For example, P 7 (l,1,0) = 1697 = A052709(8). Cf. with the 
next exercise. 

Show that [131] 

P n (0,1,0) = A052705(n), 

namely, the number of underdiagonal paths from (0,0) to the line x = n — 2, using only steps 
(1,0), (0,1) and NE = (2,1). For example, 

P 7 (0,1, 0) = 36 + 106 + 120 + 64 + 15 + 1 = 342 = A052705(7). 

Show that [131] 

d 

— PJa , b=l,(3 = 0,a = l,y = z = l) = A005775, 
oa 

that is the number number of paths in the half-plane x > 0 from (0, 0) to (n— 1, 2) or (n — 1, —3), 
and consisting of steps U = (1,1), D = (1, —1) and H = (1, 0) that contain at least one UUU 
but avoid UUU's starting above level 0. 

5.1.1 Multiparameter deformation of Catalan, Narayana and Schroder numbers 

Let b = (/3i,..., f5 n -i) be a set of mutually commuting parameters. We define a multiparameter 
analogue of the associative quasi-classical Yang-Baxter algebra MACYB ra (b) as follows. 

Definition 5.9 (cf. Definition 2.20). The multiparameter associative quasi- classical Yang- 
Baxter algebra of weight b, denoted by MACYB„(b), is an associative algebra, over the ring of 
polynomials Z[/3 1 , ... ,/3 n _i], generated by the set of elements {xij, 1 < i < j < n}, subject to 
the set of relations 

(а) XijXki = XkiXij if {i,j} n {k, 1} = 0, 

(б) XijXjk = x ik Xij + XjkXik + PiX ik if 1 < 1 < i < j < n. 

Consider the “Coxeter element” w n G MACYB n (b) which is equal to the ordered product of 
“simple generators”: 

n—1 

^n ■— J | 3?a,a+1- 

a= 1 

Now we can use the same method as in [133, Exercise 8.C5(c)], see Section 5.1, to define the 
reduced form of the Coxeter element w n . Namely, let us bring the element w n to the reduced form 
in the algebra MACYB n (b), that is, let us consecutively apply the defining relations (a) and ( b ) 
to the element w n in any order until unable to do so. Denote the resulting (noncommutative) 
polynomial by P(x^; b). In principal, the polynomial itself can depend on the order in which 
the relations (a) and ( b ) are applied. 
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Proposition 5.10 (cf. [133, Exercise 8.05(c)], [99, 100]). The specialized polynomial P(xij = 1, 
V i, j, b) does not depend on the order in which relations (a) and ( b ) have been applied. 

To state our main result of this subsection, let us define polynomials 
Q(P 1, • • -,Pn-l) ■= P(Xij = 1, Vi, j; /3i — l,/3 2 — 1,. • -,Pn-1 - !)• 


Example 5.11. 

Q{P 1, P 2 ) = 1 + 2/?i + 02 + /?! 1 

Q(P1, @2, P 3 ) = 1 + 3/?i + 2/^2 + /?3 + 3/3f + P 1 P 2 + /3i/?3 + + P\ ) 

Q(Pi, P 2 , P 3 , Pi) = 1 + 4/3i + 3/3 2 + 2/?3 + Pi + Pi{§Pi + 3/32 + 3/3 a + ^Pi) 

+ P 2 m + P 3 +^ 4 )+ P 3 +/?i (4/?i+ P 2 +/^3+^ 4 ) 

+ /3l (/?2 + /^I) + P 2 + /^1 ■■ 

Theorem 5.12. Polynomial Q(Pi, ■ ■ ■, Pn- 1 ) has non-negative integer coefficients. 

It follows from [133] and Proposition 5.4, that 

QiPli ■ ■ ■ ,Pn- 1 )| ( 3 1 = 1 ,... )/ 3 71 _ 1 = 1 = Cat n . 

Polynomials Q(Pi, ■ ■ ■, Pn-i) and Q(Pi + 1,..., P n -1 + 1) can be considered as a multiparameter 
deformation of the Catalan and (small) Schroder numbers correspondingly, and the homogeneous 
degree k part of Q(Pi, ■ ■ ■, Pn- 1 ) as a multiparameter analogue of Narayana numbers. 

5.2 Grothendieck and qr-Schroder polynomials 
5.2.1 Schroder paths and polynomials 

Definition 5.13. A Schroder path of the length n is an over diagonal path from (0, 0) to (n, n) 
with steps (1, 0), (0,1) and steps D = (1,1) without steps of type D on the diagonal x = y. 

If p is a Schroder path, we denote by d(p) the number of the diagonal steps resting on the 
path p, and by a(p) the number of unit squares located between the path p and the diagonal 
x = y. For each (unit) diagonal step D of a path p we denote by i(D) the x-coordinate of the 

column which contains the diagonal step D. Finally, define the index i(p) of a path p as the 

some of the numbers i(D ) for all diagonal steps of the path p. 

Definition 5.14. Define (/-Schroder polynomial S n (q; P) as follows 

S n (q-p) = Y j q a{p)+i{jP) P d(p \ (5-4) 

p 

where the sum runs over the set of all Schroder paths of length n. 

Example 5.15. 

Si{q;P) = l, S 2 (q; P) = 1 + q + Pq, 

Ssiq; P) = 1 + 2q + q 2 + q 3 + P(q + 2 q 2 + 2 q 3 ) + p 2 q 3 , 

S A {q ; P) = 1 + 3q + 3q 2 + 3 q 3 + 2 q 4 + q 5 + q 6 + P(q + 3 q 2 + 5 q 3 + 6 q 4 + 3 q 5 + 3 q 6 ) 

+ P 2 (q 3 + 2 q A + 3 q 5 + 3 q 6 ) + p 3 q 6 . 
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Comments 5.16. The g-Schroder polynomials defined by the formula (5.4) are different from 
the g-analogue of Schroder polynomials which has been considered in [19]. It seems that there 
are no simple connections between the both. 

Proposition 5.17 (recurrence relations for g-Schroder polynomials). The q-Schroder polyno¬ 
mials satisfy the following relations 

k=n—l 

Sn+i(q;P) = (l + g n + /3q n )s n (q; f3) + £ (q k + f3q n ~ k ) S k (q-q n ~ k /3)S n . k (q; f3), 

k= 1 


and the initial condition <Si(g;/3) = 1. 

Note that P n (/3) = S n (l: (3) and in particular, the polynomials P n (/3 ) satisfy the following 
recurrence relations 


Pn+m 


n— 1 


(2 + P)P n (P) + (l + P) J2 PkW)Pn-kW). 

k =1 


(5.5) 


Theorem 5.18 (evaluation of the Schroder-Hankel determinant). Consider permutation 


fl 2 ... k k +1 k + 2 ... n \ 

yl 2 ... k n n — 1 ... k +1 J ' 


Let as before 


n— 1 


P n (P) = ^2 N (n,j)(l+py, 

3 =0 


n > 1, 


be Schroder polynomials. Then 

(l + f3)&> <5^ n) (xi = 1 ,...,x n - k = 1 ) =T>et\P n+ k-i-j(P)\\<i,j<k- 

Tfu 


(5.6) 


(n) 

Proof is based on an observation that the permutation 7rl J is a vexillary one and the recur¬ 
rence relations (5.5). 

Comments 5.19. (1) In the case f) = 0, i.e., in the case of Schubert polynomials , Theorem 5.18 
has been proved in [44]. 

(2) In the cases when [3 = 1 and 0 < n — k < 2, the value of the determinant in the r.h.s. 
of (5.6) is known 53 . One can check that in the all cases mentioned above, the formula (5.6) gives 
the same results. 

(3) Grothendieck and Narayana polynomials. It follows from the expression (5.5) for the 
Narayana-Schroder polynomials that P n (/3 — 1) = 9T n (/3), where 



F, 


denotes the n-th Narayana polynomial. Therefore, P n ((3 — 1) = 91 n (/3) is a symmetric polynomial 
in [3 with non-negative integer coefficients. Moreover, the value of the polynomial P n (/3 — 1) at 
(3 = 1 is equal to the n-th Catalan number C n := yiy[( 2 ”)- 

53 See, e.g., [19], or M. Ichikawa talk “Hankel determinants of Catalan, Motzkin and Schroder numbers and its 
g-analogue”, http://www.uec.tottori-u.ac.jp/~mi/talks/kyoto07.pdf. 
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It is well-known, see, e.g., [136], that the Narayana polynomial 9T ra (/3) is equal to the gene¬ 
rating function of the statistics 7 r(p) = (number of peaks of a Dick path p) — 1 on the set Dick n 
of Dick paths of the length 2 n 

%>(/?) = ^/r ( p). 

p 

Moreover, using the Lindstrom-Gessel-Viennot lemma' 54 , one can see that 

DET \^l n +k-i-j{P)\i<i,j<k = Y, r (Pl)+ '" + " (Pfc) , (5-7) 

(pi,..-,Pfe) 


where the sum runs over /e-tuple of non-crossing Dick paths (pi,... ,pk) such that the path pj 
starts from the point (i — 1 , 0) and has length 2 (n — i + 1 ), i = 1 ,. .., k. 

We denote the sum in the r.h.s. of (5.7) by 0 X^n\f3). Note that (ff) = 1 for all k > 2. 
Thus, Oln'" 1 (/3) is a symmetric polynomial in (3 with non-negative integer coefficients, and 


<*>(/? = 1 ) = c <*) = n 2 ± jt ±A 


n 

2a<n—k —1 


(2n—2a\ 

\ 2k > 

f2k+2a+l\ 
V 2k ) 


As a corollary we obtain the following statement 


Proposition 5.20. Let n > k, then 

® { t) 1 \xi = h...,x n = l ) = V& k >(0). 

Summarizing, the specialization = 1,..., x n = 1) is a symmetric polynomial in f3 

*k 

with non-negative integer coefficients, and coincides with the generating function of the statistics 
k 

Y 7r(pj) on the set k- Dick n of fe-tuple of non-crossing Dick paths (pi,... , pfc). 

2=1 

Example 5.21. Take n = 5, k = 1. Then ^= (15432) and one has 


(1 ,q, q 2 , q 3 ) = q\ 1 , 3, 3, 3, 2,1,1) + g 5 (l, 3, 5, 6 , 3, 3 )(3 + q 7 ( 1, 2, 3, 3)/3 2 + q 10 (3 3 . 


It is easy to compute the Carlitz-Riordan g-analogue of the Catalan number C 5 , namely, 


C 5 (q) = (1,3, 3, 3, 2 , 1 , 1 ). 

Remark 5.22. The value 'Jl„(4) of the Narayana polynomial at j3 = 4 has the following com¬ 
binatorial interpretation: Tt n (4) is equal to the number of different lattice paths from the point 
( 0 , 0 ) to that (n, 0 ) using steps from the set E = {(k, k) or (k, — k), k £ Z>o}, that never go 
below the x-axis, see [131, A059231]. 

Exercises 5.23. 


(o) Show that 


d fc+1) _ ( 2 n - 2 k)\( 2 k + 1 )! 

^ k,n ( 3 $) (n — k)\(n + k + 1 )! 

54 See, e.g., https : //en. Wikipedia. org/wiki/Lindstrom-Gessel-Viennot_lemma. 
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(b) Show that 7 /^ < 1 if k < n < 3k + 1, and 7 ^ n > 2 n 3k 1 if n > 3k + 1. 

(4) Polynomials $ w (/3), S) w ((3), Sj w (q,t;/3) and 93 w (q;/3). Let w £ §„ be a permutation, 
©1; (X n ) and ©^ (X n ,Y n ) be the corresponding /3-Grothendieck and double /3-Grothendieck 
polynomials. We denote by (1) and by ©^ (1;1) the specializations X n := (x\ = 1,..., 
x n = 1), Y n := (yi = 1,..., y n = 1) of the /3-Grothendieck polynomials introduced above. 

Theorem 5.24. Let w E § n be a permutation. Then 

(i) The polynomials $ w (j3) := ©if lf (l) and S) w ((3) '■= ©if ^(1;1) have both non-negative 
integer coefficients. 

(■ ii ) One has 

M0) = (i + P) eM Sw{P 2 ). 


(Hi) Let iv E § n be a permutation, define polynomials 

Sj w (q,t;/3) := ©if^xi = q, x 2 = q, . • •, x n = q, yi = t, y 2 = t,... , y n = t) 

to be the specialization {xi = q, yi = t, Vi} of the double (3-Grothendieck polynomial 
< 6 $(X n ,Y n ). Then 

$j w (q,t;/3) = (q + t + (3qt)^ w) $ w ((l + (3q)(l + (3t)). 

In particular, fi w (l,l;/3) = (2 + (3) t{ ~ w ^ w ((l + f3) 2 ). 

(iv) Let w E be a permutation, define polynomial 

IZ w (q\(3) := ©£f -1) (xi = q, x 2 = 1, x 3 = 1,...) 

to be the specialization {xi = q, x^ = 1, Vi > 2 }, of the (j3 — l)-Grothendieck polynomial 
Then 

n w (q;P) = q w{ 1 ) ~ 1 x w (q;P), 


where 9\ w (q;(3) is a polynomial in q and (3 with non-negative integer coefficients, and 
9U0;/3 = 0) = 1. 

(v) Consider permutation Wn^ '■= [1, n, n — 1, n — 2,..., 3, 2] E § n . Then Sj ( 1 ) (1,1; 1) = 

w n 

30V)^(4). 

In particular, if = (1, 2,..., k, n, n — 1,..., k + 1) E S n , then 
©^(l;!) = (l + ^CV)©^- 1 )^). 


See Remark 5.22 for a combinatorial interpretation of the number 9T n (4). 

Example 5.25. Consider permutation v = [2,3,5, 6 , 8 , 9,1,4, 7] E S 9 of the length 12, and set 
x := (1 + (3q)( 1 + (3t). One can check that 


fj v (q, t; (3) = x 12 (l + 2x) (l + 6x + 19.x 2 + 24x 3 + 13x 4 ), 

and &,(/3) = (1 + 2/3)(1 + 6/3 + 19 (3 2 + 24 (3 3 + 13/3 4 ). 

Note that 3V(/3 = 1) = 27 x 7, and 7 = AMS(3), 26 = CSTCTPP(3), cf. Conjecture 5.52, 
Section 5.2.4. 
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Remark 5.26. One can show, cf. [92, p. 89], that if w G S n , then 1Z W (1,P) = TZ w -i (1, P). 
However, the equality 9\ w (q,/3) = 9\ w -i(q, j3) can be violated, and it seems that in general, 
there are no simple connections between polynomials D\ w (q, (3) and d\ w -i(q, /3), if so. 

r 

From this point we shell use the notation (ao, a i, ■. ■, a r )p := a jP^ etc. 

j= o 

Example 5.27. Let us take w = [1, 3,4, 6 , 7, 9,10,2,5, 8 ]. Then 

9\ w (q, P) = (1, 6 , 21 , 36, 51,48, 26)0 + qp( 6 , 36,126, 216, 306, 288,156)0 

+ q 2 p 3 { 20,125, 242, 403,460, 289)0 + q 3 /3 5 ( 6,46,114, 204,170)0. 

Moreover, 9\ w (q, 1) = (189,1134,1539,540) g . On the other hand, w^ 1 = [1,8,2,3,9,4,5,10,6,7], 
and 

9Vi (q, P) = (1,6,21,36, 51,48, 26)0 + qP( 1 , 6 , 31, 56, 96,110, 78)0 

+ q 2 /3{ 1, 6 , 27, 58,92,122,120, 78)0 + q 3 P( 1, 6 , 24, 58, 92,126,132,102, 26)0 
+ q A p{ 1, 6 , 22, 57,92,127,134,105,44)0 
+ q 5 p( 1, 6 , 21, 56, 91,126,133,104, 50)0 
+ q 6 p( 1, 6 , 21, 56, 91,126,133,104, 50)0. 

Moreover, D\ w -i(q, 1) = (189,378, 504, 567, 588, 588, 588),. 

Notice that w = 1 X u, where u = [2, 3, 5, 6 , 8 , 9,1,4, 7]. One can show that 

9*«(g, P) = (1, 6 , 11 , 16 , 11)0 + qp 2 { 10 , 20 , 35,3% + q 2 p A ( 5,14, 26 ) 0 . 

On the other hand, u~ l = [7,1, 2, 8 , 3,4, 9, 5, 6 ] and 

(1 ,P) = (1,6,21,36,51,48,26)0 =9^(1,^). 

r 

Recall that by our definition (ao, ai,..., a r )p := ajfti. 

3 =0 

5.2.2 Grothendieck polynomials and fc-dissections 

Let k £ N and n > k — 1, be a integer, define a k-dissection of a convex (n + k + l)-gon 
to be a collection £ of diagonals in (n + k + l)-gon not containing (k + l)-subset of pairwise 
crossing diagonals and such that at least 2 {k — 1) diagonals are coming from each vertex of the 
(n + k + l)-gon in question. One can show that the number of diagonals in any fc-dissection £ of 
a convex (n + k + l)-gon contains at least (n + k + l)(k — 1) and at most n[2k — 1) — 1 diagonals. 
We define the index of a ^-dissection £ to be i(£) = n(2k — 1) — 1 — #|£|. Denote by 

rt k) (P) = J2P i{£) 

£ 

the generating function for the number of fc-dissections with a fixed index, where the above sum 
runs over the set of all /c-dissections of a convex (n + k + l)-gon. 

Theorem 5.28. 


&^ ) (x l = l,...,x n = l ) = T^\P). 
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Mopre generally, let n > k > 0 be integers, consider a convex (n + k + l)-gon P n+ k+i 
and a vertex vo E P n +k+i- Let us label clockwise the vertices of P n +k +1 by the numbers 
1,2,..., n + k + 1 starting from the vertex vq. Let Dis(P n+ fc + i) denotes the set of all L-dissections 
of the (n + k + l)-gon P n +k+ 1 - We denote by Do := Diso(-P n +fc+i) the “minimal” fc-dissection of 
the (n + k + l)-gon P n +k +1 in question consisting of the set of diagonals connecting vertices v a 
and where 2 < r < k, l<a<n + k + l, and for any positive integer a we denote by 

a a unique integer such that l<a<n + k + l and a = a(mod (n + k + 1 )). For example, if 
k = 1, then Diso(-Pn-i- 2 ) = 0; if k = 3 and n = 4, in other words, Pg is a octagon, the minimal 
3-dissection consists of 16 diagonals connecting vertices with the following labels 

l->3->5->7->9 = l, 2—>4—>6^8—>10 = 2, 

l->4->7->IO = 2->5->8->TT = 3->6->9 = l. 

Now let D E Dis(P n+ fc + i) be a dissection. Consider a diagonal dij E (D\Dq), i < j which 
connects vertex Vi with that Vj. We attach variable x* to the diagonal dij in question and 
consider the following expression 

7>„ + » +1 (x„ +t+ i)= y . ir 

DeDis(P n+k+1 ) d i:j e(D\D 0 ) 

i<j 


Theorem 5.29. One has 


7 JW, cw+i) = e*~*> n (*r‘.<*)• 

< 2=1 


Exercises 5.30. It is not difficult to check that 

©15432 (AI5) = / 3 3 xfx 2 .x|x 4 + /^(xfx^Xs + 2 x\x\x%Xi + 3 xfx|x§X 4 + ^x\x\x\xi) 

+ j 3 {x\x 2X3 + X 3 X^X4 + 2xfx2X3 + 2 x\x\x\ + 3xfx|x3X4 + 3 x 3 X2x|x4 

+ 3 x^X 3 X 3 X 4 + 3X3X2X3X4 + 3X1X2X3X4) + xfx^X3 + xfx|x4 + xfx2X§ 

,3 ,32 ,23 ,23 ,222,22 ,2 2 

+ X j X2X3X4 + X x X 3 X4 + X x X 2 X3 + X 1 X 2 X4 + X3X2X3 + X X X 2 X3X4 + X 1 X2X 3 X4 

+ XiX 3 x| + X 1 X 2 X 3 X 4 + Xlx|x§X 4 + X 2 X 3 X 4 . 

Describe bijection between dissections of hexagon Pq (the case k = 1, n = 4) and the above 
listed monomials involved in the /3-Grothendieck polynomial ©15432(xi,X2,X3,X4). 

A ^-dissection of a convex (n+A:-|-l)-gon with the maximal number of diagonals (which is equal 
to n{2k — 1) — 1) is called k-triangulation. It is well-known that the number of fc-triangulations of 
a convex (n+fc + l)-gon is equal to the Catalan-Hankel number C^\. Explicit bijection between 
the set of fc-triangulations of a convex (n + k + l)-gon and the set of /c-tuple of non-crossing 
Dick paths ( 71 ,..., 7 &) such that the Dick path 7 j connects points (i — 1, 0) and (2n — i — 1,0), 
has been constructed in [128, 135]. 

5.2.3 Grothendieck polynomials and g-Schroder polynomials 

Let 717 ) = \ k x Wq' E S n be the vexillary permutation as before, see Theorem 5.18. Recall 
that 



1 2 ... k k +1 k + 2 ... n 

1 2 ... k n n — 1 ... k +1 
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(A) Principal specialization of the Schubert polynomial © („>. Note that is 

^ k 

a vexillary permutation of the staircase shape A = (n — k — 1,..., 2,1) and has the staircase flag 
<f> = (k + 1, k + 2,..., n — 1). It is known, see, e.g., [92, 139], that for a vexillary permutation 
w E § n of the shape A and flag = (0i,..., (j> r ), r = £(A), the corresponding Schubert polynomial 
6 w (X n ) is equal to the multi-Schur polynomial where X^ denotes the flagged set 

of variables, namely, X ( p = (X^, ..., X^) and X m = (x\,... , x m ). Therefore we can write 
the following determinantal formula for the principal specialization of the Schubert polynomial 

(n) 

corresponding to the vexillary permutation ir ^ ; 


6,W (l, <?, <7 2 , • • •) = DET 

n k 

where [^] denotes the q-binomial coefficient. 

Let us observe that the Carlitz-Riordan ^-analogue C n (q) of the Catalan number C n is equal 
to the value of the g-Schroder polynomial at j3 = 0, namely, C n (q) = S n (q, 0). 

Lemma 5.31. Let k, n be integers and n > k, then 


n — i + j — 1 
k + i — 1 


l<i,j<n—k 


n — i + j — 1 
k + i — 1 


l<i,j<n—k 

_ qk(k—l)(6n—2k—5)/6 C^\q). 


(1) DET 

(2) DET (C n +k-i-j(q)) 1<i j <k 

(B) Principal specialization of the Grothendieck polynomial 
Theorem 5.32. 

=n (1 + (1.9.9 2 , ■ ■ ■ )■ 


a=l 


Corollary 5.33. 

(1) If k = n — 1, f/ien 


n—2 


DET |S 2n _ w (q- q*- 1 P)\l<i,j<n-1 = q^)(n-2)(4n-3)/e JJ (i + g“-^) 


,a-l o\n-a-l 


( 2=1 


(2) If k = n — 2, then 

,”- 2 DET|S 2 „_ 2 _ j _,(,;,‘- 1 /3)| lsiJSn _ 2 

n—3 

= g(»*-2)(ra-3)(4n-7)/6 (l + g a_1 /?) n_a_2 


(1 + / 9 ) 


n—1 


- i 


P 


Generalization. Let n = (m,..., n p ) E be a composition of n so that n = n\ + • • • + n p . 
We set = ni + • • • + nj, j = 1,... ,p, n = 0. 

Now consider the permutation = Wq 11 '* x iCq 112 ^ x ■ ■ ■ X Wq 1 ^ E S n , where w^"' 1 E § m 
denotes the longest permutation in the symmetric group § m . In other words, 

(n) _ ( 1 2 ... m n^ ... ni + 1 ... n( p -^ ... n A 

W yni ni — 1 ... 1 ni +1 ... n^ ... n ... n,( p_1 ) +1 / 
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For the permutation w( n ' > defined above, one has the following factorization formula for the 
Grothendieck polynomial corresponding to w^ n ‘ [92] 


&(&) = x x 05^' x ■ ■ ■ x 05 v 

win) w (ni) ["lXM*" 2 ' Pl+^xicj" 3 * 1"! +'' n P~ 1 X W^" P> ‘ 






t(P) 


In particular, if 

.<") = ^ ni) 


(n 2 ) 

J 0 


,{n p ) 

J 0 


(5.8) 


then the principal specialization of the Grothendieck polynomial corresponding to the 

permutation w, is the product of g-Schroder-Hankel polynomials. Finally, we observe that from 
discussions in Section 5.2. 1(3), Grothendieck and Narayana polynomials , one can deduce that 


©if (n) i) (.'ci=i,...,® n =i)=n ^iw+iV)' 

3 =1 

In particular, the polynomial ... ,x n ) is a symmetric polynomial in /3 with non¬ 

negative integer coefficients. 

Example 5.34. 

( 1 ) Let us take (non vexillary) permutation w = 2143 = S 1 S 3 . One can check that 
©(f)(l, 1,1,1) = 3 + 3/3 + /3 2 = 1 + (/3 + 1) + (/3 + l) 2 , 


and 


3*403) = (1,6,6,1), 0* 3 (^) = (1,3,1), 

It is easy to see that 

R<6^( 1 1 1 1) = DET 

P w 1 ’ ’ ’ j 0*3 (|0) 3* 2 (/3) 


9T 2 (/3) = (1,1). 


On the other hand, 


pm p-m 
pm P 2 W) 


(3, 6 ,4,1) — (3 + 3/3 + /3 2 ) (1 + /3). 


It is more involved to check that 


q 5 ( 1 + /3) &^(l,q,q 2 ,q 3 )= DET 


5 4 (?;/3) 
S 3 (q;qP) 


S 3 (q;P) 

S2{q]q/d) 


(2) Let us illustrate Theorem 5.32 by a few examples. For the sake of simplicity, we consider 
the case /3 = 0, i.e., the case of Schubert polynomials. In this case P n (q\ /3 = 0) = C n (q ) is equal 
to the Carlitz-Riordan (/-analogue of Catalan numbers. We are reminded that the g-Catalan- 
Hankel polynomials are defined as follows 

C^\q) = qr fc ( 1 — fc )( 4fe — 1 )/ 6 DET \C n+k -i-j(q)\i<i,j< n - 


In the case /3 = 0 the Theorem 5.32 states that if n = (m,... ,n p ) £ N p and the permutation 
wt n ) £ § n is defined by the use of (5.7), then 


6 


„<»> (1, 1,1 2 , ■ ■ ■ ) = A tjg) x c ( z + „S„ 




-v(n— nr,) 




Now let us consider a few examples for n = 6 . 
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• n = (1, 5) => 6 U)W (1 ,q ,...) = q 10 C^\q) = C 5 (q). 
. n = ( 2,4) =► 6„ w (l,g,...) = g 4 C< 2) (g) = DET 

Note that 6^2,4) (1, q, ■ ■ ■) = & w (i,ia) (1, 

• n = (2, 2, 2) =► ©„(„) (1, g,...) = cf } (g)cf 1 (g). 


CeC?) C 5 (q) 
C 5 (q ) C 4 (g) 


• n = (1,1,4) 6 w (n) (1, g,...) = g 4 C , 2 1 )(g)C 4 Z; (g) = q 4 C' [ 4 z> (q), the last equality follows 

from that C^i (g) = 1 for all k > 1. 

• n = (1,2,3) =4> & w(n) (l,q ,...) = gC^gjC'f } (g). 

• n = (3,2,1) =*> © w («)(l,g,...) = qC^{q)cf\q) = qCf\q) = g(l, 1,1,1). Note that 

Ci%(q) = [ k f] q - 

Exercises 5.35. Let 1 < k < m < n be integers, n > 2k + 1. Consider permutation 
1 2 ... k k + 1 ... n' 




w = 


m m — 1 ... m — k + 1 


n 


1 


£ Sr 


Show that 


e„(i= 9 “< D W)c<’i, +i ( 9 ), 


where for any permutation re, n(D(w )) = ^ and dj(u;) denotes the number of boxes in 

the z-th column of the ( Rothe ) diagram D(r(;) of the permutation w, see [92, p. 8]. 

(C) A determinantal formula for the Grothendieck polynomials <3^)y Define 
polynomials 


<4 m) (*n) = Y, ea(X n )f3 a ~ m , 

a=m 

Ai,j{X n+ k- 1 ) = J~~ jj ®k+n-i \Xk+n-i) 


and 


i—j -1 

Xi,j{Xk-\- n — l) = ^ ^ 

a=0 


^n—i— a{X n4 _k_i') 



if 1 < i < j < n, 


if 1 < j < i < n. 


Theorem 5.36. 

DET [Ajj|i<jj< n = 0^) (AVi-n-i)- 

^fe+n 

Comments 5.37. 

(a) One can compute the Grothendieck polynomials for yet another interesting family of 
permutations, namely, grassmannian permutations 


(n) /l 2 ... k — 1 /c fc + lfc + 2 ... n + &: \ 

^1 2 ... fc — 1 n + fc k k + 1 ... n + k — lj 

'SfcSfc-i-i • • • Sn+fc—1 £ Sn-i-fc. 
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Then 

k -1 

®3n)(* i. • • -,x n+k ) = ^s [n ^ ) {X k )f3 3 : 

3=0 


where S( n ^(Afc) denotes the Schur polynomial corresponding to the hook shape partition (n, V) 
and the set of variables X k := (xi,..., x k ). In particular, 


© 


(/3) 




(n) 


{Xj = 1, V j) = 



n + j — 1 


(i+ ■ 


(6) Grothendieck polynomials for grassmannian permutations. In the case of a grassmannian 
permutation w := cr\ E §oc of the shape A = (Ai > A 2 > • • • > \ n ) where n is a unique descent 
of w, one can prove the following formulas for the /3-Grothendieck polynomial 




DET \ x^ j+n j {l + /3x i y- 1 




n (®* - xj) 


DET I h 


08) 

A j+i,j 


(%n])| 


l<ij<n 


= DET i'*i , ’ ) + «( x »)i 




(5.9) 


where Ah n i = (x^, Xj+i,..., x n ), and for any set of variables X 


h nf X ) = Y.( ‘ 

a=o V a / 

and h k (X) denotes the complete symmetric polynomial of degree k in the variables from the 
set X. 

A proof is a straightforward adaptation of the proof of special case (5 = 0 (the case of Schur 
polynomials) given by I. Macdonald [92, Section 2, equation (2.10) and Section 4, equation (4.9)]. 

Indeed, consider /3-divided difference operators j = l,...,n— 1, and tTw \ w E § n , 
introduced in [42]. For example, 

vr f\f) = — -((1 +Px j+l )f(X n ) - (1 + /3x j )f(s j (X n )). 

x j Xj+1 

(n) 

Now let wo := Wq ' be the longest element in the symmetric group S> n . The same proves of 
the Statements 2.10, 2.16 from [92] show that 


n— 1 


7r, 


W m 1 


Wq 


S w 0 


CTESti 


(-D^na+^i 


\n-3 


a 


3 = 1 


where as = n ( x i ~ x j). 

l<i<j<n 

On the other hand, the same arguments as in the proof of Statement 4.8 from [92] show that 




Application of the formula for operator displayed above to the monomial x* +Sn finishes the 

w„ 

proof of the first equality in (5.8). The statement that the right hand side of the equality (5.9) 
coincides with determinants displayed in the identity (5.9) can be checked by means of simple 
transformations. 
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Problems 5.38. 

(1) Give a bijective prove of Theorem 5.28, i.e., construct a bijection between 

• the set of k-tuple of mutually non-crossing Schroder paths (pi,..., pfc) of lengths 
(n, n — 1,..., n — k + 1) correspondingly, and 

• the set of pairs (m, T), where T is a k-dissection of a convex (n + k + 1 )-gon, and m 
is a upper triangle (0,1 )-matrix of size (k — 1) x (k — 1), which is compatible with 
natural statistics on the both sets. 

(2) Let w 6 § n be a permutation, and CS (w) be the set of compatible sequences corresponding 
to w, see, e.g., [13]. Define statistics c(») on the set CS (w) such that 

<3tf- 1 Hxi = i,x 2 = i,...)= £ r (a) . 

aeCS(«;) 

(3) Let w be a vexillary permutation. Find a determinantal formula for the /3-Grothendieck 
polynomial ©^ pa 

(4) Let w be a permutation. Find a geometric interpretation of coefficients of the polynomials 
&w\xi = 1) and &w\xi = q, xj = 1, V j i). 

For example, let w E S n be an involution, i.e., w 2 = 1, and w' E § n +i be the image of w under 

the natural embedding § n § n +i given by w E § n —> ( w , n + 1) E § n +i- It is well-known, see, 

e.g., [77, 142], that the multiplicity m ew of the 0-dinrensional Schubert cell {pt} = Y („.+i) in 

w o 

the Schubert variety Y w i is equal to the specialization & w (xi = 1) of the Schubert polynomial 
& vl (X n ). Therefore one can consider the polynomial &w\xi = 1) as a /3-deformation of the 
multiplicity m e}W . 

Question 5.39. What is a geometrical meaning of the coefficients of the polynomial 
&^\ Xi = i)eN[f 

Conjecture 5.40. The polynomial &w\xi = 1) is a unimodal polynomial for any permuta¬ 
tion w. 

5.2.4 Specialization of Schubert polynomials 

Let n, k, r be positive integers and p, b be non-negative integers such that r < p + 1. It is 
well-known [92] that in this case there exists a unique vexillary permutation w := E §oo 
which has the shape A = (Ai,..., A„+i) and the flag f> = (cj) i,..., 4>n+i), where 

Aj = (n — i + l)p + b, 4>i = k + 1 + r{i — 1), 1 <i <n + l - 5 fej0 - 

According to a theorem by M. Wachs [139], the Schubert polynomial & VJ (X) admits the following 
determinantal representation 

6„(A-) = DET ((. Wj (I*)) lgJ9tr 

Therefore we have 

6 ro (l) := © TO pi = l,x 2 = 1, • • ■) 

= DET (((. n - i + 1 )P + b - i+ d + k + ( i ~ X )PA 

VV k + {i — l)r / / i<i,j<n+i 

We denote the above determinant by D{n , k , r, b,p). 
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Theorem 5.41. 


D(n,k,r,b,p) = 

( J')j')£-An,k,r 


i + b + jp 


n 

(71 + ^n,fc,r 


(A; — i + l)(p + 1) + (i + j — l)r + r(b + np ) 


k — i + 1 + (i + j — 1 )?’ 


where 


Ai,k,r = {(*, j) e Z | 0 | j <n,j < i <k + (r - 1 ){n-j)}, 
B n ,k,r = {(*> j) £ ^>i | * + J + n + 1, i 7 ^ A: + 1 + rs, s G Z>o}. 


It is convenient to re-write the above formula for D(n, k , r, b,p) in the following form 


71+1 


D(n,k,r,b,p ) = J] 


((n 


l=i 


j + l)p + b + k + (j - l)(r - l))!(n - j + 1)! 
(& + (j - l)r)!((n - j + 1 )(p + 1 ) + b)l 


x ((A; — i + l)(p + 1) + jr + (np + 6 )r). 

l<i<j<n 


Corollary 5.42 (some special cases). (A) The case r = 1. 

ITe consider below some special cases of Theorem 5.41 in A/ie case r = 1. To simplify no¬ 
tation, we set D(n,k,b,p) := D(n,k,r = 1 ,b,p). Then we can rewrite the above formula for 
D{n,k,r,b,p ) as follows 


71+1 


D(n,k,b,p) = J] 


((n + k — j + l)(p + 1) + 6)!((n - j + l)p + 6 + A’)!(j - 1)! 
^ ((n - j + l)(p + 1) + b)\((k + n - j + l)p + b + A;)!(A; + j - 1)! 

(1) If k < n + 1, f/ien 

({n + K + 1-J){P+ L) + o^{K-j) 


D(n,k,b,p) = JJ 
l=i 


(n + k + 1 - j)(p + 1 ) + 6 \ / (,k - j)p + b + k\ j\(k - j)\(n - j + 1 )! 
n-j + l J V j ) (n + k- j + 1)\ 


In particular, 

• if k = 1, then 


D{n , !,&,;>) = 


1 + 6 


1 + 6 + (n + l);? 


((P+ l)(n + 1) + 6\ (p+i) 

( „+i J - F "+‘ (6) ’ 


where F%(b ) := 1+jl _ ( L ( l p b _ 1 ) n ( pT ^ 1 ~ b ) denotes the generalized Fuss-Catalan number, 
if k = 2 , f 6 en 


D(n, 2, 6 , 2 ?) = 


(2 + 6 ) (2 + 6 + p ) 


in particular, 


(1 + 6 ) (2 + 6 + (n + l)p) (2 + 6 + (n + 2 )p) 


6 




A4(n, 2 , 0 , 1 ) — „w Cat n _|_iCat n _|_ 2 . 
(n + 3)(n + 4) 


See [131, A005700] for several combinatorial interpretations of these numbers. 
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(2) Consider the Young diagram {see R.A. Proctor [122]) 

A := A n , p ,b = {(i,j) G Z>i x Z>i 11 < * < n + 1, 1 < j < (n + 1 - i)p + b}. 
For each box ( i,j ) E A define the numbers c(i,j ) := n + 1 — i + j, and 
k + c{p,j) 




c(i,j) 

Q+ 1 )k + c(i,j) 

c(i,j) 


if j < (n + l-i)(p- 1 ) + b, 

if (n + 1 — i){p — 1) < j — b < {n + 1 — i)p. 


Then 


D{n,k,b,p)= 

Therefore, D{n, k,b,p) is a polynomial in k with rational coefficients. 
(3) If p = 0, then 


(5.10) 


D(n, k, b, 0) = dim = JJ 


n+k 


3 = 1 


j _|_ min(j,n+k+l-j) 


where for any partition p, £(p) < m, Vfj 1 ^ denotes the irreducible gl (m)-module with the highest 
weight p. In particular, 


D(n , 2, b, 0) = 


1 


n + 2 + b 


n + 2 + b\ fn + 2 + b 
b+ 1 


is equal to the Narayana number N(n + b + 2, b), 

and therefore the number D(l,k,b, 0) counts the number of pairs of non-crossing lattice paths 
inside a rectangular of size (5+1) x (k + 1), which go from the point (1, 0) ( resp. from that (0,1)) 
to the point (6 + 1, A;) {resp. to that ( b,k + 1)), consisting of steps U = (1,0) and R = (0,1), 
see [131, A001263], for some list of combinatorial interpretations of the Narayana numbers. 

(4) If p = b = 1, then 

2k + i + j 




i + j 


l<i<7<n+l 

(5) If p = 1 and b is odd integer, then D(n, k, b, 1) is equal to the dimension of the irre¬ 
ducible representation of the symplectic Lie algebra Sp(6 + 2n + l) with the highest weight kcj n+ \ 
{R.A. Proctor [120, 121]). 

(6) If p = 1 and 6 = 0, then 


D{n, k, 1,0) = D{n — 1 , k, 1 , 1) = J J 


2k + i + j _ (&) 

i + j n+k ’ 


l<i<jf<n 

see section on Grothendieck and Narayana polynomials. 

(7) Let vo\ be a unique dominant permutation of shape A := and l := I n ,vl> = + 

l){np + 2b) be its length {cf. [44]). Then 

t 

Y, \\{x + at) = l\B{n,x,p,b). 

a£R+o\) i= 1 


Here for any permutation w of length l, we denote by R{w ) the set {a = (ai,..., a;)} of all 
reduced decompositions ofw. 
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Exercises 5.43. Show that 


DET F 


( 2 ) 


n+i+j 


,— 2 ( 0)1 


nd 2 Fi(0)^ 




(Y)! 


{n + i+j)’ 


l<i<k-l 
1 <j<k 


k n {b + i + j-l) 

D(n,k,b,l) = 


n (n + b + i + j + 1 )" 

2 1 l<i<fe-l 

1 <j<k 


Clearly that if b = 0, then F,1 2 ^(0) = C n , and D(n,k, 0,1) is equal to the Catalan-Hankel 
determinant Cn ' > ■ 

Finally we recall that the generalized Fuss-Catalan number counts the number of 

lattice paths from (0,0) to (b + np, n ) that do not go above the line x = py , see, e.g., [81]. 

Comments 5.44. It is well-known, see, e.g., [122] or [134, Vol. 2, Exercise 7.101 .b], that the 
number D{n , k, b,p ) is equal to the total number pp^ n ’P’ b {k) of plane partitions 55 bounded by k 
and contained in the shape A n ,b,p- 

More generally, see, e.g., [44], for any partition A denote by w\ G 6^ a unique dominant 
permutation of shape A, that is a unique permutation with the code c{w) = A. Now for any 
non-negative integer k consider the so-called shifted dominant permutation w\ ' which has the 
shape A and the flag (f> = (<j)i = k + i — 1, i = 1,...,^(A)). Then 

©„,(*> (!) =PP X {< k), 

W X 

where pp x {< k) denotes the number of all plane partitions bounded by k and contained in A. 
Moreover, 


?rePP A (<fc) 


q W\ =q n(X) & w {l, q -\q-*,...), 


where PP X {< k) denotes the set of all plane partitions bounded by k and contained in A. 

Exercises 5.45. 

(1) Show that 


lim © (fc )(l ,q,q 2 ,.-.) = 


k—yoo 


q n W 

H~x W 


where H\{q) = ]^[ (1 — q h denotes the hook polynomial corresponding to a given partition A. 

xE\ 

(2) Let A = ((n + l) £ , i n ) be a fat hook. Show that 

l;™ „n( 1 1 1 2 \ _ „s(C,n) K\{q) 

hm q ( k) [l,q ,q , ■ ■ ■) ~ Q YTP >—-1— 

k—yoo w x AdgyZTl + It — I 5 Q) 

where a(£, n) is a certain integer we don’t need to specify in what follows, 


N / I \ min(j,N+l-j/) 

A«iV;,) = n(—) 

' 'Let A be a partition. A plane (ordinary) partition bounded by d and shape A is a filling of the shape A 
by the numbers from the set {0,1,..., d} in such a way that the numbers along columns and rows are weakly 
decreasing. A reverse plane partition bounded by d and shape A is a filling of the shape A by the numbers from 
the set {0,1,..., d} in such a way that the numbers along columns and rows are weakly increasing. 
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denotes the MacMahon generating function for the number of plane partitions fit inside the box 
N x N x £, K\(q) is a polynomial in q such that K\{ 0) = 1. 

(a) Show that 


(l-g) |A| 


Kx (q) 


M e (2n + 2£- 1 ;q) 


9=1 


1 

n w 

xG\ 


( b ) Show that 


K\(q) G N [q\ and K x ( 1) = M(n,n,£), 


where M(a,b,c) denotes the number of plane partitions fit inside the box a X b x c. It is 
well-known, see, e.g., [93, p. 81], that 


M(a, b , c) 


tt * + j + k — 1 y-r (a + 6 + i — l)!(i — 1)! 

i + j + k-2 J-Ma + i - 1)!(6 + 1 - 1)! 

l<i<a i=l 

1 <j<b 
l<k<c 


dim V, 


0b+c 


(a c ) 


Show that 


K x (q)= £ 


where the sum runs over the set of plane partitions 7r = fit inside the box B n ^ := 

n X n x £, and 

wte( 7r) = ^ TTy + ^ ^ TTm- 
ij i 

(c) Assume as before that A := ((n + £) e , £ n ). Show that 

fr—n- 

ILsaA 1 “ 9 ( 

where the sum runs over the set of partitions (i with the number of parts at most and 

n {v) = Et(*- !)/**» 

M,b) :=II( 1 -« J ) mtaW) - 

J>1 

Therefore the generating function PP^’°\q) := is equal to 

n£PP (e,o) 


, , n 

yxE/x 

where PP^^ ■= {p = (7r^)ij>i I ^ij > 0,7r^ + i^ + i < A:}, |7r| = J] 7r b'- 

(d) Show that 

PPm{q) = MM* £ (-9) H ^ )+n(M 'Hdim g K/ W ) 2 , 
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where // denotes the conjugate partition of p, therefore n(p') = ( 2 O• 


i> 1 


The formula (5.10) is the special case n = m of [109, Theorem 1.2]. In particular, if l = 1 
then one come to following identity 



(e) Let k > 0, I > 1 be integers. Show that the ( fermionic ) generating function for the 
number of plane partitions it = (jiij) G pp(Lk) e q Ua | to 



( B) The case k = 0. 

(1) D(n, 0,1 ,p,b) = 1 for all nonnegative n, p, b. 

(2) D(n, 0, 2, 2, 2) = VSASM(n), i.e., the number of alternating sign (2n+l) x (2n+l) matrices 
symmetric about the vertical axis, see, e.g., [131, A005156]. 

(3) D(n, 0,2,1,2) = CSTCPP(n), i.e., the number of cyclically symmetric transpose comple¬ 
ment plane partitions, see, e.g., [131, A051255]. 

Theorem 5.46. Let vo n ^, p be a unique vexillary permutation of the shape \ n _ p := (n,n — 
1,..., 2,1 )p and flag <j> n> ^ := (A: + 1, k + 2,..., k + n — 1, k + n). Then 



If k > 2, then G nik>p (fl) ■= jjp(l) is a polynomial of degree nk in fi, and 
Coeff (G n> k >p (fi)) = D(n, k,l,p- 1,0). 


The polynomial 



is known as the Fuss-Narayana polynomial and can be considered as a t-deformation of the 
Fuss-Catalan number FC^(0). 

Recall that the number (jj {J -\) counts paths from (0,0) to (np, 0) in the first quadrant, 
consisting of steps U = (1,1) and D = (1, —p) and have j peaks (i.e., LhD’s), cf. [131, A108767]. 
For example, take n = 3, k = 2, p = 3, r = 1, b = 0. Then 


1373,2,3 = [ 1 , 2 ,12,9,6,3,4, 5, 7, 8,10,11] G §12 
G 3j2 ,3(/5 ) = (1,18,171,747,1767,1995,1001). 


Therefore. 


G 3 , 2 , 3 (l) = 5700 = D{ 3, 2,3,0) and Coeff^j(G 3 , 2 , 3 (/3)) = 1001 = D( 3, 2, 2, 0). 
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Proposition 5.47 ([110]). The value of the Fuss-Catalan polynomial at t = 2, that is the 
number 



is equal to the number of hyperplactic classes of p-parking functions of length n, see [110] for 
definition of p-parking functions, its properties and connections with some combinatorial Hopf 
algebras. 

Therefore, the value of the Grothendieck polynomial [^(l) at /? = 1 and Xi = 1, Vi, 
is equal to the number of p-parking functions of length n + 1. It is an open problem to find 
combinatorial interpretations of the polynomials ©^i k p (l) in the case k>2. Note finally, that 
in the case p = 2, k = 1 the values of the Fuss-Catalan polynomials at t = 2 one can find in 
[131, A034015]. 

Comments 5.48. (^=i*) The case r = 0. It follows from Theorem 5.32 that in the case r = 0 
and k > n, one has 


n+1 ( 

D(n,k,0,p,b ) = dimV^ fc "^ = (1 +p)( 2 ) - 

3 = 1 


[n-j + 1 )p+ b+ k-j +1 \ 
k—j +1 ) 


f(n-j+l)(p+l)+(n 

l 71— j + 1 ) 


Now consider the conjugate u := z 2 n>Pi fc := ((n + 1 ) b ,n p , (n — l) p ,...,l p ) of the partition A n , P ,b, 
and a rectangular shape partition if = (k ,..., k). If k > np + 6, then there exists a unique 

np-\-b 

grassmannian permutation o := (T nt k, P ,b °f the shape v and the flag 'if [92], It is easy to see from 
the above formula for D(n , k, 0 ,p, b ), that 


6 


< -^n,k,p,b 


(1) = dim 

x 7 u n,p,b 


= (1 +p)( 2 ) 



(P + t)( n — j + 1) TT ((n-j+ljp+fe) 

(n — j + l)(p + 1) + b ('( n -j f + 1 )(p+ 1 )+ b - 1 '\ 
3 =1 v n-j ) 


After the substitution k := np + b + 1 in the above formula we will have 


6 


® n ,np+b+\ ,p ,b 


(i) 


a+,)(!) n 

3 = 1 


(np+b+j— 1\ 
V ( n-j+l)p) 

p'(p+l)-l^ 


In the case 6 = 0 some simplifications are happened, namely, 


ll 

e^. P ,o(i) = (i+p)®n 


=1 ( ( 


( k+j -2 \ 
\(n-j+l)pJ 
n-j+l)p+n-j\ 


n -3 


Finally we observe that if k = np + 1, then 


n 


n 


( np+j -1 \ 
\(n-j+l)pJ 


(° 


n-j+l)p+n-j\ 
n-j ) 


n ( np+j -1 \ 
3= 2 ^ j-1 > 


tt _ j!(ra(p + 1) — j — 1)! _ 

((n- j)(p+ l))!((n- j)(p+ !) - 1)! ' 


where the numbers are integers that generalize the numbers of alternating sign matrices 
(ASM) of size n x n, recovered in the case p = 2, see [33, 111] for details. 
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Examples 5.49. 

(1) Let us consider polynomials © n (/3) := ©^ 2 ^ 2 0 (1). 

If n = 2, then 

<72, 4, 2,0 = 235614 € §6, < 9 2 (/ 3 ) = ( 1 , 2, 3) := 1 + 2/3 + 3/3 2 . 

Moreover, 

^ 2 , 4 , 2,0 (?;/3) = (1,2)^ + 3g/3 2 . 

If n = 3, then 


< 73 , 6 , 2,0 — 235689147 E Sg, 


®s (0) = (1,6,21,36,51,48,26). 


Moreover, 

** 3 , 8 , 2 , 0 ( 9 ; 0) = (!> 6 > n > 16 > n )/3 + ^ 2 ( 10 ’ 20 > 35 > 3 % + 9 2 /? 4 (5,14, 26 ) 0 , 

^Wofel) = (45,99,45),. 

If n = 4, then 

<74,8,2,0 = [2, 3, 5,6,8,9,11,12,1,4, 7,10] E §12, 

0 4 (/3) = (1,12, 78, 308,903, 2016, 3528,4944, 5886, 5696,4320, 2280, 646). 

Moreover, 

9v 4 8>2j 0 ( 9 ; p) = (1,12, 57,182, 392, 602, 763, 730,493,170)0 

+ q/3 2 ( 21,126,476,1190,1925, 2626, 2713, 2026, 804)0 
+ g 2 /3 4 (35, 224, 833,1534, 2446, 2974, 2607,1254)0 
+ g 3 /? 6 (7, 54, 234, 526,909,1026, 646)0, 

9% 8 , 2 ,o (q; 1) = (3402,11907,11907, 3402) g = 1701 ( 2 , 7, 7, 2) q . 

• If n = 5, then 

<75,10,2 = [ 2 , 3, 5, 6 , 8 , 9,11,12,14,15,1,4, 7,10,13] G S15, 

0 5 (/3) = (1, 20, 210,1420, 7085, 27636, 87430, 230240, 516375, 997790,1676587, 2466840, 
3204065,3695650, 3778095,3371612, 2569795,1610910, 782175, 262200,45885). 


Moreover, 

9^5 jlo , 2 ,o(<?; P) = ( 1 , 20,174, 988,4025,12516, 31402, 64760,111510,162170, 

202957, 220200, 202493,153106, 89355, 35972, 742% 

+ q/3 2 ( 36,432, 2934,13608,45990,123516, 269703,487908, 738927, 
956430,1076265,1028808, 813177,499374, 213597,47538)0 
+ g 2 /3 4 (126,1512, 9954,40860,127359, 314172, 627831,1029726,1421253, 
1711728,1753893,1492974,991809,461322,112860)0 
+ g 3 /3 6 (84,1104, 7794, 33408,105840, 255492,486324, 753984,1019538, 
1169520,1112340,825930,428895,117990)0 

+ g 4 /3 8 (9,132,1032,4992,17730,48024,102132,173772, 244620, 276120, 
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240420,144210,45885)^, 

^ 5 , 10 , 2 , 0 ( 9 ; 1) = (1299078, 6318243,10097379, 6318243,1299078) g 
= 59049(22,107,171,107, 22),. 


We are reminded that over the paper we have used the notation 

r 

(dO, Oj\ , . . . , CL r )/3 ■ — ^ ' O’j 1 
3=0 


etc. 

One can show that deg^j © n (/3) = n (n ~ 1), deg[ g ] 9\ an 2n2 0 (g, 1) = n — 1, and looking on the 
numbers 3, 26, 646, 45885 we made 

Conjecture 5.50. Let a(n) := Coeff[/3 n ( n-1 )] (0 n (/3)). Then 


a(n ) = VSASM(n) 


OSASM(n) 


t~t (3j + 2)(6j + 3)!(2j + l)! 
f = \ (4j + 2)!(4j + 3)! 


where VSASM(n) is the number of alternating sign (2n + l) x (2n + l) matrices symmetric about 
the vertical axis, OSASM(n) is the number of 2 n X 2 n off-diagonal symmetric alternating sign 
matrices. See [131, A005156], [111] and references therein, for details. 

Conjecture 5.51. Polynomial ^a n}2n , 2 ,o 1) symmetric and 

^W,2n,2,o(0; 1) = A20342(2n — 1), 

see [131]. 

(2) Let us consider polynomials $n(/3) := ® oC, 2 n+i, 2 , 0 ( 1 )■ 

If n = 1, then 


o-r.3,2,0 = 1342 e § 4 , fo(/3) = (1, 2) := 1 + 2/3. 

If n = 2, then 


<r 2 , 5 , 2,0 = 1346725 e S 7 , 5s(/3) = (1,6,11,16, 11 ). 


Moreover, 

9^2, 5.2,0 («; P) = C 1 . 2 ’ 3 )|S + < 7 / 3 ( 4 , 8,12)0 + q 2 /3 3 ( 4 , 11 )^. 

If n = 3, then 

< 73 , 7 , 2,0 = [1; 3,4,6, 7,9,10, 2, 5, 8] G S 10 , 

$ 4 (P) = (1,12, 57,182,392, 602, 763, 730,493, 170 ). 

Moreover, 

9^3,7,2,0 (9; / 3 ) = ( 1 , 6 , 21, 36, 51,48, 26 )^ + qf3( 6 , 36,126, 216, 306, 288,156)0 

+ q 2 /3 3 ( 20,125, 242,403,460, 289)^ + q 3 /3 5 ( 6,46,114, 204, 170 ) 0 , 
9^3.7,a ,0 ( 9 ; 1) = (189,1134,1539, 540)q = 27(7,42, 57, 20),. 
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If n = 4, then 

<T4,9,2,0 = [1, 3,4,6, 7,9,10,12,13,2, 5, 8,11] G S 13 , 

C 8) = (1,20,174,988, 4025,12516, 31402, 64760,111510,162170, 202957, 
220200,202493,153106,89355,35972, 7429). 

Moreover, 


^4,a,2,c (<?; P) = (1,12, 78, 308, 903, 2016, 3528,4944, 5886, 5696,4320, 2280, 646)^ 

+ qP( 8,96,624, 2464, 7224,16128, 28224,39552, 47088,45568, 

34560,18240,5168)^ 

+ q 2 /3 3 ( 56, 658, 3220,11018, 27848, 53135, 78902,100109,103436, 
84201,47830,14467) /3 

+ q 3 /3 5 ( 56, 728, 3736,12820, 29788, 50236, 72652,85444, 78868, 

50876,17204)^ 

+ q 4 /5 7 (8, 117,696, 2724, 7272,13962, 21240, 24012,18768, 7429)^, 

$K CT 4 9 2 0 (g; 1) = (30618, 244944, 524880, 402408, 96228),, = 4374(7, 56,120, 92, 22),. 

One can show that 3n(/3) is a polynomial in /3 of degree n 2 , and looking on the numbers 2, 
11, 170, 7429 we made 

Conjecture 5.52. Letb(n ) := Coeff^( n _ 1 ) 2 j (3ra(/3)). Thenb(n) = CSTCPP(n). In other words, 
b{n ) is equal to the number of cyclically symmetric transpose complement plane partitions in an 
2 n x 2 n X 2 n box. This number is known to be 


tt (3j + l)(6j)!(2j)! 

11 (4j + l)!(4j)! ’ 

see [131, A051255], [18, p. 199]. 

It ease to see that polynomial Dl ari 2n+12 0 (q; 1) has degree n. 

Conjecture 5.53. 


Coeff m (K a ^ n+1 ' 2fi {q- 1)) = A20342(2n), 
see [131]; 

^,2„ + i, 2 ,o(0; 1) = AW(4n- 3) = 3 n ( n - 1 )/ 2 ASM(n), 
see [83, Theorem 5] or [131, A059491]. 

Proposition 5.54. One has 

^4,2„ + 1,2,o( 0;/3) = ©n(/?) = ©^, 0 ( 1 ), ^„,2 n .2,o(0,/5) = 3n(P) = W'' 

Finally we define (/3, g)-deformations of the numbers VSASM(?r) and CSCTPP(n). To ac¬ 
complish these ends, let us consider permutations 


w k = (2,4,..., 2k, 2k — 1,2k — 3,, 3,1), 
w+ = (2,4,..., 2k, 2k + 1,2k — 1,..., 3,1). 
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Proposition 5.55. One has 


6 W -(1) = VSAM (A:), S „,+ (!) = CSTCPP(fc). 

k k 

Therefore the polynomials G5 (,i3 _ ^(xi = q, Xj = 1, Vj > 2) and © (,3 + ^(xi = q, Xj = 1, 

W k ^ k 

Vj > 2) define (/3, g)-deformations of the numbers VSAM(/c) and CSTCPP(fc) respectively. 
Note that the inverse permutations 

(w k ) 1 = (2fc^l,... , 2k + 1 - i,i ,... , k + 1, k ), 

( w k ) 1 = (2fe +1A, • • • ’ + 2 ~ j, j ,..., + 2, fc, k + 1) 


also define a (/3, g)-deformation of the numbers considered above. 

Problem 5.56. It is well-known, see, e.g., [37, p. 43], that the set VSASM.{n) of alternating 
sign (2n + l) x (2n + l) matrices symmetric about the vertical axis has the same cardinality as the 
set SYT 2 (A(n), < n) of semistandard Young tableaux of the shape A(n) := (2n—1,2n—3,..., 3,1) 
filled by the numbers from the set {1,2,... ,n} ; and such that the entries are weakly increasing 
down the anti-diagonals. 

On the other hand, consider the set CS(w k ) of compatible sequences, see, e.g., [13, 42], 
corresponding to the permutation w~jf E § 2 k ■ 

Challenge 5.57. Construct bijections between the sets CS(w k ), SYT 2 (A(fc),< k) and 
VSASM(k). 


Remark 5.58. One can compute the principal specialization of the Schubert polynomial cor¬ 
responding to the transposition tk, n := (k,n — k) E S n that interchanges k and n — k, and fixes 
all other elements of [1 ,n\. 

Proposition 5.59. 




3 = 1 


n — 1 
k ~ 3 


J q 


n — 2 + j 
k + j - 1 


n —2 

=xy 


j 1 3= 1 


'j + k- 21 y 

. J J 


Exercises 5.60. 

(1) Show that if k > 1, then 


Coeff [ q kp 2 k ] {% Tni!tn , a , 0 (q)t)) = ( 
Coeff[ g fcyg 2 fc-l] (-Ho' ni 2 n+ 1 , 2,0 (?) ^)) 


2 n - 1\ 

2 k J’ 

2 n 

2k - 1 



(2) Let n > 1 be a positive integer, consider “zig-zag” permutation 

_ A 2 3 4 ... 2fc +1 2k+ 2 ... 2n - 1 2?r \ 

“ ^2 1 4 3 ... 2/c + 2 2k+ 1 ... 2 n 2n - 1J € 2n 


Show that 


71—1 


%v(q,P)= n 


k =0 


1 -/3 2fc 
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(3) Let <Tk, n ,m be grassmannian permutation with shape A = (n m ) and flag 4> = (fc + l) m , i.e., 

/1 2 ... k k + 1 ... k + n k + n + 1 ... k + n + m\ 

&k,n,m 2 ... k k + m + 1 ... A; + m + n fc + 1 ... k + m J 

Clearly 07 c-|-i,n,m lx • 

Show that the coefficient Coeff / gm(91 (Jfc n m (l, /?)) is equal to the Narayana number N(k + n + 
m, k). 

(4) Consider permutation w := = (w \,..., W 2 n+i), where W 2 k-i = 2k+l for k = 1,..., n, 

W 2 n +1 = 2n, w 2 = 1 and — 2 for k = 2,..., n. For example, w^ = (3152746). We 

set = 1. Show that the polynomial &w\xi = 1, Vi) has degree n{n— 1) and the coefficient 
Coeffgn(n-l) (<5^ ■* [xi = 1, Vi)) is equal to the n-th Catalan number C n . 

Note that the specialization &w\xi = 1)|/ 3 =i is equal to the 2n-th Euler (or up/down) 
number, see [131, A000111]. 

More generally, consider permutation := l k x w bb G S>k+ 2 n+h and polynomials 

Pk(z) = X)(- 1 ) J © W U) ,(*i = k > 0. 

j >o fe 23 

Show that 

y, -Ffc(z)— = exp(tz) sech(t). 
k>0 

The polynomials Pk(z) are well-known as Swiss-Knife polynomials, see [131, A153641], where 
one can find an overview of some properties of the Swiss-Knife polynomials. 

(5) Assume that n = 2k + 3, k > 1, and consider permutation v n = (tq,..., v n ) G S n , where 
^ 2 a+i = 2a + 3, a = 0,..., n — 1, W 2 = 1 and W 2 a = 2a — 2, a = 2,..., k + 1. For example, 
u 4 = [31527496,11,8,10] and 6„ 4 (1) = 50521 = E w . 

Show that 


6 Vn (q, Xi = 1, Vi > 2) = (n - 2)£ n _ 3 <z 2 + ■ ■ ■ + 2 k ~\k - 1 )\q k+2 , 

& Vn (xi = 1, Vi > 1) = E n _i. 

Set (3 = d — 1, consider polynomials £„.(q,d) = (x\ = g, aq = 1, Vi > 2). Clearly, see the 

latter formula, £ n (l, 1) = E n _i. Give a combinatorial prove that £ n (q,d ) G N[g, d], that is to 
give combinatorial interpretation(s) of coefficients of the polynomial £ n (q,d). 

Show that deg^£ n (l,d) = n(n + 1) and the leading coefficient is equal to the Catalan num¬ 
ber C n+ 1 . 

(6) Consider permutation u := u n = (u±, ..., U 2 n ) G §2 nj n > 2, where u\ = 2, U 2 k+i = 2/c — 1, 
k = 1,..., n, = 2k + 2, A; = 1,..., n — 1, U 2 n = 2n — 1. For example, u 4 = (24163857). 

Now consider polynomial 

Pu\q) = &l*xu n ( x l =q, x i = 1, Vi > 2). 

Show that *(1) = ( 2n " t )f _1 )-E' 2 n-i, where E 2 k- 1 , k > 1, denotes the Euler number, see [131, 

A00111]. In particular, i?^(l) = 2 2 n ~ 1 G n , where G n denotes the unsigned Genocchi number, 
see [131, A110501]. 

Show that deg q Rn\q) = n and Coeff^n = (2 n — 3)!!. 

(7) Consider permutation w n G § 2 n+ 2 , where W 2 = 1, W 4 = 2, and 

' lx 2 k-i = 2k + 2, 1 < k < n, W 2 k = 2k — 3, 3 < k < n, 
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W2n+l = 2n — 3, w? 2 r )+2 = 2n - 1. 

For example, w$ = [4,1,6, 2,8, 3,10, 5,12, 7,9,11]. 

Show that 

6 Wn ( Xi = 1, Vi) = (2n + l)!!(2 2n - 2)|B 2n |, 
where B 2 n denotes the Bernoulli numbers 56 . 

(8) Consider permutation Wk := (2 k + 1, 2k — 1,..., 3,1, 2k, 2k — 2,..., 4,2) E §2fc+i- Show 
that 

©gr 1 ^! = ?, = 1, Vj > 2) = g 2fc (l + /3)©. 

(9) Consider permutations cr^ = (1,3, 5,..., 2k + 1, 2k + 2, 2/c,..., 4, 2) and cr^ = (1, 3, 5,..., 
2k + 1, 2k, 2k — 2,... ,4,2), and define polynomials 

= <5 a ±{xi = q, Xj = 1, Vj > 2). 

k 

Show that 


S+(0) = VSASM(fe), S+( 1) = VSASM(L + 1), 

§^S+(q) | 9=0 = 2kS+(0), Coeff>(5+(?)) = CSTCPP(fc + 1), 

5"(0) = CSTCPP(fc), S* (1) = CSTCPP(/t + 1), 

^S fc -(g)| 9=0 = (2k - 1)^(0), Coeff,*(S* (g)) = VSASM(fc). 

Let’s observe that = 1 x t^_ x , where = (2,4,..., 2k, 2k + 1, 2fc — 1,..., 3,1) and 
r^T = (2, 4,..., 2k, 2k — 1, 2k — 3,..., 3,1). Therefore, 

<5 t ±(Ai = q, Xj = 1, Vj > 2) = qS^iq). 

k 

Recall that CSTCPP(n) denotes the number of cyclically symmetric transpose compliment plane 
partitions in a 2n x 2n box, see, e.g., [131, A051255], and VSASM(n) denotes the number of 
alternating sign (2?r + l) x (2n + l) matrices symmetric the vertical axis, see, e.g., [131, A005156]. 
It might be well to point out that 


©„+ (Xl = X, Xi = 1, V i > 2) = G2n-i,n-i{x,y = 1), 

n —1 

<5 ct -(Ai = x, Xi = 1, Vi > 2) = F 2n , n -i(x,y = 1), 

where (homogeneous) polynomials G mjn (x,y) and F mjn (x,y) are defined in [123], and related 
with integral solutions to Pascal’s hexagon relations 


fm—l,nfm+l,n T fm,n—lfm,n+l — fm— l,n— l/m+l,n+lj 


(m, n) E Z 2 . 


(10) Consider permutation 

/l 2 ... n n+1 n + 2 n + 3 ... 2 n \ 

"" = \2 4 ... 2n 1 3 5 ... 2n-l) ' 

56 See, e.g., https://en.wikipedia.org/wiki/Bernoulli_number. 
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and set Un ' 1 := l 2fc+1 x u n . Show that 


0 




,(fc) 


(xi = 1, Vi > 1) = (1 + /5)("a 1 )0^^| 1) ( Xi = l, Vi > 1), 


where Wq U+ ^ denotes the permutation (n + 1, n, n — 1,..., 2,1). 

(11) Let n > 0 be an integer. Consider permutation u n = l n x 321 6 § 3 + n - Show that 


6 Un (si = t, Xi = 1, Vi > 2) 


1 /2ro + 2\ n /2ro + 2\ 1 ( 2 n + 2\ 2 

i( 3 J + H 1 / "*"2( i 


Consider permutation v n := l n X 4321 G § n + 4 - Show that 


&v n ( x i = i, Xi = 1, Vi > 2) 

1 /2n + 4\/2n + 2\ l/2n + 4\. ?r/2n + 4\. 0 l/2n + 4 

= 24 V 5 

(12) Show that 

qd+b+c 

(a,6,c)e(Z> 0 ) 3 

It is not difficult to see that the left hand side sum of the above identity counts the weighted 
number of plane partitions it = (itij) such that 




7Tjj > 0, 7 Tij > max(7Tj + ij, nij+i), 7Tjj <1 if i > 2 and j > 2, 

and the weight wt{ir) := J 2 71 ij■ 

(13) Let A = (Ai > A 2 > • • • > X p > 0) be a partition of size n. For an integer k such that 
1 < k < n — p define a grassmannian permutation 

w x^ = [1,..., k, X p + k + 1, Ap_i + k + 2 ,..., Ai + k + p, ai,..., a n - p —k], 


where we denote by (ai < 02 < • • • < a„_ h- p ) the complement [1, n]\(l,..., k, X p + k + 1, A p _i + 
k + 2 ,..., Xi + k + p)\. 

Show that the Grothendieck polynomial 

Ox(f>) := <4(1") 

is a polynomial of /3 with nonnegative coefficients. Clearly, Gy(l) — dim 
Find a combinatorial interpretations of polynomial G\(f3). 

Final remark, it follows from the seventh exercise listed above, that the polynomials &^± (x\ = 

a k 

q, Xj = 1, Vj > 2) define a (q, /3)-deformation of the number VSASM(fc) (the case a£) and the 
number CSTCPP(A:) (the case ay), respectively. 


5.2.5 Specialization of Grothendieck polynomials 

Let p. b, n and i, 2i < n be positive integers. Denote by 7 ~ p l n the trapezoid, i.e., a convex 
quadrangle having vertices at the points 

( ip,i ), ( ip,n — i ), (b + ip,i) and (b + (n — i)p,n — i). 
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Definition 5.61. Denote by FC^ n the set of lattice path from the point (■ ip,i ) to that (6 + 
(n — i)p, n — i) with east steps E = (0,1) and north steps N = (1, 0), which are located inside 
of the trapezoid 7 pl n - 

Ifp 6 FC[ l p n is a path, we denote by p(p) the number of peaks, i.e., 
p(p) = NE(p) + Ki n (p) + iV en( j(p), 

where NE(p) is equal to the number of steps NE resting on path p; Ei n (p) is equal to 1, if the 
path p starts with step E and 0 otherwise; N e n d(p) is equal to 1, if the path p ends by the step N 
and 0 otherwise. 

Note that the equality iV en d(p) = 1 may happened only in the case 6 = 0. 

Definition 5.62. Denote by FC^ n the set of fc-tuples ip = (pi,...,p*,) of non-crossing lattice 

(i) 

paths, where for each i = 1,..., k, pi G FC^ n . 

Let 

FC S,„(« : = E ^ 


k 

denotes the generating function of the statistics p(iP) := P(pi) — k. 

1 = 1 


Theorem 5.63. The following equality holds 

= 1,^2 = 1....) = FC + 1 ), 

where cr n ,k,p,b a unique grassmannian permutation with shape ((n + l) 6 ,n p , (n — l) p ,..., l p ) 
and flag (k ,..., k). 

" -v-' 

np+b 


5.3 The “longest element” and Chan—Robbins—Yuen polytope 11 
5.3.1 The Chan—Robbins—Yuen polytope ClZy n 

Assume additionally, cf. [133, Exercise 6.C8(d)], that the condition (a) in Definition 5.1 is 
replaced by that 

(a') Xij and Xki commute for all i, j, k and l. 

Consider the element Wq 1 ^ := fl x ij■ Let us bring the element to the reduced form, 

l<i< 7 <n 

that is, let us consecutively apply the defining relations ( a') and (6) to the element Wq 1 ' 1 in any 
order until unable to do so. Denote the resulting polynomial by Q n {xij\a,fi). Note that the 
polynomial itself depends on the order in which the relations ( a') and (6) are applied. 

We denote by Q n (fl) the specialization 

= 1 for all i and j, 

of the polynomial Q n {xij ; a = 0, fl). 

57 Some results of this section, e.g., Theorems 5.63 and 5.65, has been proved independently and in greater 
generality in [102]. 
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Example 5.64. 

Qsifi) = (2,1) = 1 + (0 + 1), Qa{P) = (10,13,4) = 1 + 5(0 + 1) + 4(0 + l) 2 , 

Qs(0) = (140,336, 280, 92, 9) = 1 + 16(0 + 1) + 58(0 + l) 2 + 56(0 + l) 3 + 9(0 + l) 4 , 
Q 6 (0) = 1 + 42(0 + 1) + 448(0 + l) 2 + 1674(0 + l) 3 + 2364(0 + l) 4 
+ 1182(0+ 1) 5 + 169(0+ 1) 6 , 

Q 7 (0) = (1,99,2569,25587,114005, 242415,248817,118587,22924,1156)0+1, 

Qs(0) = (1,219,12444,279616,2990335,16804401, 52421688, 93221276, 94803125, 
53910939,16163947,2255749,108900)^+1. 

What one can say about the polynomial Q n {(3) := Q n ( x ij ; 0) | x tJ =i , v i,j '■ 

It is known, [133, Exercise 6.08(d)], that the constant term of the polynomial Q n (0) is 

71—1 

equal to the product of Catalan numbers fj Cj. It is not difficult to see that if n > 3, 

j = 1 

then Coeff[0+i](<5n(0)) = 2 n — 1 — ( n4_1 ), see [131, A002662], for a number of combinatorial 
interpretations of the numbers 2 n — 1 — ( n ^ 1 )- 

Theorem 5.65. One has 

Qn(0-1) = ( £ i(cny n+1 ,m)r ) (i-0)( n n+ 1 r 

\m> 0 J 

where C1Zy m denotes the Chan-Robbins-Yuen polytope [20, 21], i.e., the convex polytope given 
by the following conditions: 

Cny m = {(aij) e Mat mxm (Z>o)} 

such that 

(4) 12i a ij = 4; Ej a ij = 4; 

(2) aij = 0 if j > i + 1. 

Here for any integral convex polytope V C 7L d , i(V,n) denotes the number of integer points in 
the set nV n Z d . 

In particular, the polynomial Q n (0) does not depend on the order in which the relations ( a’) 
and ( b ) have been applied. 

Now let us denote by Q n (q,t m ,a, 0) the specialization 

= 1, i < j < n, and = q if i = 2,..., n — 1, x\ )U = t 

of the (reduced) polynomial Qn{xij', a, 0) obtained by applying the relations (a') and (6) in 
a certain order. The polynomial Q n (xij-,a, 0) itself depends on the order selected. To define 
polynomials which are frequently appear in Section 5, we apply the rules (a) and ( b ) stated in 
Definition 5.1 to a given monomial +, • • • Xi j E ACYB n (a, 0) consequently according to the 
order in which the monomial taken has been written. We set Q n (t, a, 0) := Q n {(l = t, 0 a, 0). 

Conjecture 5.66. Aet n > 3 and write 
Q n (t = 1; a, 0) = £(1 + 0) fc c fcin (a), 

k>0 
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then c k:n (a) G Z> 0 [a]. 

77ie polynomial Q n (t,/3,a = 0) has degree d n := [ n 4 l> ] with respect to (3. Write 

dn 

Quit, /3) := Q n {t-a = 0 ,13) = t n ~ 2 Y^c^(t)f3 k . 

k =0 

Then ctf ln \ 1) = a 2 for some non-negative integer a n . Moreover, there exists a polynomial 
a n (t ) G N[i] such that 

c n n \ t ) = a n (l)a n (t), a n { 0) = a n - 1 - 

The all roots of the polynomial Q n (P) belong to the set R<_i. 

For example, 

Q 4 {t = 1; a, (3) = (1,5,4)^+1 + a(5, 7)p +1 + 3a 2 , 

Qs(t = 1; a, 0 ) = (1,16, 58, 56, 9) 0+1 + a(16,109,146, 2% +1 
+ a 2 (51,125, 34)^ +1 + a 3 (35,17)^ +1 , 

4 6) = 13(2,3,3,3,2), cf\t) = 34(3,5,6,6,6,5,3), 

4 12) (t) = 330(13, 27,37,43,45,45,43, 37, 27,13), 

Q 4 (t, (3, a = 0)t 4 = f 2 + (/3 + l)(3t + 2f 2 ) + (/? + 1 ) 2 (f + l) 2 , 

t‘,a = 0,P) = ( qt 2 + t 3 + 2 qt 3 + q 2 t 3 + q 3 t 3 + f 4 + 2 qt 4 + g 2 f 4 ) 

+ (2 qt 2 + 2t 3 + 3 qt 3 + 2 q~t 3 + 2t 4 + 2 qt 4 ^/3 + (f 2 + t 3 )(§ + t)/3 2 , 

Qs(q, t;a = 0, /3) = (3c/ 2 f + c/ 3 t + 5gf 2 + 6<7 2 7 2 + 2g 3 f 2 + 2f 3 + 10qt 3 + 10 q 2 t 3 + 6g 3 t 3 

+ 3q 4 t 3 + 3<? 5 t 3 + 2 q 6 t 3 + 3f 4 + 11 qt 4 + llq 2 t 4 + 8 q 3 t 4 + 5 q 4 t 4 + 3 q 5 t 4 
+ 3 1 5 + 9 qt 5 + 9 q 2 t 5 + 6 q 3 t 5 + 3 q 4 t 5 + 2 1 6 + 6 qt 6 + 6 q 2 t 6 + 2 q 3 t 6 ) 

+ (9 q 2 t + 2 q 3 t + Yiqt 2 + 18 q 2 t 2 + Aq 3 t 2 + 7 1 3 + 31 qt 3 + 29 q 2 t 3 
+ 15 q 3 t 3 + 10 q 4 t 3 + 7 q 5 t 3 + 10t 4 + 31gt 4 + 29 q 2 t 4 + 18 q 3 t 4 
+ 10 q 4 t 4 + 10t 5 + 24 qt 5 + 21g 2 t 5 + 10q 3 t 5 + 6f 6 + 12 qt 6 + 6 q 2 t 6 )P 
+ (9 q 2 t + q 3 t + 21 qt 2 + 18 q 2 t 2 + 2g 3 t 2 + 9t 3 + 34 qt 3 + 28 q 2 t 3 
+ Uq 3 t 3 + 9 q 4 t 3 + 12f 4 + 30 qt 4 + 24 q 2 t 4 + 12g 3 t 4 + 12t 5 + 21 qt 3 
+ 12 g 2 t 5 + 61 6 + 6 qt 6 )p 2 + (3 q 2 t + 11 qt 2 + 6 q 2 t 2 + 51 3 + 15gt 3 
+ 10q 2 t 3 + 5 q 3 t 3 + 6f 4 + 11 qt 4 + 6 q 2 t 4 + 6 i 5 + 6 qt 5 + 2f 6 )/? 3 
+ (2<?t 2 + f 3 + 2<?t 3 + g 2 f 3 + t 4 + qt 4 + f 5 )/3 4 . 

Note that polynomials Q n {q , t; a = 0, P = 0) give rise to a two parameters deformation of the 
product of Catalan’s numbers C 1 C 2 • • • C n -±. Are there combinatorial interpretations of these 
polynomials and polynomials Q n (q,t] a = 0, /?)? 

Comments 5.67. We expect that for each integer n > 2 the set 

f n 

^ra+l :=|«;e § 2 n-l | ©w(l) = Catj 
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is non empty , whereas the set 


w E §2n—2 | ©tu(l) = U Cat l 


3 = 1 


is empty. For example, 


*4 = {[1, 5,3,4, 2]}, = {[1, 5, 7,3, 2, 6,4], [1, 5,4, 7, 2, 6, 3]}, 

*6 = {w := [1, 3, 2, 8, 6, 9,4, 5, 7],w~\ ...}, T 7 = {???}, 

but one can check that for w = [2358,10, 549,12,11] E §12 

6 

©41) = 776160 = JJCatj. 

3 =2 

More generally, for any positive integer N define 
k(N) = minjn | 3 w E § n such that ©^(1) = N}. 

It is clear that k(N) < N + 1. 

Problem 5.68. Compute the following numbers 

n{n\), k ^Cat^ , «;(ASM(n)), /c((n + l) n_1 ). 

For example, 10 < k(ASM( 6) = 7436) < 12. Indeed, take w = [716983254,10,12,11] E § 12 - 
One can show that 


©4xi = t, xt = 1, Vz > 2) = 13 t 6 (t + 10)(15t + 37), 

so that © w (l) = ASM( 6); k(6 4 ) = 9, namely, one can take w = [157364298]. 

Question 5.69. Let N be a positive integer. Does there exist a vexillary ( grassmannian?) 
permutation w E S n such that n < 2 n(N) and © w (l) = N ? 

For example, w = [1,4, 5,6,8, 3, 5, 7] E §8 is a grassmannian permutation such that © w (l) = 
140, and 9*41,/3) = (1,9,27,43,38,18,4). 

Remark 5.70. We expect that for n > 5 there are no permutations w E §00 such that Q n (P) = 
©£? } (1). 

n 

The numbers £ n := II Catj appear also as the values of the Kostant partition function of 
3 = 1 

the type 1 on some special vectors. Namely, 

€n = K<s>( m)(7n), where 7 „ = ^1, 2,3,..., n - 1, - 

see, e.g., [133, Exercise 6.CIO], and [69, pp. 173-178]. More generally [69, Exercise g, p. 177, 
(7.25)], one has 

")(7n,d) = PP S 


n+d— 2 

l (d )£ n -1 = 

j=d 


1 


2.7 + 1 


n + d + j 
2.7 
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where 7 n> a = (d + 1 , d + 2,..., d + n — 1 , —n{2d + n — 1 )/2), pp Sn (d) denotes the set of reversed 
(weak) plane partitions bounded by d and contained in the shape 5 n = (n — 1, n — 2,..., 1). 
Clearly, pp Sn ( 1 ) = = C n , where C n is the n-th Catalan number 58 . 

l< 2 < 7 <n ^ 

Conjecture 5.71. For any permutation w 6 §> n there exists a graph = (V,E), possibly with 
multiple edges, such that the reduced volume vol(Jr u ,) of the flow polytope Fy w , see, e.g., [132] 
for a definition of the former, is equal to 6 W (1). 

For a family of vexillary permutations w ntP of the shape A = p5 n +i and flag <f> = (1,2,..., 
n — l,n) the corresponding graphs F n)P have been constructed in [101, Section 6]. In this case 
the reduced volume of the flow polytope Jr is equal to the Fuss-Catalan number 


1 f(n + l)(p + 1)A 

1 + (n + l)p \ n + 1 ) 


= 67. 


( 1 ), 


cf. Corollary 5.33. 


Exercises 5.72. 


(o) Show that the polynomial R n (t) := t 1 n Q n (t ; 0, 0) is symmetric ( unimodal?), and R n ( 0) = 

n — 2 

j Catfc. For example, 
k =1 

Rflt) = (1 + t) (2 + t + 21 2 ), R b {t) = 2(5,10.13,14,13,10, 5) t , 

Rs(t) = 10(2,3,2) t (7,7,10,13,10,13,10,7,7)*, R 7 (t) = 30(196 + • • • + 1961 15 ). 


n —1 

Note that R n ( 1) = f] Catfc. 

k =1 

(6) More generally, write as before, 

Q n (t-,0,fl)=t n ~ 2 J2^n\t)fl k . 

k> 0 


Show that the polynomials Cn\t) are symmetric (unimodal?) for all k and n. 

(c) Consider a reduced polynomial R n ({xij }) of the element 

Yl Xij € ACYB(a = fl = 0) ab , 

1 <i<j<n 
(i,j)#(7i—l.ra) 

see Definition 5.1. Here we assume additionally, that all elements {x^} are mutually 
commute. Define polynomial R n (q,t ) to be the following specialization 


Xij —> 1 if i < j < n - 1, x ijTl -i —> q , x i>n —> t, V i 

of the polynomial R n ({xij}) in question. Show that polynomials R n (q,t) are well-defined, 
and 


Rn (qR') — Rn (?■ q) ■ 


s For example, if n = 3, there exist 5 reverse (weak) plane partitions of shape S 3 = (2,1) bounded by 1, namely 


reverse plane partitions 


0 


0 


1 
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Examples 5.73. 

/?) = (2, 3, 3, 2)* + (4,5,4)*/? + (2, 2)*/? 2 , 

R 5 (t, /?) = (10, 20, 26, 28, 26, 20,10)* + (33, 61, 74, 74, 61,33 ) t p + (39,65, 72, 65,39 ) t p 2 
+ (19, 27, 27,19)t/9 3 + (3, 3, 3)*/? 4 , 

Re(t, P) = (140,350, 550, 700, 790, 820, 790, 700, 550,350,140)* 

+ (686,1640, 2478, 3044, 3322, 3322, 3044, 2478,1640,686)*/? 

+ (1370,3106,4480, 5280,5537, 5280,4480, 3106,1370 ) t p 2 
+ (1420, 3017,4113,4615, 4615,4113, 3017,1420) t /3 3 

+ (800,1565,1987, 2105,1987,1565, 800)*/? 4 + (230,403,465,465,403, 230)*/3 5 
+ (26, 39,39, 39, 26)*/3 6 , 

Re{ 1, P) = (5880, 22340,34009, 26330,10809,2196,169)0, 

R 7 (t, P) = (5880,17640,32340,47040,59790,69630,76230, 79530, 79530, 76230, 69630, 
59790,47040,32340,17640,5880)* + (39980,116510, 208196, 295954,368410, 
420850,452226,462648,452226,420850, 368410, 295954, 208196,116510, 
39980)*/? + (118179,333345,578812,802004, 975555,1090913,1147982, 
1147982,1090913, 975555, 802004, 578812,333345,118179)*/? 2 
+ (198519,539551,906940,1221060,1447565,1580835,1624550,1580835, 
1447565,1221060, 906940, 539551,198519)*/? 3 

+ (207712,540840,875969,1141589,1314942,1398556,1398556,1314942, 
1141589,875969, 540840, 207712)*/? 4 

+ (139320,344910, 535107, 671897,749338, 773900,749338, 671897,535107, 
344910,139320)*/? 5 + (59235,137985, 203527, 244815, 263389, 263389, 244815, 
203527,137985, 59235)*/? 6 + (15119, 32635,45333, 51865, 53691, 51865,45333, 
32635,15119)*/? 7 + (2034, 3966, 5132, 5532, 5532, 5132, 3966, 2034)/? 8 
+ (102,170, 204, 204, 204,170,102) t/ 5 9 , 

R 7 ( 1, P) = (776160,4266900,10093580,13413490,10959216,5655044,1817902, 
343595,33328,1156)0. 


5.3.2 The Chan Robbins—Meszaros polytope Vn,™, 

Let m> 0 and n > 2 be integers, consider the reduced polynomial Q n ,m(t,P) corresponding to 
the element 

( \ m+1 

n \ n —2 n 

n ) n n x ^' 

j =2 / 3 = 2 k=j +2 


For example, 

Q 2 , 4 (t, P) = (4, 7, 9,10,10, 9, 7,4)* + (10,17, 21, 22, 21,17,10)*/? 

+ (8,13,15,15,13,8)*/? 2 + (2, 3, 3,3, 2)*/? 3 , 

<22,4(1,/?) = (60,118,72,13)0, 

Q 2)5 (t, P) = (60,144, 228, 298, 348, 378,388, 378,348, 298, 228,144, 60)* 



140 


A.N. Kirillov 


+ (262,614, 948,1208,1378,1462,1462,1378,1208, 948, 614, 262) tj 0 
+ (458,1042,1560,1930, 2142, 2211, 2142,1930,1560,1042,458 ) t (3 2 
+ (405,887,1278,1526,1640,1640,1526,1278,887,405) t /3 4 
+ (187,389, 534, 610,632, 610, 534, 389,187 ) t f3 4 
+ (41, 79,102,110,110,102, 79,41) t /? 5 + (3, 5, 6, 6, 6, 5, 3) t /? 6 , 

Q 2 ,s( 1, /3) = (3300,11744,16475,11472,4072, 664,34)^, 

<32,6(1, fi) = (660660, 3626584, 8574762,11407812,9355194,4866708,1589799, 

310172,32182,1320)^, 

Q 2 j(f3) = (1, 213,12145, 279189, 3102220,18400252,61726264,120846096,139463706, 
93866194, 5567810,7053370,626730,16290)^+1. 

Theorem 5.74. One has 

Q m ,n( i,i)=ncat* n 2{ ^ +i)+i+i -\ 

j-j. J.J. z + 7 — 1 

A:=l l<i<j<n-l J 

V/fp • U\R k - QwO-’P- !) 

h ] “a-Aw 

where V n . m denotes the generalized Chan-Robbins-Yuen polytope defined in [101], and for any 
integral convex polytope V, i(V,k) denotes the Ehrhart polynomial of polytope V. 

Conjecture 5.75. Let n > 3, m > 0 be integers, , write 

Qm,n{t, (3) = c$ n (t)f3 k , and set b(m, n) := max [k \ ^ 0). 

fc >0 

Denote by Cm^if) the polynomial obtained from that c^fff' n \f) by dividing the all coefficients of 
the latter on their GCD. Then 


Cn,m if) — a n+m (t), 

where the polynomials a n (t ) := co, n (t) have been defined in Conjecture 5.66. 

For example, 

c 2 ${t) = 4 a 7 (t), c 2fi (t) = 10 a 8 (t), c 3j5 (t) = a 8 (t), 

C 2 j(t) = 10(34, 78,118,148,168,178,181,178,168,148,118, 78,34) = 10a 9 (t). 
It is known [69, 99, 100] that 


n—2 

n Cat * n 

k =1 1 < 2 <C — 1 


2{m + 1) + i + j — 1 2 i f 


i + j-1 


n 

j=m J r l 


= Ka u+1 m + l,m + 2,...,n + m, — mn — 


2j + 1 


2 j 


Conjecture 5.76. Let a = ( a 2 , a 3 , ..., a n ) be a sequence of non-negative integers, consider the 
following element 
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Let R a (t\ ,... a, (3) be the following specialization Xij — > tj-\ for all 1 < i < j < n 
of the reduced polynomial R a {xij) of monomial M a e ACYB n (a, /3). Then the polynomial 
R a (ti, ■ ■ ■, t n -i, a, (3) is well-defined, i.e., does not depend on an order in which relations ( a') 
and ( b), Definition 5.1, have been applied. 


QM a (l,/3 = 0) 



Write 


QM a {t,P) = Y J ci a\t)P k - 

k> 0 


The polynomials Ca\t) are symmetric ( unimodal?) for all k. 

Example 5.77. Let’s take n = 5, a = (2,1,1,0). One can show that the value of the Kostant 
partition function Ka 5 { 3,3,4,4, —14) is equal to 1967. On the other hand, one has 

Q( 2 , 1,1,0) if} /3)t~ 3 = (50,118,183, 233, 263, 273, 263, 233,183,118, 50)* 

+ (214,491, 738, 908,992, 992, 908, 738,491, 2U) t /3 
+ (365, 808,1167,1379,1448,1379,1167, 808,365) t /3 2 
+ (313, 661, 906,1020,1020, 906,661, 313)*/3 3 
+ (139, 275, 351, 373,351, 275,139) f /3 4 
+ (29, 52, 60, 60, 52, 29) t /3 5 + (2, 3, 3, 3, 2) t /3 6 , 

Q(2,i ) i i0 )(1, /3) = (1967, 6686, 8886, 5800,1903, 282,13) = (1, 34, 279, 748,688, 204,13)^1. 

It might be well to point out that since we know, see Theorem 5.63, that polynomials 
QM a (^-,(3) in face are polynomials of (3 + 1 with non-negative integer coefficients, we can treat 
the polynomial Qm u {P ) := QA-f a (h [3 — 1) as a /3-analogue of the Kostant partition function in 
the dominant chamber. It seems an interesting problem to find an interpretation of polynomials 
QM a (l3 ) in the framework of the representation theory of Lie algebras. For example, 

<?(2,1,1,0)09) = (1, 34, 279, 748, 688, 204,13)^, 

Q( 2,1,1,0)08 = 1) = 1967 = K As (3,3,4,4, —14). 

Exercises 5.78. 


(1) Show that 

R n (t,-l) = t 2 ^R n . 1 (-t-\l). 


(2) Show that the ratio 

Rn(O,0) 

(1 T /3) n—2 

is a polynomial in (j3 + 1) with non-negative coefficients. 

(3) Show that polynomial R n {t, 1) has degree e n := (n + l)(n — 2)/2, and 

n— 1 

Coeff[t en ]i? n (f, 1) = ]^[ Cat*;. 

fc=i 
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(4) Show that 


Q(n,2,3,0)(ft) — ( l,3n + 2, 


n + 1 
2 


+ n, 


n + 1 
3 


+ 


and 


K Ai (n, 3,4, —n — 7) 


(n + 2)(n + 3 )(n + 9) 
6 


Problems 5.79. 

(1) Assume additionally to the conditions ( a') and ( b ) above that 

Xij = f3xij + 1 if 1 <i < j <n. 

What one can say about a reduced form of the element wo in this case? 

(2) According to a result by S. Matsumoto and J. Novak [97], if ir £ is a permutation 
of the cyclic type Ah n, then the total number of primitive factorizations (see definition 
in [97]) of ir into product ofn — £(X) transpositions, denoted by Prim n _^m(A) ; is equal to 
the product of Catalan numbers: 

tW 

Prim n _^ A) (A) = J] Cat Ai _i. 

i =1 

Recall that the Catalan number Cat n := C n = ^ ( 2,t ). Now take A = (2, 3,..., n +1). Then 


n 

Qn( 1) = Cat a = Prim^(A). 

a =1 


Does there exist “a natural” bijection between the primitive factorizations and monomials 
which appear in the polynomial Q n {xij\ (3)? 

(3) Compute in the algebra ACYB n (a,/3) the specialization 


x^ —> 1, j < n, x^ —> t, 1 < i < n, 

denoted by P Wn (t, a, f3), of the reduced polynomial P Sij ({xij},a, (5) corresponding to the 
transposition 


fi -2 


Sid .— 


%k,k-\-i J | %k,k-\-1 J ^ ACYB n (a, /3). 

k=j-2 


\k=i 


For example, 


P Sl4 (t , Of, /3) — + 3(1 + (3)t^ + ((3, 5, 2)^ + 3 ot)t^ + (2(1 + /3)^ + cy(5 + 4/3))^ 

+ ((1 + /?((1 + 3a) + 2a 2 )t + a + a 2 . 
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5.4 Reduced polynomials of certain monomials 

In this subsection we compute the reduced polynomials corresponding to dominant monomials 
of the form 


™ — „mi ~m 2 

djm •— 2*^23 


' C-l'n e (ACYB„(/3)) 


ab 


where m = (mi > m 2 > ■ ■ ■ > m n _ 1 > 0) is a partition , and we apply the relations (a ; ) and (6) 
in the algebra (ACYB n (/3)) ab , see Definition 5.1 and Section 5.3.1, successively , starting from 


m 1 

^ 12 ^ 23 - 


Proposition 5.80. T/ie function 


Z^ 1 —>Z£o\ m—>P m (* = l;0 = l) 

can 6e extended to a piece-wise polynomial function on the space M^q 1 . 

We start with the study of powers of Coxeter elements. Namely, for powers of Coxeter 
elements, one has 59 


P (xi 2 X 23 ) 2 03) = (6,6,1), P (x\2X23X34) 2 (P) = (71,142,91, 20,1) = (1,16, 37,16, l^+i, 

P (x 12 x2 3 x 34 )^P) = (1301,3903,4407,2309,555,51,1) = (1,45,315, 579, 315,45, l) m , 
i W 23 * 3 4*45) a (/ 9 ) = (1266,3798,4289,2248,541,50,1) = (1,44,306, 564,306,44, l) m , 
^(*13*33*34)3 (P = 1) = 12527, P {X12X23X3 ^ (P = 0) = 26599, 

^(*12*33*34)4 (/?=!) = 539601, P [x , 2X23 x m ) 2 (P = 1) = 12193, 

P (X 12 X23X34X 4S ) 3 (/ 3 = 0 ) = 50000, - P (s 1 2*23*34*45) 3 = X ) = 1090199. 

Lemma 5.81. One has 


Pr 


XP) 


min (n,m) 

£ 


fc =0 


/n + m - ^ ^m^ 



(l + /?) fc . 


Moreover, 

• polynomial P( X12X23 .. •X n —i n ) rn (/3 — 1) is a symmetric polynomial in f3 with non-negative 
coefficients. 

• polynomial P x n x m ( / 0) counts the number of (n, m)-Delannoy paths according to the number 
of NE steps 60 . 


Proposition 5.82. Let n and k, 0 < k < n, be integers. The number 


P (xi2X23) n {x34) k (P 0) 

is equal to the number of n up, n down permutations in the symmetric group § 2 n+*:+i> see [131, 
A229892] and Exercises 5.30(2). 

Conjecture 5.83. Let n, rn, k be nonnegative integers. Then the number 


P~.n ,y.m ~.k 
J 12 J '23 J '34 


03 = 0) 


is equal to the number ofn up, m down and k up permutations in the symmetric group § n+m _|_fc + i. 
59 To simplify notation we set Pw{/3) := P w (xij = 1 ;/3). 

“Recall that a (n, m)-Delannoy path is a lattice paths from (0,0) to ( n,m ) with steps E = (1,0), N = (0,1) 
and NE = (1,1) only. For the definition and examples of the Delannoy paths and numbers, see [131, A001850, 
A008288] and http://mathworld.wolfram.com/DelannoyNumber.html. 
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For example, 

• Take n = 2, k = 0, the six permutations in §5 with 2 up, 2 down are 12543, 13542, 14532, 
23541, 24531, 34521. 

• Take n = 3, k = 1, the twenty permutations in §7 with 3 up, 3 down are 1237654, 1247653, 
1257643, 1267543, 1347652, 1357642, 1367542, 1457632, 1467532, 1567432, 2347651, 
2357641, 2367541, 2457631, 2467531, 2567431, 3457621, 3467521, 3567421, 4567321, see 
[131, A229892], 

• Take n = 3, m = 2, k = 1, the number of 3 up, 2 down and 1 up permutations in §7 is 
equal to 50 = P 32 i(0): 1237645, 1237546, ..., 4567312. 

• Take n = 1, m = 3, k = 2, the number of 1 up, 3 down and 2 up permutations in 87 is 
equal to 55 = Pi 3 2 ( 0 ), as it can be easily checked. 

On the other hand, P x \ 2 x% 3 x% A x^ (/3 = 0) = 7203 < 7910, where 7910 is the number of 4 up, 
3 down, 2 up and 1 down permutations in the symmetric group Sn. 

Conjecture 5.84. Let k\,...,k n -\ be a sequence of non-negative integer numbers, consider 
monomial M := n - Then reduced polynomial Pm(/3— 1) is a unimodal polynomial 

in [3 with non-negative coefficients. 

Example 5.85. 


-^ 3 , 2,1 (/3) — (1,14,27, 8 ) 0+1 — Pi, 2 , 3 (/3), P2,3 ,i(P) — (1,15,30,9)^+1 — Pi, 3 , 2 W), 

Ps,l,2(P) = (1, 11, 18, 4)^+1 = P 2 ,l >3 (/3), 

P4,3,2,i08) = (1, 74, 837, 2630, 2708, 885, 68)0+1, P 4 ,3,2,i(0) = 7203 = 3 • 7 4 , 

pfe,4,3,2, 1 03) = (1, 394,19177, 270210,1485163, 3638790, 4198361, 2282942, 
553828,51945,1300)^ +1 , 

P 5 , 4 , 3 , 2 ,i( 0 ) = 12502111 = 1019 x 12269. 


Exercises 5.86. 

(1) Show that if n > m, then 




E 

a=0 


m + a — 1 


(2) Show that if n>m> k, then 



x 


m-\-a 

ik 


p. 


■12 x 23 x 34^ ~ Px 12 x 23^) 


+ E 

a>l 
b,p> 0 


m\ fk\ (a — 1 


p J \a 


n + 1 
p + a — b 


m + a — 1 — b 


(P +1 ) p+a . 


In particular, if n > m > k, then 


Pv. n- ~.k (0) — 

J '12 x 23- I 34 


m + Tl 
n 


a> 1 


T E 


\b= 1 


m + n + l\ f a — 1\ (m + b — 1 


m + b 


6-1 


Note that the set of relations from the item (1) allows to give an explicit formula for the 
polynomial Pm(P) for any dominant sequence M = (m\ > m 2 > • • • > mf) G (Z > o) / ' : . Namely, 
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where the first sum runs over the following set A{M) of integer sequences a = (a \,..., a k -i) 
A(M) := {0 < a,j < rrij + Oj-i, j = 1,.. ., k — 1}, ao = 0, 
and the second sum runs over the set B(M) of all integer sequences b = (iq,..., b k -i) 

B(M) := [J {0 < bj < min(m_j+i, mj — aj + aj_i)}, j = 1,..., k — 1. 

aeA(M) 


(3) Show that 


where f( n + k > k ) denotes the number of standard Young tableaux of shape ( n+k , k). In particular, 
#\A(l k )\ = C k+1 . 

(4) Let n> m > 1 be integers and set M = (n, m, l fc ). Show that 


PM(xij = l;/3 = 0) = ^ 


m + p + 1 fm + p— l\fm + 2k + p 


p =o 


k 


p 


k- 1 


:= P k (n,m). 


In particular, Pi(n,m) = ( n ~J( m ) + m( n+ ™ +1 ), 
n + l/2/c + 2 + n 


p ‘ ( "' 1) = t + i 
Let us remark that 


Jb 


P k { 2, 2) = (79/c 2 + 341& + 360) 


(2/e+ 2)! 

/c!(/e + 5)! 


P fe (n, 1) = n + 1 f 2(fe + 1} + ^ - ^ (2) ^ - 


n + k + 2 V /e + 1 


( 2 ^jt+ 1 + n ) = F k+^ = re ’ 2 )> 


where the D(/e, 1, n, 2) and PAq(n) are defined in Section 5.2.4. 

(5) Let T G STY((n + /e,/e)) be a standard Young tableau of shape (n + /c,/e). Denote 
by r(T) the number of integers j G [1 ,n + k] such that the integer j belongs to the second row 
of tableau T, whereas the number j + 1 belongs to the first row of T. 

Show that 


P?" 2 x23—xk+i,k+2(P 1) — VI P 

TeSTY((n+fc,fc)) 


r(T) 


(6) Let M = (mi, m 2 ,..., m/c-i) G Z^ 1 be a composition. Denote by IlL the composition 
(m k - 1 , m k _ 2 ,..., m 2 , mi), and set for short 

Pm{0) • = -fj-jfc-l ^(xij = lj /?)• 

Show that Pm(P ) = Pff(P)- Note that in general, 

( x ij'i P) A Pk-i m ._ A x ij'if^)- 


n <‘i 


,i+l 


T — T mu_A 

JI x i,i +1 


(7) Define polynomial Pn(t, /3) to be the following specialization 




1, i < j < n, 


t, i = 1,..., n — 1 








146 


A.N. Kirillov 


of a polynomial P k -\ (xij\ {3). 


n < 


i,i +1 


Show that if n > m, then 


P x? 3 x%(t,P) = 

3=0 


{n+m—j —1 

E 

V k=m— 1 


m — 1 


fc—m+1 


P j - 


See Lemma 5.31 for the case t = 1. 

(8) Define polynomials R n (t ) as follows 

#n(t) : = P (x 12 x 23 x 34 )"- P = -l)(-t) 3n - 

Show that polynomials R n {f) have non-negative coefficients, and 
(3n)! 


A n (0) = 


6(n! 


113 


(9) Consider reduced polynomial P n , 2 , 2 (/3) corresponding to monomial x" 2 (^ 23 ^ 34 ) 2 and set 
Pn,2,2{P) '■= Pn, 2 , 2 (/3 - !)• Show that 


Pn,2,2(P) e N[/3] and P n ,2,2(l) = T(n + 5, 3), 


where the numbers T(n,k) are defined in [131, A110952, A001701]. 

Conjecture 5.87. Let X be a partition. The element s\(9^ l \ • • •, Qrn) of the algebra 3 can 
be written in this algebra as a sum of 

( Y[ h(x) ] x dim V\' x dimK A (0lM) 

VzeA / 

monomials with all coefficients are equal to 1. 

Here sa(^i> ... ,x m ) denotes the Schur function corresponding to the partition A and the set 
of variables {x±,... ,x m }; for x 6 A, h(x) denotes the hook length corresponding to a box x; 
vl Bl(ny> denotes the highest weight A irreducible representation of the Lie algebra gl(n). 

Problems 5.88. 

S 

(1) Define a bijection between monomials of the form Xi j a involved in the polynomial 

a= 1 

P(xij\ /3), and dissections of a convex ( n+2)-gon by s diagonals, such that no two diagonals 
intersect their interior. 

(2) Describe permutations w E § n such that the Grothendieck polynomial ..., t n ) is 

equal to the “reduced polynomial’’ for a some monomial in the associative quasi-classical 
Yang-Baxter algebra ACYB n (/3). 

(3) Study “reduced polynomials” corresponding to the monomials 

• transposition: s in := (xi 2 x 23 ■ ■ ■ x n - 2 , n -l) 2 x n -l,n, 

• powers of the Coxeter element: ( x\ 2 x 2 3 ■ ■ ■ x n -i, n ) k , 

in the algebra ACYB n (a, /3) ab . 

(4) Construct a bijection between the set of k-dissections of a convex (n + k + 1 )-gon and 
“pipe dreams” corresponding to the Grothendieck polynomial (xi,..., x n ). As for 

a definition of “pipe dreams” for Grothendieck polynomials, see [78] and [42], 
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Comments 5.89. We don’t know any “good” combinatorial interpretation of polynomials which 
appear in Problem 5.88(3) for general n and k. For example, 

P Sl3 (xij = l;/3) = (3,2^, P Sl4 ( Xij = l;/3) = (26,42,19,2^, 

P Sl5 (xij = l;/3) = (381,988,917,362,55,2V, P S|5 (x^ = 1; 1) = 2705. 

On the other hand, 

P(xi2X23) 2 x34,(x4s) 2 { x ij = lj/3) = (252,633,565,212,30,1), 

that is in deciding on different reduced decompositions of the transposition si n . one obtains in 
general different reduced polynomials. 

One can compare these formulas for polynomials P Sab {xij = 1; / 3 ) with those for the (3- 
Grothendieck polynomials corresponding to transpositions (a, 6), see Comments 5.37. 

5.4.1 Reduced polynomials, Motzkin and Riordan numbers 

In this subsection we investigate reduced polynomials associated with Coxeter element C n = 
^ 12^23 • • ■ Un-i,n in commutative algebra ACYB n (a, (3) in more detail. Recall that this algebra 
is generated over the ring Z,[z, a, /3] by the set of elements {ui,j, 1 < * < j < n} subject to the 
following relations 


C j.j Uj /,■ — V’ik'Uij 4“ Ujh/M-ik 3~ (3u ik -)- Q:, i <C j k . 


Show that 


P n (l,l,/3 = -1) = M n , 

where M n denotes the n-th Motzkin number that is the number of Motzkin n-paths: paths from 
(0,0) to (n, 0) in an nxn grid using only steps U = (1,1), (1, 0) and (1, —1). It is also the number 
of Dyck (n + l)-paths with no steps UUU, see [131, A001006] for a wide variety of combinatorial 
interpretations, and vast literature concerning the Motzkin numbers. For example, 

P 7 (0,1, p = -1) = 36 + 37 + 24 + 18 + 5 + 6 + 0 + 1 = 127 = M 7 . 

Therefore we treat the polynomials P n (t,a,/3 = —1) as the (t, a)-Motzkin numbers. For 
example, 


P 7 (t, a, 13 = -1) = t 7 + 6 at 5 + 5cd 4 + (0,4,14) Q t 3 + (0, 3, 21) a t 2 + (0, 2, 21, U) a t 
+ (0,1,14, 21) q = t 7 + a( 1, 2, 3,4, 5, 6) t + a 2 (14, 21, 21,14) t + a 3 (21,14)*. 


Therefore 


P 7 (t, 1, /3 = -1) = 1 + 21a + 70a 2 + 35a 3 , P 7 (l, 1. (3 = -1) = 127 = M 7 . 


Show that 


P n (0,1, /3 = -1) = A005043(n), 

known as the Riordan number, or Motzkin sum [131]. This number, denoted by MS n , counts 
the number of Motzkin paths of length n with no horizontal steps at level zero; it is also equal 
to the number of Dyck paths of semilenght n with no peaks at odd level, see [131, A005043] for 
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a bit more combinatorial interpretations, and literature concerning the Motzkin sum or Riordan 
numbers. For example, 

P 7 (t, 1, -1) = (36, 37, 24,18, 5, 6, 0,1), 36 = MS 7 . 


Show that the Riordan number MS n is equal to the number of underdiagonal paths from 
(0,0) to the line x = n — 2, using only steps (1,0), (0,1) and NE = (2,1) and beginning with 
the step NE = (2,1). Note that the number of such paths with no steps NE is equal to the 
Catalan number Cat n _i. 

Let MS = {n £ N| n = 2 2fc (2 r + 1) — 1, k > 1, r > 0} be a subset of the set of all odd 
integers [31]. Show that 

(a) MS n = 1 (mod 2), if either n = 0 (mod 2) or n £ MS n , 

( b) MS n = 0 (mod 2), if n is an odd integer and n ^ MS. 

Show that 


P n {0,a,P) 


a 


Q! = 0 


= N n -i(/3 + 1), 


where as before, N n (t ) denotes the Narayana polynomial. 
Let us set 


P n (0,a,P) = Y^Ck(f3+l)a k . 

k> 0 

Show that polynomials Cfc(/3 + 1), k > 0 are symmetric (unimodal?) polynomials of the variable 

/3 + 1- 

Show that [131] 

P n ( 1,1,0) = A052709(n + 1). 

Show that [131] 

P n (0,1,0) = A052705(n) 


that is the number of underdiagonal paths from (0, 0) to the line x = n — 2, using only steps 
R = (1, 0), V = (0,1) and NE = (2,1). 

For example, 


p 7 (0,10) = 36 + 106 + 120 + 64 + 15 + 1 
Show that [131] 


d_ 

da 


P n (t,a,f3) 


a= 0 , 

p=0, 

t=l 


= A05775(n 


1 ), 


342 = 71052705(7). 


that is the number of paths in the half-plane x > 0 from (0,0) to (n — 1, 2) or (n — 1, —3), and 
consisting of steps U = (1,1), D = (1, —1) and H = (1,0). For example, 


l.h.s. = 106 + 130 + 99 + 48 + 5 + 6 
Let us set 

P n (t,a,/3 = 1) := ^ c$t k a l . 

k,l> o 


Show that 


(«) £ = (< + «)' 

k =1 

(4) = < fc + !) (fc + 2 ) ' 

(c) 4?o = +0 + (-1) 


= 427 = A05775(6). 


0 < k < n — 3, 


n > 3. 
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5.4.2 Reduced polynomials, dissections and Lagrange inversion formula 

Let {oj, bi, Pi, cti, 1 < * < n — 1} be a set of parameters, consider non commutative algebra 
generated over the ring Z[{cn, bi, fy, cfci}i<i<ra_i] by the set of generators {u t j, 1 < i < j < n} 
subject to the set of relations 


UijUjk = aiUikUij + biUjkUik + f3u.ik + <+, 1 <i<j<k<n. 

Consider reduced expression Rn{{uij}x<i<j< n ) in the above algebra which corresponds to the 
“Coxeter element” 

C n .— U 12 U 23 ' ' ' U n —X,n- 

Note that the reduced expression R n ({uij}) is a linear combination of noncommutative mono¬ 
mials in the generators {uij, 1 < i < j < n} with coefficients from the ring 

_A n . — 21 [{oj, bj , /3i, nj} i<i<n] • 

Now to each monomial U which appears in the reduced expression Rn({uij}) we associate 
a dissection V := T>u of a convex (n + l)-gon as follows. First of all let us label the vertices of 
a convex (n+l)-gon selected, by the numbers n+1, n,..., 1, written consequently and clockwise, 
starting from a fixed vertex, from here on named by (n + l)-vertex. 

Next, let us take a monomial U = Ui 1 j 1 ■ ■ ■Ui j which appears in the reduced expression 
R n ({uij}) with coefficient c(U) £ K n . We draw diagonals in a convex (n + l)-gon chosen which 
connect vertices labeled correspondingly by numbers i s and j s +1, s = 1,... ,p. It is clearly seen 
from the defining relations in the algebra in question when being applied to the Coxeter element 
above, that in fact, the diagonals we have drawn in a convex (n + l)-gon selected, do not meet at 
interior points of our convex (n + l)-gon. Therefore, to each monomial U which appears in the 
reduced polynomial associated with the Coxeter element C n above, one can associate a dissecion 
V := T>u of a convex (n + l)-gon selected. Moreover, it is not difficult to see (e.g., cf. [58]) 
that there exists a natural bijection U T>u between monomials which appear in the reduced 
expression R n ({uij}) and the set of dissections of a convex (n + l)-gon. As a corollary, to each 
dissection V := Vjj of a conves (n + l)-gon one can attache the element c(V) := c(U) £ K n 
which is equal to the coefficient in front of monomial U in the reduced expression corresponding 
to the Coxeter element C n . 

To continue, let x = (aq, ..., x n _i), y = (3/1 ,..., y n - 1) and jz = (z\, ..., z n - 1) be three sets 
of variables, and P be a dissection of a convex (n + l)-gon. We associate with dissection V 
a monomial m{T>) £ K n as follows 

n — 1 

m(V) := II x k (k) yk (k) z r (k), 

k= 1 

where m{k) := rrik(V) (resp. r(k ) := rk(T>) and n(k) := nk(R)) denotes the number of (convex) 
(rrik + 2)-gons constituent a dissection V taken (resp. the number of diagonals issue out of the 
vertex labeled by (n + 1); nk(R)) stands for the number of (oriented) diagonals and edges which 
issue out of the vertex labeled by k, k = 1,... ,n). Therefore we associate with the reduced 
polynomial corresponding to the Coxeter element U 12 , • • • ,u n -i,n the following polynomial 

PL n (a, b , (3 , a, x , y, z) = ^ m(V)c(V), 

v 

where the sum runs over all dissections V of a convex (n + l)-gon. 
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To begin with we set x = 1 and consider the following specializations 

B n (a, y) = PL n (a, b = 1, j3 = 1, a = 0, y, z = 1), 

P n (z, a, b, (3) = PL n (a, b, (3, a = 0, y = 1, z), 

Show that 

B n _ 1 (a,y)) = Coeff t n(z - 

n —1 

where f(yi,...,y n ) = J2 VkU k+1 , and for any formal power series g(u), 3Lg(u)\ u=0 = 1, we 

k= l 

denote by g ('u)H the Lagrange Inverse formal power series associated with that g(u) that is 
a unique formal power series such that g{g^~^(u)) = u = g^ l \g{u)). 

Now let us recall the statement of Lagrange’s inversion theorem. Namely, let 

f(x) = x - ^2y k x k+1 

k> 1 

be a formal power series. Then the inverse power series /H (u) is given by the following formula 

/ l-1] (y) = 

n> 1 


where 


Wr, 


:= W n (pi, . . . ,Pn ) = 


n + 1 


E 

Pl,--,Pn>0 
X) jPj=n 


n + J^Pj 

n,Pl,...,Pn 


pi P2 

Vi y 2 


■ ll Pn 

an i 


where if N = mi + • • • + m n , then 


N 

mi,... ,m n 


N\ 


mi\m 2 \ ■ ■ ■ 


denotes the multinomial coefficient. 
Therefore, the coefficient 


b n (pi, ■ ■ ■ j Pn) ■= 


1 


n 


+ T,Pj 


n + 1 \n,p i,... ,p n J ’ 


Y^JPj = n 
o 


is equal to the number of dissections of a convex (n + 2)-gon which contain exactly pj convex 
(j + 2)-gons, see, e.g., [38]. Equivalently, the number b n (p\ ,... ,p n ) is equal to the number of 
cells of the associahedron /C n_1 which are isomorphic to the cartesian product (/C°) P1 x • • • x 
(/C n_1 ) p " [90, 91]. Based on a natural and well-known bijection between the set of dissections 
of a convex (n + 2)-gon and the set of plane trees with (n + 1) ends and such that the all 
other vertices have degree at least 2, see, e.g., [134], one can readily seen that the number 
w n (pi,... , Pn) defined above under constraint ]>K JPj = n > is equal to the number of plane trees 
with n + 1 ends and having pj vertices of degree j + 1. 

Example 5.90. For short we set B n = PL n (a, b, (3, a, x, y). 

(1) Quadrangular: 

B 2 = y\{aizi + biziz 2 ) + y 2 {/3izi + aq). 
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( 2 ) Pentagon: 

P 3 = y\{a\zi + + a 2 bjziz 2 + 01612123 + 6?6 2 ziz 2 z 3 ) 

+ 2/12/2 ( 2 ai/ 3 i^i + bi/3izi + bj/3 2 ziz 2 + hPiziz 3 + 01016101 + 0123) 

+ 2/3 (/?iai + 0(zi + b\a 2 z\). 

( 3 ) Hexagon: 

P4 = 2/1 (( a i + 2a?61 + aia 2 6? + ai6?6 2 )2i 

O O 0 0 O 0 0 

+ aib\b 2 ziz 2 + a 2 b 1 b 2 ziz 2 + 0103642123 + a, 612:124 + 01642124 + a 3 b 1 b 2 ziz 2 z 3 
+ a 2 6?6 2 2i2 2 24 + ai6?6 3 2i2 3 2 4 + 6? 6? 6321222324) + y?y 2 (a?ai + 2ai6iai + a 2 6?ai 

+ 6?6 2 ai + ( 3 a? 6 / 3 i + 4 ai 6 i/?i + a 2 6 ?/ 3 i + 6? + 6 2 / 3 i + ai6?/3 2 )2i + a 2 b\j3 2 ziz 2 

+ bib 2 / 3 2 ziz 2 + a 2 6i/3 2 2i2 2 + 0164632123 + ai6i/3i2iz 3 + 036^2123 + 64/312124 

+ ai 6 i/ 3 i 2 i 2 4 + 6 ? 6 2 / 3 3 2 i 2 2 2 3 + 6 ? 6 2 / 3 2 ziz 2 2 4 + 6 ? 6 3 / 3 i 2 i 2 3 2 4 ) + yiy 3 (ai/ 3 ioi 
+ 26 i/?iai + ( 2 ai/ 3 ? + 26 i/ 3 ?ai 6 ?o 3 + a 2 b\a 2 + b\b 2 a 2 )zi + b\b 2 a 3 z\z 2 + 6?/3?2i2 2 

+ 6? 0:32124 + 63 0:1232324 + 030123 + 010124 + 640124 + / 3 iOi 2 4 ) + y?(ai/ 3 iai 

+ 6 ?/ 3 2 a 2 + ( 6 ?/ 3 i/ 3 2 + ai/ 3 ? + ai/3?o 2 )2i + / 3 3 aiz 3 + 6 i/ 3 i/ 3 3 2 i 2 3 ) + 2/4(0103 + / 3 ?ai 
+ 6 ?oio 2 ( 6 ?/ 3 io 2 + 6 ?/ 3 2 o 2 + / 3 ? + 6 ?/ 3 ia 3 ) 21). 

Special cases. Generalized Schroder or Lagrange polynomials: 

P n (a,b,(3,y,z) = B n | a=0 . 

For example, 

P 4 (a, 6, y) = 2/1 ((ai + 2ai&i + aia 2 6i + ai6j6 2 j2i + af6i6 2 2i2 2 + a 2 b 1 b 2 ziz 2 + 0103612123 

o o 0 0 o o 

+ 01612124 + ai&i2i24 + a 3 b\b 2 z\z 2 z 3 + o 2 6i6 2 2i 2 2 2 4 + 016463212324 
+ 6? 6? 63 212 2 23 24) + 2/?y 2 ((3a?6/3i + 4ai6i/3i + a 2 6?/3i + 6? + b 2 /3 1 
+ aib^jzi + a 2 6l/3 2 2i2 2 + b 1 b 2 /3 2 ziz 2 + a 2 b 1 /3 2 ziz 2 + 0164632123 
+ Ol6l/0l2l2 3 + 0 3 6?2l2 3 + 6?/3i2l24 + Ol6i/3l2l2 4 + 6?6 2 /3 3 2l2 2 2 3 
+ 6?6 2 /3 2 2i2 2 2 4 + 6? 63^1212324) + yiy 3 (2oi/3? + 26i/3? + 6?/3fzi2 2 
+ 6 i/ 3?2 i 2 4 ) + y 2 ((6?/3i/3 2 + ai/??)2i + 6 i/ 3 i/ 3 3 zi 2 3 ) + ytPfzi. 

After the specialization a* = 6* = (3i = 2j = 1 , i = 1 , 2 , 3 , 4 , one will obtain 

P 4 (a = 1,6 = l ,/3 = l,y,z = 1 ) = 14 y? + 2lyfy 2 + 6ym + 3y% + y 4 . 

Generalized Narayana polynomials: 

Pn(a, 6, r/, z) = -B^.l a =o , 

13 =0 

P n (a, 6,2/, z) = 2/1 ((af + 2a?6i + aia 2 6? + ai6?6 2 )2i + o?6i6 2 zi2 2 + a 2 b\b 2 z\z 2 

0 0 o 00 o 

+ 0103612123 + 01612124 + 01642124 + a 3 6i6 2 2i2 2 2 3 + a 2 b 1 b 2 ziz 2 z 4: 

+ ai6?63212324 + 6?6?6 3 2i2 2 2 3 2 4 ). 

Generalized Motzkin-Schroder polynomials: 

MS n {a,b,y,z) = B n I 
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For example, 

MS 4 (a, b,y, z) = y\y 2 {a\a\ + 2 ai&iai + aob\ai + bjb 2 ai) + 2/iy 3 (ai/3iai + 2 bi/ 3 icti) 

+ V 2 (ai/ 3 iai + &i/ 3 2 o: 2 ) + 2/4(0103 + 6^0:10:2 + / 3 4 oi) . 

Generalized Motzkin polynomials: 

. 1 1 n ( b. y , 2) — B n I a—0 • 

0=0 

For example, 

M 4 (b, r/, z) = yfblblb 3 ziz 2 Z 3 Z 4 + yly 2 blb 2 ai + yiyz(b\b 2 at 2 + haiz^ + b\b 2 ziZ2, 

+ b\a 2 ziZA + 630iz 3 z 4 ) + y 4 (a 2 o 3 + 6 4 a 4 a 2 ). 

Generalized Motzkin-Riordan polynomials: 

MR ra (a, b, ( 3 , a, y) = B n \ z=Q . 

Generalized Riordan polynomials: 

fLR(6, 0,1/) — B n j JZ —OTa^O ■ 

0=0 

For example, 

RI 4 (b,a,y) = yly2b\b 2 ai + y 4 (o 2 a 3 + 6foia 2 ). 

Let us set B n (y\,... ,y n ) = B n (a = 1,6 = 1,(3 = 1 ,y). Let (3 be a new parameter. Show 
that 

B{ 1 ,/S,..., / 3 n_1 ) = (W), 

n 

where ©^(X) denotes the / 3 -Grothendieck polynomial corresponding to a permutation u; E § n . 
In particular, 

B n ( 1 , ■ ■ ■, 1 ) = Sch„, 

n 

where Sch n denotes the n-th Schroder number, that is the numbers of paths from ( 0 , 0 ) to ( 2 n, 0 ), 
using only steps northeast U = ( 1 , 1 ) or or D = ( 1 , — 1 )) or double H = ( 2 , 0 ), that never fall 
below the x-axis. 

Assume that n is devisible by an integer d > 1 . Show that if y = (yj = Sj + 1^), then 
R n ( 0 ,..., 0 ,^, 0 ,..., 0 ) =FC(f+ 1) , 

d-1 

where FC^ denotes the Fuss-Catalan number, see, e.g., [ 134 ], and [ 131 , A 001764 ] for a variety 

( 3 ) 

of combinatorial interpretations the Fuss-Catalan numbers FCn . 

More generally, let 2 < d\ < ■ ■ ■ < dk be a sequence of integers, and set 

y = (S i+ i >d ., 1 <j<k). 

Show that the specialization B n (y ) counts the number of dissections of a convex (n + 2 )-gon on 
parts which are convex (d + 2 )-gons, where each d belongs to the set {d 4 ,..., dk}- We would 
like to point out that the polynomials 

FS^ } := Coeff^n (P nd (a, 6, ( 3 , y = (S i+hd ), z)). 

can be treated as a multi-parameter analogue of the Fuss-Catalan numbers FCi rf+1 \ 

Colored dissections [ 127 ]. A colored dissection of a convex polygon is a dissection where each 
(d + l)-gon appearing in the dissection can be colored by one of b d possible colors 61 , d > 2 [ 127 ]. 

61 We assume that if bd = 0, then the dissection in question doesn’t contain parts which are (d + l)-gons. 
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Show [ 127 ] that if 62,, b n be a sequence of non-negative integers, B n (b2 , b n ) is equal 
to the number of colored dissections of a convex (n + 2)-gon. 

Consider the specialization yi = i — 1 , i = 1 ,... ,n. Show that 

B n (y) ■= SL(0,1,..., n - 1 ) = Fine(n + 1), 

where Fine(m) denotes the m-th Fine number, that is the number of ordered rooted trees with 
m edges having root of even degree [ 131 , A 000957 ]. Therefore, the Fine number Fine(n + 1 ) 
counts the number of dissections of a convex (n + 2 )-gon such that each (d + 3 )-gon appearing 
in the dissection can be colored by d possible colors, d > 1. 

Consider the specialization y^k+i = 1 , 2/3fc+2 = 0 , y3k+3 = — 1 , k > 0 . Show that 

B n ( 2/1 > • • • ! Vn) = M n , 

where M n denotes the n-th Motzkin number [ 131 , A 001006 ]. 

Recall that it is the number of ways to draw any number of nonintersecting chord joining n 
labeled points on a circle. The number M n is also equals to the number of Motzkin paths, 
that is paths from ( 0 , 0 ) to (n,n) in the nx n grid using only steps U = ( 1 , 1 ), Ft = ( 1 , 0 ) and 
D = ( 1 ,- 1 ), see [ 131 , 71001006 ] for references and a wide variety of combinatorial interpretations 
of Motzkin’s numbers. 

Consider the specialization i)3k+i = 0 , ?/3fc+2 = (—l) fc , V3k+3 = (—l) fc , k > 0 . Show that 
Bn(yh ■ ■ ■ 1 Vn) = MSn, 

where MS n denotes the Motzkin sum or Riordan number [ 131 , 71005043 ]. 

Recall that it is the number of Motzkin paths of length n with no horizontal steps H = ( 1 , 0 ) 
at level zero, see [ 131 , 71005043 ] for references and a wide variety of combinatorial interpretations 
of Riordan’s numbers. 

Consider the specialization t/2fc+i = (—l) fc , 2/2 k = (—l) fc+1 , k > 0 . Show that [ 131 ] 

Bn(yi, • • ■, 2 In) = A 052709 (n), 

that is the number of underdiagonal lattice paths from (0, 0) to (n — 1, n — 1) and such that each 
step is either Ft = ( 1 , 0 ), V = ( 0 , 1 ), or D = ( 2 , 1 ). 

Consider specialization y *. = (—l) fc f{, k > 1 . Show that 

Bn{y li • ■ • ; 2 in) = Tl j 

that is the number of parking functions, see, e.g., [ 55 , 134 ] and the literature quoted therein. 
Consider the specialization yk = fj- Show that [ 131 ] 

B n (yi,.. ., y n ) = A 052894 (n), 

where A 052894 (n) denotes the number of Schroder trees 62 . 

A Appendixes 

A.l Grothendieck polynomials 

Definition A.l. Let f 3 be a parameter. The Id-Coxeter algebra IdC n (/ 3 ) is an associative 
algebra over the ring of polynomials Z[/ 3 ] generated by elements (e \,..., e n _i) subject to the set 
of relations 

62 Schroder trees have been introduced in a paper by W.Y.C. Chen [23]. Namely, these are trees for which the 
set of subtrees at any vertex is endowed with the structure of ordered partition. Recall that an ordered partition 
of a set in which the blocks are linearly ordered [23]. 
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• eiej = ej ei if \i - j\ > 2 , 

• CiCjS-i = if \i j\ 1 ■ 

• e? = j3ei 1 < i < n — 1. 

It is well-known that the elements {e^, w E § n } form a Z[/3]-linear of the algebra 

IdC n (/3). Here for a permutation w E S n we denoted by e M , the product eqe^ ■ ■ ■ e lf E IdC n (/3), 
where («i, * 2 , ■ ■ ■ , v) is any reduced word for a permutation w, i.e., w = Si 1 Si 2 ■ ■ ■ Si t and t = l{w) 
is the length of w. 

Let xi, X2, ■ ■ ■, x n -i, x n = y,x n+ i = z,... be a set of mutually commuting variables. We 
assume that Xj and ej commute for all values of i and j. Let us define 

i 

hi(x) = l + xei, Ai(x) = h a (x), i = l,...,n-l. 

a=n—1 


Lemma A.2. One has 

( 1 ) addition formula: 

hi{x)hi(y) = hi(x © y), 

where we set (x © y) := x + y + /3xy; 

(2) Yang-Baxter relation: 

hi(x)h i+ i(x © y)hi(y) = h i+1 (y)hi(x ® y)h i+ i(x). 


Corollary A.3. 

(1) [h i+ i(x)hi(x),h i+ i(y)hi(y)] =0. 

( 2 ) [Ai(x),Ai(y)\ = 0, i = 1 , 2 ,.. . ,n- 1 . 

The second equality follows from the first one by induction using the addition formula, 
whereas the fist equality follows directly from the Yang-Baxter relation. 

Definition A.4 (Grothendieck expression). 

®n(x 1 ,..., x n -i) := Ai(xi)A 2 (x 2 ) ■ ■ ■ A n -i(x n -i). 

Theorem A.5 ([42]). The following identity 

& n (x !,...,X n -i)= ^ ®wH X n-l)ew 
UlSS n 

holds in the algebra IdC n © Z[aq,..., x n -\]. 

Definition A. 6 . We will call polynomial &w\x n - 1 ) as the (3-Grothendieck polynomial corre¬ 
sponding to a permutation w. 

Corollary A.7. 

(1) If /3 = —1, the polynomials <&w 1 (Y n _i) coincide with the Grothendieck polynomials in¬ 
troduced by Lascoux and M.-P. Schutzenberger [ 86 ]. 

(2) The [3-Grothendieck polynomial &w\x n -i) is divisible by aq (1) 1 . 
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(3) For any integer k £ [l,n — 1] the polynomial (5w 1 '*(Xk = q, x a = 1, Va ^ k) is a poly¬ 
nomial in the variables q and /3 with non-negative integer coefficients. 

Sketch of proof. It is enough to show that the specialized Grothendieck expression & n (xh = q, 
x a = 1 , Va ^ k) can be written in the algebra IdC n (/3 — 1) <8> Z[g, (3\ as a linear combination of 
elements {e w } w ^§ n with coefficients which are polynomials in the variables q and /3 with non¬ 
negative coefficients. Observe that one can rewrite the relation e? ; = (/3 — T)ek in the following 
form efc(efc + 1) = Now, all possible negative contributions to the expression & n (xk = q, 
x a = 1, Va 7 ^ k) can appear only from products of a form c a (q) : = (1 + qek){ 1 + efc)“. But using 
the Addition formula one can see that (1 + qek)( 1 + efc) = l + (l + q/3)ek- It follows by induction 
on a that c a (q ) is a polynomial in the variables q and (3 with non-negative coefficients. ■ 

Definition A.8. 

• The double /3-Grothendieck expression (5 n (X n ,Y n ) is defined as follows 

6n(X n ,Y n ) = © n (A n )© n (—y n ) _ 1 € IdC n (/3) 9>Z[X n ,Y n ). 

• The double /3-Grothendieck polynomials {& w (X n , are defined from the decom¬ 

position 

® n (X n ,Y n ) = ^2 ®w(X n ,Y n )e w 

of the double /3-Grothendieck expression in the algebra IdC n (/3). 

More details about /3-Grothendieck and related polynomials can be found in [71, 84], 

A .2 Cohomology of partial flag varieties 

Let n = n\ + • • • + rik, n t e Z>iVi, be a composition of n, k > 2. For each j = 1 ,k define 
the numbers Nj = n\ + • • • + nj,No = 0, and Mj = nj + ■ ■ ■ + n Denote by X := X nij __^ nk = 
{xa | i = 1 < a < ni} (resp. Y, ...) a set of variables of the cardinality n. We 

set deg(xi^) = a, i = 1,..., k. For each i = 1k define quasihomogeneous polynomial of 
degree n* in variables = {x2 | 1 < a < nfj 

rii 

=t n <+J2 x % )tni ~ a ’ 

a=1 


and put 


k 

p ni ,..., nk (X,t) = l[p ni (X^,t). 

i— 1 

We summarize in the theorem below some well-known results about the classical and quantum 
cohomology and A'-theory rings of type A n _i partial flag varieties Fl n[ ,...,n k ■ Let qi,... ,qk- i, 
deg(gj) = n j + nj+i, i = 1 ,. .., k — 1 , be a set of “quantum parameters”. 

Theorem A.9. There are canonical isomorphisms 

H {•Fl ni ,...,n k j — '^•[X ni ,...,n k \/{Pm,...,n k (X,t) — f n ), 

K%n ni ,..., nk ,Z) - z\Y ±1 ]/(p nu ..., nk {Y,t) - (1 + tr), 
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k rii 


H ^ n ni ,..., nk , Z) = Z[X, Y\/ ( JI n ( 4 ° +t)~ p ni ,...,n k ( Y,t)), 

\i=la=l / 

QH*(n nu ...,n k ) “ Z[X nii ... infc>gi ,..., q k -i]/(A nii ...,n k (X,t) - t n ) (cf. [4]), 
QHZ(n nu ...,n h ) = Z[X, Y,q gfe-i]/(A nii ... jn ,.(X, t) - p ni „.., nfc (F, t)> (cf. [4]), 


where 63 


Arii,...,n fc (X, t ) — 

p ni (X (1) ,i) gi 0 . 

-1 p„ 2 (X (2) ,i) g 2 0 

0 -1 pn 3 (X {3 \t ) g 3 0 


det 


0 

0 


0 -1 t) 

... o -1 


0 

0 

0 

Qk-i 

Pn k (XW,t) 


Here for any polynomial P(x,t) = bj(x)t r J in variables x = (xi,x 2 , ■ ■ •), we denote by 

i=o 

(. P(x,t )) the ideal in the ring Z[x\ generated by the coefficients bo(x ),..., b r (x). A similar 
meaning have the symbols 


/ k rn \ 

) ’ (^n U :.,n k (x,t) -t n ) 

\i=lo=l / 

and so on. 

Note that dim(J r ni! ... !riA .) = ^ mrij and the Hilbert polynomial Hilb^n^...^, q) of the partial 

i<j 

flag variety P n , n . is equal to the g-multinomial coefficient L n „ 1 , and also is equal to 

x ’ 5 K LTl\ ,...,77-k J g 

the g-dimension of the weight (ni,..., n^) subspace of the n-th tensor power (C Tl )® n of the 
fundamental representation of the Lie algebra g[(n). 

Comments A.10. The cohomology and (small) quantum cohomology rings Lf*(J 7 niv .. infc ,Z) 
and QH*(P nij ^^ nk , Z), of the partial flag variety P ni ,...,n k a( fmit yet another representations we 
are going to present. To start with, let as before n = ni+- • -+rik, rn E Z>i, Vi, be a composition. 
Consider the set of variables X = X ni ^ nk _ x := {xa ^ | 1 < i < n a , a = 1,..., k — 1}, and set as 
before degXa = «• Note that the number of variables X is equal to n — nj~. To continue, let’s 
define elementary quasihomogeneous polynomials of degree r 

e r (X)=Y J 4l ) ---xt\ e 0 (X)=l, e_ r (A)= 0 , r > 0 , 

I,A 


where the sum runs over sequences of integers I = (i\,... ,i s ) and A = (oi,..., a s ) such that 


• 1 < i\ < ■ ■ ■ < i s < k — 1, 

• 1 < a 3 < riij, j = !,•••; A and r = a\ H-ha s , 

and complete homogeneous polynomials of degree p 


h p(X) = det |e i _ i+ i(A)| 1 ^.^ p . 

63 We prefer to use quantum parameters {(?; | 1 < i < k — 1} instead of the parameters {(—1 ) n 'qi | 1 < i < k — 1} 
have been used in [4], 
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Finally, let’s define the ideal J ni ,...,n k in the ring of polynomials Z[X nit ... jnk _ 1 ] generated by 
polynomials 

hn k + l(-X')) h n (X) . 

Note that the ideal ....,n k is generated by n — elements. 

Proposition A.11. There exists an isomorphism of rings 


H — Z[X niv .. jflfc _ 1 ]/ J ni ,...,n k . 


In a similar way one can describe relations in the (small) quantum cohomology ring of the 
partial flag variety F nit ... t n k . To accomplish this let’s introduce quantum quasihomogeneous 
elementary polynomials of degree j e q ' 1 (X m ..... rir ) through the decomposition 


A, 


\X r 


■) = 


N r 


3 =0 


3 


X 


n i,.. 


-)t 


N r -j 


4 Q) ( X ) = h 


e_p(*) = 0, 


p > 0. 


To exclude redundant variables {x^a\ 1 < a < let us define quantum quasihomogeneous 

Schur polynomials s^\x ni! ___ tnr ) corresponding to a composition a = (ctq < 02 < • • • < a p ) as 
follows 


s ^a\X- ni ,.-;n r ) — det |e^ i+a .(Xn 1 ,...,n r )| 1 <j )J -<p- 

Proposition A.12. The (small) quantum cohomology ring QH*(F nit ... jnk , Z) is isomorphic to 
the quotient of the ring of polynomials Z[qq, ... ,qk-i] by the ideal I ni ,...,n k -i gene¬ 

rated by the elements 


9r(X 




_(9i v)9fe- 1 ) ( v 

5 (l n fc,r) 


■i n k— 1 > 


(91 1'-iQk— 2) / y 
Qk-l^r-n^ (A 


n 1, 




where + 1 < r < n. 


It is easy to see that the Jacobi matrix 


d 


dx 


(0 


9r(X 




{a=l,...,fc —1, 1 <i<n a 
n^+l<r<n} 


corresponding to the set of polynomials g r (X ni ^__ jnk l ), < r < n, has nonzero determi¬ 
nant, and the component of maximal degree n max := in the ring QH*(F ni: ... t n k , Z) is 

Kj 

a Z[gi,..., qq._i]-module of rank one with generator 


A 


fc-l n a 

nn 


7=1 <2=1 


Therefore, one can define a scalar product (the Grothendieck residue) 


(•>•): HQ*(F ni: ... jnk ,Z) x HQ*(F ni ^ nk , Z) —> Z[qq,..., g fe _i] 

setting for elements / and g of degrees a and b, (/, /i) = 0 , if a + b ^ n max , and (/, h) = A(g), 
if a + b = n max and fh = \(q)A. It is well known that the Grothendieck pairing (•,•) is 
nondegenerate (for any choice of parameters q\,, q^- 1 ). 
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Finally we state “a mirror presentation” of the small quantum cohomology ring of partial 
flag varieties. To start with, let n = n\ + • • • + n k , k G Z 9e 2 be a composition of size to, and 
consider the set 


s ( n ) = {(i,j) e z x Z j 1 < i < N a , M a+ 1 + 1 < j < M a , a = l,...,k-l}, 

where N a = m H-b n a , N 0 = 0, N k = n M a = n a+ 1 H-b n k , M 0 = to, M k = 0. 

With these data given, let us introduce the set of variables 


Zn — { z ij | (*) j) £ 

and define “boundary conditions” as follows 


• Zi,M a +1 = 0, ^ N a -1 + 2 <i < N a , a = 1,... ,k - 1, 

• zjv„+ij = oo, if M a+ 1 + 2 < j < M a , a = 1,..., k - 1, 

• Av a _i+i,Ma+i = 9a, a, = 1,..., k, where qi,... ,q k are “quantum parameters. 
Now we are ready, follow [53], to define superpotential 


w q , n = Y 

(pd)es(n) 


f _|_ z i,j A 
\ z i,j z i+l,j J 


Conjecture A.13 (cf. [53]). There exists an isomorphism of rings 
QH( 2] (n ni „..,n k , Z) = Z[qf \.. .,qf] [Z^]/J(W q , n ), 

where QHf 2 AiFl nij __^ nk ,Z) denotes the subring of the ring QH*(fFl n lr .. >nfc ,Z) generated by the 
elements from H 2 {Tl ni ^.^ nh ,Td). 

J(w q> n) stciTids for the ideal cjenerated by the partial derivatives of the superpoteTitial 
W = (*,j)GE(n). 

Note that variables {zij € E(n), i N a + 1, a = 0,..., k — 2} are redundant, whereas 
the variables {z a j := z^ a+1 j- 3 = 1, - - -, to q , a = 0,..., k — 2} satisfy the system of algebraic 
equations. 

In the case of complete flag variety Tl n corresponds to partition n = (l n ) and the superpo¬ 
tential W q ^n is equal to 


"'**= £ (*fr 


\ 5 

%i— l,j+l J 


where we set z^ n := i = 1,..., n. The ideal J(W q ^n) is generated by elements 
dWq^n 1 ^ 1 T Zi—l,j—l 

Z i} j Zij-! Zi-lj+1 Zfj 

One can check that the ideal J(W q , i«) can be also generated by elements of the form 


^ ^ Aj (gi; ■ ■ • ; qn—i+lt Zn—1-1 ■ ■ ■ 1 z n—i+l) z n—i — ^0 — Ql'''Qn—i+li 

3=0 

where Z{ := zfK i = 1,... n — 1. For example, 

zfqi ■ ■■q n = 1, qiq 2 zl-i - q 2 Z n -2 = 1, 

q\q 2 q-iZ i n - 2 - 2qiq 2 q3Z n -iz n -2Z n -3 + 9293^-3 + 93^-4 = 1- 


Therefore the number of critical points of the superpotential W q is equal to n\ = dim H*^^, Z), 
as it should be. Note also that QH*(J r l n ,7 J ) = QHL , Z). 
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A .3 Multiparamater 3 -term relations algebras 

A.3.1 Equivariant multiparameter 3-term relations algebras 

Let q = {qij}i<ijLj<n, Qij = Qji , be a collection of mutually commuting parameters and (3 = 
{/3ij}i<i^j<n, Pij = Pji and £ = {£ij}i<i^j<n, ?ij = be two sets of mutually commuting 
variables each. 

Definition A. 14. Denote by 3 QT n (/3,£,q) an associative algebra generated over the ring 
Z[/3 ,£,q\ by the set of generators {xi,... ,x n } and that {uij}i<i^j< n subject to the set of 
relations 

(1) locality conditions: [xi,xj] = 0, [uij,Uki] = 0, [xk,Uij\ = 0 if i, j. k , l are pairwise distinct, 

(2) generalized unitarity conditions: Uij + Uji = fiij, 

(3) Hecke type conditions: UijUji = —qij if i / j, 

(4) twisted 3-term relations: UijUjk = UjkUik — UikUji,UjkUij = UikUjk — UjiUik if i, j, k are 
distinct, 

(5) crossing relations: XiUji = —UijXj — lij if i ^ j. 

As before we define the (additive) Dunkl elements to be 

9i = Xi+ ^2 u ij, i = l,...,n. (A.l) 

j¥=i 

It should be pointed out that the Dunkl elements do not commute with variables {a:*}, {/%} 
and {£ij}- 

It is clearly seen from the defining relations listed in Definition A. 14 that for any triple of 
distinct indices ( i,j, k ) the elements {xi, xj,Xk, Uji,Uik, Ujk} satisfy the twisted dynamical Yang- 
Baxter relations, and thus the Dunkl elements {#i}i<i< n generate a commutative subalgebra in 
the algebra 3 QT n ((3,£). 

On the other hand, one can show that the set of defining relations involve in the definition of 
algebra 3QT n ((3, i) implies the following set of compatibility relations among the set of generators 
{u^} and the set of variables {/%} and {£ij} 

£ij u jk Uij£jk 4“ fiijUjk^i 4“ 'U’ijPjkXj — UjkJ'i.k 4“ 1/ k 4“ UjkPik^i 4“ Pij Xj/Uj/j , 

if i, j, k are distinct. 

These relations are satisfied, for example, if either /3ij = (3, and £ t j = h, \/i,j for some 
parameters (i.e., a central elements) /3 and h, or variables {/3ij} and {£ t j} satisfy the exchange 
relations with generators {u^}, namely, the commutativity relations 

[(3ij,Ukm] — 0, [£ij , Ukm] — 0 if {L j} Ll {fc,77i} — 0 

and the exchange relations 

fiijUjk = Ujkfiik, £ijUjk = Ujk£ik if ^7^ b j- 

It happens that in the first case, if f3 = 0, then the (commutative) algebra generated by additive 
Dunkl’s elements and elementary symmetric polynomials {efc(A n )}i <k<n (resp. multiplicative 
Dunkl’s elements) is isomorphic to the equivariant quantum cohomology ring (resp. to the equiv¬ 
ariant quantum K -theory ring) of the type A n _i complete flag variety. In the second case a 
geometric interpretation of the algebra generated by Dunkl’s elements is missing. 
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Our main objective in this section is to to describe (part of) relations among Dunkl’s element 
using defining relations involve in the Definition A. 14 of the algebra 3QT n (/3,£,q), under the 
following constraints 

£ij = ^max(ij) , h 2 ,...,h n are all central. 

Note, that except the case j3j = /3 and hi = hj, Vi,j, our assumption violates the crossing 
relations between the elements f3ij, £ t j and uj } k, but nevertheless allows to compute explicitly 
(part of) relations among the Dunkl’s elements. We expect that an abstract algebra generated 
over Q[/3, h\ by a set of mutually commuting elements 9i,...,6 n and elementary symmetric 
polynomials {ek(X n )}i<k< n subject to the set of relations descending from those for Dunkl’s 
elements which were mentioned above, has some interesting combinatorial/geometric interpre¬ 
tations. Below we state some results concerning relations among Dunkl elements in the algebra 
3QT n (f3,£,q). 

Theorem A. 15 (cf. Theorem 3.17, Section 3). Let k > 1 be an integer. There exist polynomials 

Ltk (^, h, 2^1, . . . , Zji) E ^[/?, Qi {hj ^i}l<i<j<n] \^n\ •> 

T k {p,h,z 1 ,...,z n )eZ[p,h}[z n f » 


such that 

Rk(q, h, zi ,..., z n ) = ejt h \z\, • • •, z n ) + monomials of total degree 
< k — 2 w.r.t. variables {^}i<j< n , 

h,z i,..., Zn) — efc(zi,.. •, z n ) + ^ ( Cj } kej(X n ), Cj,k £ ^[/^i h \, 

j<k 

Rk(d \,..., 9 n ) — Tfc(xi , • • •, x n ), 

where e^ +h \z \,..., z n ) denotes the multiparameter quantum elementary polynomial correspond¬ 
ing to the set of parameters {(g + h)} = {qij + hj}\<i < j< n . 

It is not difficult to see that the unitarity and crossing conditions imply the following relations 
\xi + Xj, u k i\ = 0 = [xiXj, u k i ], [xf, u k[ ] = 0 

are valid for all indices i ^ j, k ^ l. As a consequence of these relations one can deduce that 
the all symmetric polynomials ek{X n ) := ek(x i,... ,x n ), k = 1 ,... ,n, belong to the center of 
the algebra 3QT n (q, h), and therefore one has [6i,ek(X n )\ = 0 for all i and k. Let us denote 
by QH(i 3, h) a commutative subalgebra in the algebra 3 QT n (f3, h) generated by the elementary 
symmetric polynomials {ek(X n )}\<k< n and the Dunkl elements {0i}i<i< n . It is an interesting 
problem to give a geometric/cohomological interpretation of the commutative algebra QH(f3, h ). 
We don’t know any geometric interpretation of that commutative algebra, except the special 
case [75] 

P — 0, hj — 1, Vj, qij .— qiSij-\ t j. (A.2) 

Proposition A. 16 ([75]). Under assumptions (A. 2), the algebra QH( 0,0) isomorphic to the 
equivariant quantum cohomology QHf^Xln) of the complete flag variety Tl n . 

Examples A. 17 . Let us list the relations among the Dunkl elements in the algebra 3QT n ((3, h) 
for n = 3,4, and f3j = /3 , Mj. 

(1) ei(6>i, ...,Q n ) = e 1 (X n ) + Q)/3, 



On Some Quadratic Algebras 


161 


(2) ei? +h) 

(3) ef" 

e 3 

(4) e[ q+h) 


(01,..., 0„) = e 2 (X n ) + (n - l)/5ei(X„) + - 
(0i, 02,0 3 ) = £ 3 (^ 3 ) + h -3 f3, 


n{n - 1 )(n - 2)(3 n- 1) 2 


24 


(01,02, 03, 04) = e 3 (X 4 ) + /3e 2 (X 4 ) + 2/? 2 e 4 (X 4 ) + 6/3 3 + /3(h s + 3 h 4 ), 
(01,02, 03, 04 ) + /3(/i 4 — hs)0 4 = e 4 (X 4 ) + /3/i 4 e 4 (X 4 ) + 5/3 2 /i 4 . 


n > 3, 


Note that i)(n^2)(3n i) _ s ^ n _ 2 ,2) = e 2 (l, 2,..., n — 1) is equal to the Stirling number of 
the first kind. 


Conjecture A. 18 . The polynomial R k (q,h, Z n ), see Theorem 2.29, can be written as a poly¬ 
nomial in the variables {hij := hj — hi, 1 < i < j < n, z 4 ,... ,z n , /3, qij, 1 < i < j < n} with 
nonnegative coefficients. 

Exercises A. 19 (Pieri formula in the algebra 3T n (0,/i), [75]). Assume that f3 = 0 and h 2 = 
■ • ■ = h n = h, and denote by o\ n \ i = 1 ,n the Dunkl elements (A.l) in the algebra 3T n (0, h). 
Show that 


e k (0i n) ,..., 0W) = ^(-h) r X(m -k, 2 r) < 


r> 0 


y x su 


*ljl ' ’ ’ u i\i\,j\j\ 


SC[1,to] 
I={ia}, J={ja } 


where 


N(a,2b) = (2b-l)n(ff b 'j, 

Xs= n x a , and the second summation runs over triples of sets {S', /, J} such that S C [1, m], 
s£S 

I C [l,m]\S, |/| + |S| + 2r = k, |I| = |J|, 1 < i a < m < j a < n and ji < ■ ■ ■ < j\i\. 


A. 3.2 Algebra 3 QT n (( 3 , h), generalized unitary case 

Let (3 = (/3i,..., /3 n -i), h = (h 2 ,..., h n ) and {qij}i<i<j<n be collections of mutually commuting 
parameters as in the previous section. As before we define the Dunkl elements 0£, i = 1 ,,n, 
by the formula (A.l). It is necessary to stress that the Dunkl elements {0}i<i< n do not commute 
in the algebra 3 QT n (/3,h) but satisfy a noncommutative analogue of the relations displayed in 
Theorem A.15. Namely, one needs to replace the both elementary polynomials e k (Z n ) and 
the quantum multiparameter elementary polynomials e^j q \z n ) by its noncommutative versions. 
Recall that the noncommutative elementary polynomial e k (Z n ) is equal to 


E 






z h ''' z jk 


and the noncommutative quantum multiparameters elementary polynomial §fi\z n ) is equal to 
_ _ l 

y y JJ U ia,ia1 

£ l<ii<---<j£<n a= 1 

where I = (i\,... ,if), J = (j 1 ,..., jf) should be distinct elements of the set {1,... ,n}, and 
Zj^jj denotes set of variables z a for which the subscript a is neither one of i m nor one of the j m . 
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Example A.20. 


d? +h \0i, ...,e n ) = e 2 (X n ) + [ J2 Pi J ei (*n) + ^ ab 

y j=l J l<a<b<n— 1 

ei q+h \di, d 2 ,6 3 , d 4 ) + (fd 3 - fh){0 3 6 4 + 934 + h 4 + hiOi + <? 2 )) + (& - /? 2 )((^i + W 

+ 914 + 924 + 2/14 + /3i< 9 3 ) = e 3 (Xi) + p 3 e 2 (X 4 ) + (/3i/3 3 + f3 2 /3 3 + /? 3 — /3i/? 2 )ei(A4) 

+ (3/?! — /3l/?2)(/3l + 2/?2) + /?l(/l3 + / 14 ) + 2/?2/l4, 

eJ^Vi, e 2 , e 3 , e 4 ) + (p 2 h 4 - p 4 h 3 )e 4 + /i 4 (/? 2 - /?i)^ 3 

= e 4 (A 4 ) + ^ 2 / 1461 (^ 4 ) + (3 2 h 4 (2/3 2 + 3 /? 3 ). 


Project A.21 (noncommutative universal Schubert polynomials). Let w £ §> n be a permutation 
and & w (Z n ) be the corresponding Schubert polynomial. 

(1) There exists a ( noncommutative ) polynomial &fy w ({uij}i<i < j< n ) with non-negative integer 
coefficients such that the following identity 


• 1 @n) — ® ^)w } l<i<j<n) 

holds in the algebra 3Tn\ where {Oj}i<j<n are the Dunkl elements in the algebra 3 Tn\ 

(2) There exist polynomials R w (/3, q, h, Z n ) G N[/3, q, hj - hi 1<i<j<n ][Z n \ and T w (/3, h, Z n ) G 
Z[/3, /i][Z n ] such that the following identity 


Rw Qi h, d 4 ,..., 6 n ) — T w (/?, h, -Y n ) T ©1)^ ({tiij } 1 <i<j<n ) 


holds in the algebra 3QT n (f3,h). 

3) Lei r G Z >2 and N = n± + • • • + n r , nj G Z> 4 , Vj, 6e a composition of N, and set 
Nj = n 1 + • • • + nj, j > 1, IVo = 0. Eliminate the Dunkl elements 0^_ 1+4 , • • •, from the set 

of relations among the Dunkl elements o[ N \ ■.., O^P in the algebra 3 QT n {fd,h), by the use of 
the degree 1 ,n r relations among the former. As a result one obtains a set consisting of N r - 1 
relations among the N r _ \ elements 


W . 

j.k 



(IV) 

Nj- i+l’ 



1 < kj < nj, 1 < j < r — 1. 


Give a geometric interpretation of the commutative subalgebra QH ni: _ tTlr (/3, h) C 3 QT n (/3,h) 
generated by the set of elements dj N k \ 1 < kj < rij, j = 1,..., r — 1. 


A. 4 Koszul dual of quadratic algebras and Betti numbers 

Let k be a field of zero characteristic, := k(x 1 ,..., x n ) = ® ;>0 pf'' be the free associative 
algebra generated by {xj, 1 < i < n}. Let A = F^/I be a quadratic algebra, i.e., the ideal 
of relations I is generated by the elements of degree 2, I C F^. Let F^* = Hom(l ? n ,/c) = 
® i> 0 F J ( " > with a multiplication induced by the rule fg{ab ) = f(a)g(b ), / G F^ n> * , 5 G , 
a G & G ly '”' 1 . Let = {/ G F^ 1 ' 1 *, f(I 2 ) = 0}, and denote by 1 1 the two-sided ideal 

in p( n )* generated by the set I 2 • 

Definition A.22. T/ie Koszul (or quadratic ) dual A ! of a quadratic algebra A is defined to be 
^4! jr( n )* ji- L_ 

The Koszul dual of a quadratic algebra A is a quadratic algebra and (A ! ) ! = A. 
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Examples A.23. 

(1) Let A = F^ n ’ be the free associative algebra, then the quadratic dual 
A ! = k(yi,... ,y n )/(yiyj, 1 < hj < n). 

(2) If A = k[xi,..., x n \ is the ring of polynomials, then 
A ! = k[yi,.. - ,y n ]/([yi,yj]-, 1 < i,j < n), 

where we put by definition [y h yj]_ = y t yj + y 2 y t if i / j, and [y t , yt}_ = y 2 . 

(3) Let A = F( n V(/i> • • • > fr), where /* = J] dijkXjXk, i = 1, ■ ■ •, r are linear independent 

elements of degree 2 in F^ n \ Then the quadratic dual of A is equal to the quotient algebra 
A' = k(yi,... ,y n )/ J, where the ideal J = (gi, ■ ■ ■ ,g s ), 8 = n 2 — r, is generated by elements 
g m = bmjkUjyk■ The coefficients b m jk, m = l,..., s, 1 < j, k < n, can be defined from the 

l< 7 ,fc<n 

system of linear equations a ijkb m jk = 0, i = 1,..., r, m = 1,..., s (cf. [95, Chapter 5]). 

Let A = 0 J>O Aj be a graded finitely generated algebra over field k. 

Definition A.24. The Hilbert series of a graded algebra A is defined to be the generating 

function of dimensions of its homogeneous components: Hilb(A, t) = dim Ay.t k . 

k> o 

The Betti-Poincare numbers BA(n,m ) of a graded algebra A are defined to be ) := 

dimTor^(A:, k)j. The Poincare series of algebra A is defined to be the generating function for 
the Betti numbers: Pa(s, t) := B^ii, j)s l P. 

i>0,j>0 

Let B is a /c-module and A is a 5-module. The Betti number A of A over B is the 
rank of the free module B[—j] the ith module of a minimal resolution of A over B that is 
Pjj(A) = dimfcExtf (A, k)j. The graded Betti series of A over B is the generating function 

Betti B (A,x,y) := ^ ^{A)x l y~ 3 € Z[y,y _1 ][[x]]. 

ieN, jez 

Definition A.25. A quadratic algebra A is called Koszul iff the Betti numbers BA(i,j ) are 
equal to zero unless i = j. 

It is well-known that Hilb(A, 1, t) = 1, and a quadratic algebra A is Koszul , if and 

only if BA{i,j) = 0 for all i ^ j. In this case Hilb(A, t) Hilb(A ! , — t ) = 1. 

Example A.26. Let F^ be a quotient of the free associative algebra F n over field k with the set 
of generators {xi,..., x n } by the two-sided ideal generated by the set of elements {x 2 ,..., x ^}. 
Then the algebra F^n is Koszul, and Hilb = 1 _^ 1 ^ ■ 

We refer the reader to a nice written book by A. Polishchuk and L. Positselski [116] to read 
more widely in the theory of quadratic algebras, see also [94], 

A.5 On relations in the algebra 

Let us define algebra Z® to be the subalgebra in 3 T® generated by the elements Ui iU , 1 < i < n— 1. 
It is clear that Z ° is a § n _i-module,and well-known [46] that if one sets Hilb (Z®,t) := Zk(t), 
then 

n 

Hilb(3Ti°\f) = n^W- 

k =2 

There exists a natural action of algebra 3T^_ 1 on that Z To define it, it’s convenient to 
put Xi := Ui >n , 1 < i < n — 1. 
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Definition A. 27 (cf. [ 67 ] and Section 2.3.4). Define operators V,;j, 1 < i < j < n — 1 , which 
act on by the following rules 

• V ij(x k ) = 0 if fc 7 ^ i, j, 

• Vij(x’i) = XiXj,'Vij(xj) = -XjXi, 

• twisted Leibniz rule: 


• y) = Vjj(x) • y + • Vjj(y) 

for x,y £ Z® and all 1 < i < j < n — 1. Here Sjj G S n -i denotes the transposition that 
interchanges i and j and fixes each k i,j. 

Proposition A.28. The operators Vjj, l<i<j<n — 1 ; satisfy all defining relations of 
algebra 3 T®_ 1 . 

In particular, the operators Vjj, satisfy the Coxeter and Yang-Baxter relations: 

• Yang-Baxter relations: 

jj ^ A; j — \/ j \/ ^ , 

• Coxeter relations. Let V ? = Vjj+i, 1 < j < n — 2, then 

VjVj+iVj = Vj+iVjVj+i, [Vj,Vj]=0 if \i-j\>2. 

Therefore, for each w G § n -i one can define the operator V„, = V ai • • • V ai , where the sequence 
(ai,..., ai) is a reduce decomposition of the element w. 

Denote by 1Z n the kernel of the epimorphism i: Z n —> F n -1 given by t(uk , n ) = x k-, where 
F n _i := Q(xi,..., x n -\) denotes the free associative algebra generated by the elements x ±,..., 
x n -\. There exists the decomposition TZ n = ® fc>2 TZ n ,k) where lZ n ^ denotes the degree k part 

n— 1 

of 7 Z n . We denote by r U} k the dimension of the space TZ n ,kl ( x j,rJ^ n ,k -1 + T^ n ,k-\ x j,n), and 

3= 1 

put r n := (r nj 2 ,r nt3 ,...). 

Example A.29. 

^3 = (2,1), r 4 = (3,3,2), r 5 = (4,6,8,6,3), 
r 6 = (5,10, 20, 30, 39,40, 39, 30, 20,10,4). 

Remark A.30. The same formulas for the action of Vjj on Z ° given in Definition A.27, define 
an action of operators on the free algebra F n _ \. In this way we obtain a representation of 
the algebra 3T ra _i on that F n _i, cf. Section 2.3.4. 

Let us denote by F n the quotient of the free associative algebra F n = (xi,... ,x n ) by the 
two-sided ideal generated by the elements {x^Xj — Xjxf, 1 < i, j < n}. It is not difficult to see 
that the operators Vjj, 1 < i < j < n, define a representation of the algebra 3on that F n . 
Note that 

F n ~ F n _ i <g> Z[yi, j/ 2 , • • -,yn], 
where deg(yi) = 1, deg (yj) = 2, j = 2,..., n. Therefore, 

Hilb(F n ,f) = (!_£)(!_ ( n .-l)^ 
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Conjecture A.31. The kernel TZ n coincides with the two-sided ideal in the free algebra F n _\ 

S 

generated by elements of the form V i k ,j k {x 2 a ) f or some positive integers s and 1 < a < n — 1. 

k =1 

In other words, the all relations in the algebra Z® are consequence of the following relations 
uV w (x 2 ) = 0 for some u,w G §n-i- 

Challenge A.32. 

(1) Compute the numbers r n ^- 

(2) Prove (or disprove) that there exists a positive integer fc max := 1’mix such that r ni fc max / 0, 

(n) 

but r n k = 0 for all integers k > fcmax- 

(3) These examples suggest that there might be exist a certain symmetry r n ^ = ^n,fc max -fe+ 2 , 
if 3 < k < U, between the numbers r n ^, and moreover, r n ^ max = r n> 2 — 1. If so, how to 
explain these properties of the numbers r n 

We expect that if n > 4, then kmlx = 2(^ n ”“y 2 ])- 

Example A.33 (cyclic relations in the algebra Z {) n ). The following relation 

7i—l n / n i —1 \ 

^n—j,n—j-\-l (*^l) = ^ ^ J ^2 

j=l 2—1 \a=2+l a=l / 

holds in the free algebra E n . Therefore in the algebra Z 6 one has the following cyclic relation 
of the degree n and length n — 1: 

71—1 / 71—1 2 — 1 \ 

^ Xi I JJ X a X a J Xi = 0. 

2—1 \a=2+l a=l / 


71—1 

If n > 5, then by applying to monomials of the form V n -j,n-j+\ {x'\) the action of either 

1=2 

operators V ain _i, 2 < a < n — 3, or those V aj 6, l<a<6 — 2<n — 4, new, more complicated 
relations in the algebra Z%, i.e., non-cyclic relations, can appear. These are relations of the 
length 2n and degree n + 1 in the algebra Z®. Conjecturally all relations in the algebra Z 6 can 
be obtained by this method. 


Proposition A. 34 . 


rn ’ k ~( k 2)! (fc-l)’ 


2 < k < 5, 


, n - 1\ fn -1 

r n ,6 4 S. - ( 5 )+ 3 ( 4 


r n ,7 = 5! 


n — 1 


, fn - 1\ fn - 1\ (n - 1 

r „, S = 6!( +430 +30 


+ 40 


n — 1 


+4 


A. 5.1 Hilbert series Hilb( 3 T°,t) and Hilb(( 3 T°)', t): Examples 6 
Examples A. 35 . 

Hilb(3T 3 °,t) = [2] 2 [3], Hilb(3T 4 °,t) = [2] 2 [3] 2 [4] 2 , Hilb(3T 5 °,t) = [4] 4 [5] 2 [6] 4 , 


64 All computations in this section were performed by using the computer system Bergman, except computa¬ 

tions of Hilb(3T@,t) in degrees from twelfth till fifteenth. The last computations were made by J. Backelin, 

S. Lundqvist and J.-E. Roos from Stockholm University, using the computer algebra system aalg mainly devel¬ 

oped by S. Lundqvist. 
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Hilb(3Tg , t) = (1,15,125, 765,3831,16605,64432, 228855, 755777, 2347365,6916867, 

19468980.52632322.137268120.346652740.850296030.. ..) 

= Hilb(3T 5 °, t) (1, 5, 20, 70, 220, 640,1751, 4560,11386, 27425, 64015, 

145330,321843, 696960,1478887,3080190,...), 

Hilb(3T 7 °, t) = Hilb(3T 6 °, t) (1, 6, 30,135, 560, 2190, 8181, 29472,103032, 

351192.1170377.. ..), 

Hilb(3Tg , t) = Hilb(3T 7 , t) (1, 7,42, 231,1190,5845,27671,127239,571299,2514463, 
Hilb((3T 3 °) ! , t) (1 -t) = (1, 2, 2,1), Hilb((3T 4 °) ! , t) (1 - tf = (1,4,6, 2, -5, -4, -1), 

Hilb((3T 5 °) ! ,f)(l -tf = (1,8,26,40,19,-18,-22,-8,-1), 

Hilb((3T 6 °) ! , t) (1 - tf = (1,12, 58,134,109, -112, -245, -73, 68, 50,12,1), 

Hilb((3T 7 °) ! , t) (1 - tf = (1,18,136, 545,1169,1022,-624,-1838,-837,312, 374,123,18,1). 

We expect that Hilb((3T°) ! , t) is a rational function with the only pole at t = 1 of order [n/2], 
and the polynomial Hilb((3T°) ! , f)(l — tf 1 / 2 1 has degree equals to [5n/2] — 4, if n > 2. 

A.6 Summation and Duality transformation formulas [63] 

Summation formula. Let ai + • • • + a m = b. Then 


Em n 


2—1 




[xj - xj + aj] \ [xi + y-b] 

[ Xi - Xj] 


w n 


[y + Xi- 


^ + y ] i<i<m t y + X ^ 


Duality transformation, case N = 1. Let ai + • • • + a m = b\ + • • • + b n . Then 

[Xi - Xj + aj] -p-r [Xi + y k ~ b k \ 


ei«<] n 


n 


\xi~Xi 1 \xi + yi.] 

i= 1 j^i 1 1 1 <k<n 1 

iT~T [yk ~ Hi + bl] -1-r [y k + Xi — Qi] 

“EM 11 bt . yi] 11 lst + Ii] 

k=l l^k y 1 1 <i<m 
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